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Abstract. We study the relationship between the distribution of
the supremum functional My = sup,e,. . (X ()—pBt) for a process
X with stationary, but not necessarily independent increments, and the
limiting distribution of an appropriately normalized stationary waiting
time for G/G/1 queues in heavy traffic. As a by-product we obtain
explicit expressions for the distribution of My in several special cases
of Lévy processes.
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1. INTRODUCTION

The purpose of this paper is to show that the class of limiting distributions
of appropriately normalized stationary waiting time for G/G/1 queues in heavy
traffic coincides with the class of distributions of the supremum functional

MxE sup (X(6)—pt)
0<t<w

for stochastically continuous processes X with stationary increments. This re-
sult, which we label the Heavy Traffic Invariance Principle, is formulated at the
end of this section. In the special case of stationary and independent incre-
ments, that is, in the case when X is a Lévy process, explicit formulas for the
distribution of My are established.

In a sense, our Invariance Principle clarifies the connection between the
supremum functional and the stationary waiting times. Of course, separately,
these objects have been studied extensively before. In particular:
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In the case when X is a Lévy process, the distribution of My was con-
sidered by several authors, including Baxter and Donsker [1], Zolotarev [17],
Takécs [14], Bingham [3], Harrison [6], Kella and Whitt [8], and others.

The case of a spectrally negative Lévy process X was studied by Zolotarev
([17], Theorem 2) and Bingham ([3], Proposition 5) who have shown that in this
case My has an exponential distribution with parameter A which is a solution
of a certain integral equation.

The case of a spectrally positive X was considered by Zolotarev ([17],
Theorem 3), Takacs ([14], Theorem 5), Harrison [6], and Kella.and Whitt ([8],
Theorem 4.2). Using different methods they showed that the distribution of
My is given by the Pollaczek—Khinchine formula, although not all of them use
this terminology. The special situation of a spectrally positive a-stable Lévy
process, where My turns out to have a Mittag-Leffler distribution, was, how-
ever, not analyzed by them in any detail. To the best of our knowledge that
observation has been first made by Whitt [16].

On the other hand, Boxma and Cohen [4] showed that the limiting dis-
tribution of the stationary waiting times in heavy traffic for GI/GI/1 queues, in
the case when the service times have tails heavier than the interarrival times,
and both belong to the domains of attraction of (different) a-stable distribu-
tions with parameters a, 1 < « < 2, have the Mittag-Leffler distribution. How-
ever, the connection with the supremum functional has not been noticed in
their paper.

The way the Heavy Traffic Invariance Principle is applied is as follows: we
find a sequence of queueing systems for which the distributions of appro-
priately normalized stationary waiting times in heavy traffic converge to the
distribution of M. Knowing the form of the stationary waiting times for those
queues we can then find their limit, that is, the distribution of M. In Section 3
we illustrate our method in the case of spectrally positive Lévy processes, first
for the a-stable process, and then for the general case. Section 3 also contains
a comparison of our method with the Takacs method. In Section 4 we find an
explicit formula for the distribution of the supremum functional for a symmet-
ric a-stable process. We are not aware of any other result of this type. Our
method can also be applied to find the distribution of My when X is a spectral-
ly negative a-stable Lévy process.

The tools developed in this paper can be used to study a broad class of
queueing systems. We shall apply them for this purpose in a separate paper
which, from a purely mathematical perspective, may be viewed just as an
expanded set of examples illustrating our Heavy Traffic Invariance Principle.
However, from the perspective of queueing theory the ability to explicitly eval-
uvate distributions for stationary waiting times in more complicated systems is
of primary importance.

Now, let, for each n = 1, {(Upx, Uns), — 0 <k < o0} be a stationary se-
quence of pairs of nonnegative random variables. In our context they represent



Distributions of suprema of Lévy processes 253

the generating sequence of the n-th queue: v, is the service time of the k-th
customer, k > 1, and u,,; is the interarrival time between the k-th and (k+ 1)-st
customers, k > 1. Then the random variable

S S
W, = SUp Odpk,
0<€k<w

where
k
én,k = vn,—k_un,—k and Sn,O = 0, Sn,k = Z én,j fOI‘ k 2 1,
i=1 -

can be interpreted as the stationary waiting time for the n-th queue. Perhaps, at
this point it is worthwhile to clarify that queues defined for different n’s do not
interact with each other and do not form a queueing system.
Our standing, and obvious, assumptions are: a, & Ef, 1 <0,forn > 1, and
Spx— —o0 as. as k— oo.
It is now easy to see that, for any fixed n> 1,
L]
W, = Sup (Zn (t)_l_ntJ Ianl): where Z, (1) = Z (én.j'_an)'
0<t<a j=1
Under the above notation and assumptions our main result can be formulated
as follows:

THeOREM 1 (Heavy Traffic Invariance Principle). Let, for eachn =1, 2, ...,
oo k=1,2,..., be a stationary sequence of random variables such that
a,:=E,; <0, and
k

Spxi= Y & ;> —0 as. as k—oo.
i=1

Moreover, let

[mt]
w, = sup (Z,(t)—|nt]la,), where Z,(t)= Y, (& ;—an),
0<t<w ji=1
and suppose that 0 < p < oo and {c,, n = 1} is a sequence of positive numbers
such that
() X,=Z,/c, 2 X,inD[O0, o0), considered with the J; Skorokhod topolo-
gy, as n— oo, and X is stochastically continuous,
(i) B, =nla,/c,— B as n— o0, and
(iii) the sequence {w,/c,} is tight.
Then w,jc, 3 My = SUP, ¢, (X ()—pt) as n— .
The proof of this Principle is provided in Section 2. The remainder of the

paper is devoted to applications of the above Principle for various types of
Lévy processes X. The goal is to determine the supremum My by an appro-
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priate selection of the queue generating sequences {(vpz, 1), —00 < k < 0}
and constants ¢, for which conditions (i)(iii) are satisfied and the limit w,/c,
can be identified.

2. CONVERGENCE AND TIGHTNESS CRITERIA
FOR THE SUPREMUM FUNCTIONAL

In this section we establish a general convergence result for suprema of
a sequence of processes. The Heavy Traffic Invariance Principle is an immedi-
ate corollary to this result. We also find usable sufficient conditions for the
tightness of the sequence {w./ca}.

The notation Z, 3 Z will mean the usual convergence in distribution if
Z, and Z are random variables, and the convergence in the J; Skorokhod
topology (see Billingsley [2] and Lindvall [10]) if Z, and Z are processes with
sample paths in the functional space D[0, o). A function f is said to be
superadditive if B(t+s) > B(t)+B(s) for each t, s > 0. The function f(t) = |ct]
is an example of a superadditive function.

THEOREM 2. Let X and X,, n > 1, be stochastic processes with stationary
increments and trajectories in D[0, o) such that X (0) = X,(0) =0 as. Addi-
tionally assume that

(A) X, 53X as n> o0, and X is stochast:cally continuous.

Furthermore, let § and B,, n > 1, be superadditive functions in D [0, o0),
positive for t > 0, and equal to 0 for t = 0, such that M = supo << (X (t)— B (t))
and M, = SuPo<i<w (Xa(0)—Ba(t)) are finite random variables,

(B) B,.(t) = B(t) for each t = 0 as n — o0, where the function B is continuous,
and

©C) Xt)—p({t)> —0 as. as t— 0.

Then the tightness of the sequence {M,} implies that M, 2 M.

Proof. Let us notice that for any function xeD[0, co) such that
SUPp<r<am X(t) < 00 we have

(1) sup x(t)— sup x(f) = max( sup x(t), sup x(£))— sup x(t)

0st<oo: Ost<s [VESEY] s€t< 0<t<s

=max (0, sup x()— sup x(z))

s€t<w [ ESE
=max(0, sup (x(t+5)—x(s)+x(s)— sup x(®).
0st<ow 0=t<s

Let us write

l fn(t) :Xn(t)_ﬁn(t)a M"(S) = sup XN"(t), M =P X (t)
] 0<tss 0<t<w "

M,= sup (R.(+9-%,(), M= sup (X©O)—B().

0<t<owc 0€t<w
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Since X, n > 1, have stationary increments and f, are superadditive and
positive, we obtain

P(M, > x) =P( sup (X,(t)—X,(5)—Bs(t)+Bals)) > x)

sEt<w

= P( Sup (X, (t+5)— X, (5)=(Bn(t+5)—PBa(s)) > x)

0st<ow

< P( sup (X, (6)—B.(0) > x) =P(M,> x)
0Lt<w
for each x > 0 and n > 1. This and the tightness of {M,} imply the tightness of
{M,}. Hence for any ¢ > 0 there exists a K such that P(M, > K) < ¢ for all .
This and (1) yield the following inequalities:

P(M,—M,(s) > 0) < P(M,+X,()—M,(s) > 0)
<e+P(M,+X,(5)—M,(s) >0, M, < K) < e+ P(M,(s)— X.(s) < K).
Since condition (A) and Theorem 5.1 from [2] imply the convergence

M,(5)3 sup (X(0)—B®) = M),

0<t<s

in view of condition (A) we get

lim sup P (M, (s)— X, (s) < K) < P(M (s)— X (s)+ B (s) < K).

Now, (C) and the above imply that lim,., limsup, P(M,—M,(s) > 0) < .
Since ¢ was arbitrary, the proof is complete. a

Remark 1. A weaker version of the above theorem can be found in
Szczotka [12] (see Lemmas 2 and 3 therein). In a sense, Theorem 2 provides
a solution to a problem posed by Whitt [15] who asked about a topology in
D[0, o) under which the convergence X, (t)—f, (t) 3 # (t)— Bt implies the
CONVETZence: SUPos:<w (Xn(t)—Ba(t)) 2 SupPo<i<ew (#.(t)—pBt), where # is
a Wiener process, and X, are Donsker’s sums.

Of course, Theorem 2 is only as good as our ability to verify tightness of
the sequence {M,}. For processes X, of a special form, such as Donsker’s sums
of random variables, sufficient conditions for tightness were provided by Szczo-
tka [13] under the assumption that the summands have finite and bounded
moments of order 2+¢, § > 0. Our next result removes that restriction.

THEOREM 3. Let

[nt]
@ KO-z 36 wmd KO="TH 3031,
n j= n
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where the array {{,x, k > 1, n > 1} is row-wise stationary with E(,; =0, and
! lan nfc, — B, 0 < B < 0.

@ If
© 1 [nt]
3 Y. sup P( sup — Y. Lj> m") < @
k=1n=nm \0<t<t Cnj=1

for some positive integers T and no such that \a,n/c, =3B for n = ny, and
x = (1/27) B, then the sequence {M,} is tight.

(i) If we additionally assume that (., are row-wise iid.with {,; = {,
k,n>1, and c, = n'®, where the distribution of T belongs to the domain of
attraction of a Lévy a-stable distribution with 1 < a < 2, then (3) holds.

The proof of Theorem 3 will be preceded by a couple of lemmas.

LemMMA 1. Let X be a process with stationary increments such that
X(©)=0 as., B(t) a positive and superadditive function, $(0) =0, and let
0=r19 <71y <1,,... be a sequence of positive integers. Then

@ P(sup (X@)—B(@)>x)

0<€t<o

a

+Y P( sup  (XO—B@)>3(x+B ()

k=0 O0StSTR+1— Tk

| < z P(X () > b(x + B (c)

If 1, =0, 7, =1, k=1, for some integer <, T > 2, then

(5 P(sup (X(®)—B()>x)

< ¥ P(XE > Hx+A)
k=0

o0

+3 P( sup (X(t)—ﬁ(t))>%(x+ﬁ(r"))).

k=0 [EFES

Proof Notice that

{ sup (X@®)—B®)>x}c O{ sup (X(@®)—B() > x}

0€t<co k=0 tx<t<th+1

U sp (XO-X)—BO+BE)+X @) > x+B()).

k=0 1 St€T8+1
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Hence

P( sup (X(@)—p() > x)

0st<o

P( sup (X(O—X(m)—B®)+B)+X () > x+B (1))

0 St +1

P( sup (X(O—X@)—BO+B1) > i(x+B(®))

0 SIS+ 1

+§O P(X (v > 3 (x+B ()

s

<

k

N
Ms

k

=Y P( sup (XO-BO)>3(x+B@))+ Y P(X@)> 3(x+B@).
k=0 0t s1— T k=0

The assertion (5) is an immediate consequence of (4), where we put 7, = t* for

k> 1. Then 7,4, — 17, = 7 (t—1) < 7**1. This completes the proof of the lem-

ma. m

LEMMA 2. Assume that processes X,, n = 1, have stationary increments,
X, () = 0 as., and functions B,(t), n = 1, are positive, nondecreasing and super-
additive. Moreover, assume that, for some integers ny and © = 2,

0

(6) Y sup P sup (X,(8) >3B.(") < .

k=1n2mp 0SSkt
Then the sequence {M,} is tight.

Proof. The proof is an immediate consequence of the nonnegativity of
functions B,(t), the inequality

P(X,(t)>x)<P( sup X,(t)>x) for x>0,
0kt
and the second assertion of Lemma 1. =m
Now we can return to the proof of Theorem 3.

Proof of Theorem 3. Since

k
mm=@¢~mkaw+w,
let n, be an integer such that, for n > no, (g, n)/c. = 4B, and let x £ (1/27) 8.
Then, for n > ngy, we have f,(z*) > x***. This and Lemma 2 with X, given in
(2) give the first assertion of the theorem.
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To prove part (ii) we notice that, by Doob’s inequality,

p 1 [ . 1 1 m* 8 1 1 m* _|o
- . <— _E|— | =——E|— .
(0 Z?grk nlle jgl C"'J > KT ) -(K,rk)a nile ; 4 o (m:")" E nlfe jgl CJ’
(Td/az)k 1 ntk ] 1
= (mk)a (mk)ua Z O < prp supE I/cz Z cJ »

where § > 1 and 7, = 1° %% = ¢%1~1/@ 5 {_Since the distribution of Z, belongs
to the domain of attraction of an a-stable distribution, by the Remark on p. 36
in Kwapien and Woyczynski [9] we get

which jointly with 7, > 1 gives the ﬁmteness of the series in (3). =

sup E

3. CONVERGENCE TO LEVY PROCESSES AND A DECOMPOSITION LEMMA

Let X be a Lévy process without a Gaussian component and with sample
paths in the space D [0, o0). Then its characteristic function can be written in
the form

(7 Eexp(iuX (1)) = exp(tys,, (1)),

where

Ypo)=iub+ | (@ —1vx)+ [ (—1—iux)v(dx),
lx|Zr 0<|x|<r

the drift b is a real number, the spectral measure v is a positive measure on
(— o0, oo) which integrates the function min (1, x2), and r is a positive number
such that the points —r and r are the continuity points of spectral measure v.

If the spectral measure v is concentrated on the positive half-line (0, o),
then the process X will be called spectrally positive or, loosely, a process with
positive jumps. When v is concentrated on the negative half-line (— oo, 0), the
process X will be called spectrally negative or a process with negative jumps.

Let

br,WE — [ xv(dx)

|x]zr
if it is finite. Then
®) Uy @) =iub—br, )+ [ (@ —1—iux)v(dx).
0<|xj<o .

If b=b(r, v), then |/1,,,v (4) does not depend on r.
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A Lévy process can be considered as the limiting process of the inter-
polated sum processes Y, (t) = ["'] (Ot 20, n> 1, where {{,4, k> 1,n2> 1}
is an array of r.v.’s. In the sequel we recall the classical Prokhorov’s result (see
Prokhorov [11]) providing sufficient conditions for such a convergence.

LEMMA 3. Let {{,, k = 1, n > 1} be an infinitesimal array of row-wise i.i.d.
zero-mean random variables wzth distribution function F, in the n-th row. Fur-
thermore, let

©) nPp1<y)ov(—0,)), nP({ >x)—>v(x,0) as n—o o

for all continuity points y <0 and x>0 of v,

(10) lim sup nP ({,,| > x) =
(11) | boy L n | xdF,(x)> b,
Ix| <r
and
(12) hmllmsupn | x?dF,(x) =
e—+0 lesﬂ

Then Y, X in D[0, o) equipped with J, Skorokhod topology, where X is
a stochastlcally continuous Lévy process with the characteristic function
Eexp (iuX (t)) = exp(ity,,, (4)), where ¥, is given by (7) with b =b,.

Applying the Heavy Traffic Invariance Principle will be also made easier if
one utilizes the following Decomposition Lemma which, intuitively speaking,
asserts that if the distribution of service times has heavier tails than the dis-
tribution of the interarrival times (or vice versa), then the limiting process
X and, consequently, supy<; <o (X (f)— ft) depend only on the distribution of
random variables with heavier tails. To formulate the Decomposition Lemma
let us put

W= =5, (A=

n,1 n 2

[nt] Int]
o=, U0=Y3, t=0,n>1,

i=1 j=1

(un,—k_ﬁn)’ k’ nz 1,

and
[nt] 1 [nt]

X (t)—_ Z (v,, -j vn)—_ z (un -J _n)’

nJ 1
where
v, = Evn,ka ﬁn = Eun,k’ C, = max (Cn,la cn,Z)-
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LEMMA 4 (Decomposition Lemma). Let (V,, U,) 2 (V, U), where V and
U are nondegenerate and stochastically continuous processes. Assume that
conditions (ii) and (iii) of Theorem 1 hold with &, = v, —4— Uy, —x— U+l
Then:

(1) If Cn,l/cn,2 - 0: then Xn _9) X=- U: and COn/cn,l g Sup0$t<uo(_' U(t)_ﬁt)

() If ,2/Ca1 — 0, then X, 3 X =V, and o,/cn1 > SuPo<i<am (V(t)—Pt).

Proof. The assertion follows immediately from the fact that the processes
X, are of the form

X, =iy Sig

n cﬂ

4. SUPREMUM OF A SPECTRALLY POSITIVE LEVY PROCESS

In this section we find the distribution of the supremum functional
My when X is a spectrally positive Lévy process. For the sake of clarity of
exposition we proceed first with the a-stable case although it can be deduced
from the general case discussed in Subsection 4.2. Subsection 4.3 explains how
our approach compares with the approach developed by Takacs [14].

4.1. The o-stable case. If X is spectrally positive with v(x, cc) = yx~* for
x > 0, then
. 1 1—a
b(r,v)= —yee
Let

-] 1/(x—1)
(13) p= [ (e *—1+x)x"“*Vdx and @ =< il )
0+

B+b(r,v)—b

THEOREM 4. Let 1 <a <2, y>0, and X be a spectrally positive o-stable
Lévy process with characteristic function exp (iuX (t)) = exp(tys,, (1)), where
Vs, (W) is of the form (7) and v(x, o0) = yx~* for all x > 0. Furthermore, let
B > max (0, b) and

’ My = ,Sup (X (®)—By).
Then the normalized supremum functional Mx/0 has the Mittag-Leffler distribu-
tion R,_,, ie.,

© . x—k(a-—l)
1-R,—1(x) = )7,
with the Laplace transform
[ e™™dR,_,(x) = for s=0.

o 145*71
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Proof. Let us consider a sequence of the M/GI/1 queueing systems
indexed by n The n-th system is generated by the sequence
{(V x> Unz), —00 < k < 00} with the following specifications: v, ; have distri-
. bution function F independent of n, where F(x)=0 for x <y and
F(x) =1—yx~% for x = y'/. Putting y, = y*/* we have

o
a_l'})()'

7 H 1 —~d)ja o o
UEEvn.1=va7§D—adX=vam?“ e = ——ythe =

Assume that u, , have exponential distributions with means i,, n 2> 1, respectively,
such that a, = i—ii, <0, and 4,10 in such a way that, for c, = n'* we have

~ 1 :
nlad/ca =nt"1"a,| > = ﬁ—yamrl_"—b =p+b,—b=pB+b(r,v)—b,

where

b= b(r, ) = —y—r' "

and r is the parameter appearing in the representation of the exponent ¥, , (u).
Let

1

.

[nt] Int]
Vo)=Y (8 and U, @)=Y (R, t20,n>1
k=1 k=1

1
ng = W(vn,—k‘_ﬁ)a Cﬂ = (un,—k_an)s kz1,n>1,

Then U, U, where U is a Wiener process.

In the next step we shall show that the sequence {¥,} converges to a spec-
trally positive stable Lévy process ¥ with the characteristic function given
by (7) with characteristic exponent ¥, ,(u), where

o

b= —y——r'"%, r>0,
a—1

and v(x, o) =yx~* for x > 0. As a matter of fact, in this case
Yoo = | (™ —1—iux)v(dx),
0<|x]<o0

so that the expression does not depend on r.

To show that ¥, 3 V we will verify the conditions of Lemma 3 in which we
put {,; =) and set F, to be the distribution function of {{}.

First, notice that, for n such that n' x4+ > y/2,

nP (] > x) = nP (v,,1—5 > n'/*x) = yn (en**+5) 7%,
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which, in turn, implies that
1
nP () > x) - V= v(x, ) for any x > 0.

Similarly, for n such that n'”y+5 <y, y <0,
n’P(Cgi < y) =0= V(—CD, y)a

which implies condition (9) of Lemma 3.
Now notice that, for n such that n'”x+7 > 91/ we have

nP (Y| > x) = nP (v, 1 > n*x+8)+nP (v, < —n'*x+17)
n 1 < Px |
y(xn”"+ﬁ)“ S7

Therefore condition (10) of Lemma 3 holds.
To check the third condition of Lemma 3 notice that

—a

§ xdF,(x) = ECCYI(CE <7) = —EC T(LEA = 7).

|xl<r

Hence, for n such that n'r45 > yl/,

[ xdFy(x) = —n" """ Ev, (vs,1 > 0"+ 0)+n" "GP (0,1 > rn'/*+1)
x| <r
o0
=—n"Yay | x"%dx+on Y*P(v,; > rn'*+o)
rnt/e+g
1 :
= “n_”’d?—a 1(rn”"‘-i—13)1_°‘+171v1_”°‘P(u,,,1 > rntf* 4 ).
Consequently,
1
n | xdF,(x)=—n'" 1/“ozy (rnl/“ )
|xl<r
7 a4 = 1 1—a
+non” Py, >rn*+0) > — o
a_

This implies condition (11) of Lemma 3 with

1
b, = —vamrl’“ =b(r,v).

Finally, we check the last condition of Lemma 3. Notice that

n | x*dF,(x) = nE(M) I(CH) < &) = 5!~ E (v, — 0)* I (jvn,1 — 8] < en’

x| <e

)
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=n'"2"Ev2, I(|v,,, — 1| < en'®)—2pn' ~2*Ep, , I(jv, . — | < en'/)
+ (@2 n' 722 P(lv,,, — 5] < en'’?).
Since 1—2/a = (x—2)/a < 0, the third expression tends to zero as n — oo, and
since
n'"RE (v, —0) (v, — 0] < en'™ —>b,, |b|< 0,
the second expression also tends to zero as n — c0. The first expression equals

enl/a+p -

1
,yunl—Z/a j xz xa+1 dx — yaml‘?’“2_a((£n1/“+ﬁ)2_“—y%'“)
Y0

2—a

1 - - —o
=.yam((a+ﬁ/n1iu)2 at_nl 2/«,))% )—>yoc e

2—a
Since the above limit converges to zero as ¢— 0, condition (12) of Lemma 3
holds.

Thus, in view of Lemma 3, it follows that ¥, 3 ¥, where V is a spectrally
positive stable Lévy process with characteristic exponent v, ,, where

a 1._
r
a—1

[: 4

br=_’y

If X,(0) =n" YY" (6.j—a), t >0, then X, = V,—n® 295, U, and
(x—2)/(2%) < 0. Now, by the Decomposition Lemma, it follows that X, 3 V,
where V is a spectrally positive Lévy process with an a-stable spectral measure
v and characteristic exponent ¥,_, (u). Since the process X (t)— ft has the char-

acteristic exponent Y,_;,(u), and b—pf = b,—(8+b,—b) = b,—f,

sup (X()—Bt) 2 sup (V()—(B—b,—b)t)= sup (V()—pr).
0<t<o 0<€t<a0 0<€t<

To show that w,/n'* 3 supy<;< (X (t)— Bt) it is sufficient to demonstrate
that the sequence {w,/n'/*} is tight. We will prove even more and establish that
the Laplace-Stieltjes transforms of w,/n'®, n > 1, converge to the Laplace
transform of the Mittag-Leffler distribution. To this end notice that the form of
the distribution of the stationary waiting time for M/GI/1 queues is known (see,
for example, in Cohen [5], p. 255, formula (4.8.2)) and, with the above specifica-
tions,

x

(14) P(w, < x)=(1—g,) i ok (%I(I—F(t))dt)*k for x >0,

and P (w, < x) = 0 for x < 0, where F is the distribution function of the service
time, g, = /i, is the traffic intensity, while G** denotes the k-fold convolution
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of a distribution function G. In this situation, the Laplace—Stieltjes transform of
the stationary waiting time w, is of the form

I_Qn‘ — 1 _ , S?O,
L IFO | e [, 1-FQ
e s 1—0, 50

where F is the Laplace—Stieltjes transform of the distribution function F. Con-
sequently, the Laplace-Stieltjes transform of w,/c, is of the form

1

1+ On 1—1_1_;_'(6‘/0")
1—g, si/c,

(15) Eexp(—sw,) =

(16) Eexp(—sw,/c,) = 5=0.

Since c¢,=n'" and nlal/c,— B we have B,Lnl"1%|g|>f, and
la,| = Bun~ @V But g, = i/ii,. Therefore
(%

@ _ U _ l-’n(a—l)/u.

1_Qn B |an| ﬁn

At this point notice that the Laplace—Stieltjes transform of F has the following
form:

=]
Fs)=ayfe ™x"@*Vdx, 5>0.
70

Hence

- (- F o))

1 ®© 1 P
=_ {5s+rxy j (e—sx_l)x—(a+ l)dx} = —ay j‘(e—sx_l_l_sx)x—(aﬁl)dx
s Yo vs Yo

0
1
— — _sx.——l — _ad .
5ay?_[:)(e +sx)xsx X

This implies that
@n <1 _ 1 —F(S/C,,))

) vs/c,
= En"’" el oy oj?(exp(—xs/n”"”)— 1+ xs/n'/?) L X %dx
B. RN | xs/ntl

1 [+¢]
=s""'—ay (e *—1+uwu" "Dy,

n Sn
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12 in the pre-

1/a

The last equality was obtained by changing variables u = xs/n
vious integral, with u ranging over the domain s, < u < o, where s, = yos/n
Since the last displayed expression tends to s*~ Layu/f = s*~16*"1, in view of
(13) and (16), we get the following convergence:

1

(17) E exp(— s,/ (0n1") » =,

s=0.

The above limit is the Laplace—Stieltjes transform of the Mittag-Leffler dis-
tribution R,_,, that is -

® 1
e dRa— =TT a1 = 0:
which implies that
—k(z—1)

- kX
1-R,—; (%) = k;o(—l) Ik(@—1)+1)

Summarizing, as n — oo, the distributions of w,/(6n'/®) converge to the Mittag-
-Leffler distribution R,_. Hence the distribution of M/6 has the Mittag-Leffler
distribution R,_; as well. &

4.2. The general case. In this subsection we calculate the Laplace transform
of the distribution of the supremum functional for a general spectrally positive
Lévy process.

THEOREM 5. Let X be a spectrally positive Lévy process with spectral
measure v and characteristic exponent Y, , (u). Furthermore, let F,, n > 1, be a se-
quence of distribution functions on [0, c0) with means v, n = 1, respectively, such
that, for a sequence {c,} of positive constants monotonically increasing to infinity,
the distribution functions

Fu) L Fylenx+), n>1,
satisfy conditions (9-(12) of Lemma 3. Moreover, let

(18) Vas (X, 0) L n(1=Folcax/s), x>0, 50,
and
(19) $6) = lim | ™~ 1+u)vy(d), 530,
Then S

()= ——

1—¢ (s)/(Bs)

4 — PAMS 232
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is the Laplace—Stieltjes transform of the distribution of the supremum functional
My, provided ®(0) =1 and ® is continuous at s = 0.

Proof. The proof is similar to the proof of Theorem 4 with the following
modifications: The single distribution F for the service times v,;, k > 1, in the
n-th queueing system M/GI/1, is now replaced by the distributions F,. Then

1—F,(s/c,) _ 1

TpS/Cy "~ b, s/c,

1

1

{En S/Cn - (1 mF‘" (S/C"))}

T (exp (—sx/cy)— 1+ x5/cy) dF,(x)
S/cn b

Up
1
Un

S

/
]9 (exp (—sx/cp)— 1+ xs/c,) c, dF,(x).
0

Changing variables in the last integral, i.e. putting u = xs/c,, we can write the
latter expression as the integral

an

% fe™*—1+u)c,dF,(cau/s).

n o0
Hence
Q" I_F‘H(S/Cn) 1 nm _ .
! - =1+——f( -1 dF
" 1—g, (1 Uy S/Cy +sﬁ" c { (e +u)c, dF,(c,ufs)

2]

1 v
=1—— | (e7*—1+u)v,s(du),
Bl
where v, ; are defined in (18). By assumption, the above expression converges to
1—¢(s)/(sp) for s > 0. Therefore

(20) Eexp(—sw,/c,) — D (s), s = 0.

1
1—¢(s)/sp
But & (0) = 1 and, by assumption, @ is also continuous at s = 0. This and the
fact that @ is a limit of the Laplace—Stieltjes transforms E exp (—sw,/c,) implies
that & itself is a Laplace-Stieltjes transform. This also yields the weak conver-
gence and, in particular, the tightness of the sequence {w,/c,}. Hence the Heavy
Traffic Invariance Principle implies that the limiting distribution of {w,/c,} is
the same as the distribution of My = supo<;<« (X (£)—pt) and that @ is the
Laplace-Stieltjes transform of the distribution of My. =

4.3. The general case via a modified Takacs’ approach. In this subsection
we provide an alternative approach to the problem of identifying the dis-
tribution of the supremum functional My for a spectrally positive Lévy process
X which is based on the following result of L. Takacs which was rediscovered,
in a slightly different context, by Kella and Whitt [8]:
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THEOREM 6 (Takacs [14]). Consider a spectrally positive Lévy process
X with the Laplace transform of the form Eexp(—sX (1)) = exp(—t¢(s)) for
R (s) = 0, where ¢ (s) is such that ¢ := limg_,o ¢ (s)/s exists and 0 < g < 1. Then:

(i) There exists a distribution function H such that H(x) =0 for x <0,
whose Laplace transform is of the form

ofe-sde( ‘i’g) R(s) > 0.
0

(i) The distribution function Fy of the functional Mx = Supg<;<q (X (1)—1)
(here B = 1)) is of the following form:

Fy(x)=(1—0) Y ¢*H*(x) for x>0 and G(x)=0 for x<0,
k=0 ‘

where H** denotes the k-fold convolution of H and its Laplace transform is
1-¢
1—¢()/s

Our next result shows how, in the case when lim,_,o ¢ (s)/s = 0, the above
theorem can be extended to the case of arbitrary § > 0.

THEOREM 7. Let X be a spectrally positive Lévy process with the Laplace
transform Eexp (—sX (1)) = exp(—t¢ (5)) for R(s) = 0, where ¢ (s) is such that
lim,.o; ¢ (s)/s =0. Then the distribution F, of the supremum functional
My = SUPo<<w (X (f)—Bt) has the Laplace transform
1

1—¢ (s)/(Bs)
Proof Let y be such that 0 <y < f§, and define

e *dF (x) =

© ey 8

Xt)=——(X@®+y), t=0.

1
B+y
Then

 XO-Pr=XO+n—B+Nt=B+NEX@®~-1), >0

Furthermore, X is a spectrally positive L&vy process with the Laplace trans-
form of the form

Eexp(—s)?(t)) = Eexp(—ﬂ—j_;X(t))exp(—tﬁ%)

ool ) -
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where
5o = o 2 )+
¢(s)_¢(ﬁ+y)+ﬁ+y'
Hence
P v
S TRy

Now by Takdics’ theorem, the distribution of M = supg<;<« (X (£)—1) is of the

form
N A Y- Y™ :
Fx)= (1 ﬁ+v>k§o(ﬁ+)’) H*(x), x=0,

where H is the distribution function such that, for x < 0, H(x) = 0, and whose
Laplace transform is of the form

© 1 s 5y 5 \B+y
5 = =1 —
Jerm it sv/(ﬁ+v)(¢(ﬁ+v)+ﬁ+?> +¢(ﬁ+v) 57
Therefore the distribution of (8+7) M is equal to
_{1__"7 - 7 Y\ *k
F& (1 ﬁ'H’) k§o<ﬁ+?) H2G, x>0,

where H(x) = H(x/(8+7)). Finally, notice that the Laplace transform of F
equals

e d (o) = 1=3/(B+7) __ 8 1

1=y B+) 1+ 6() B—s"6© 1—-6H "¢
This completes the proof. = '

5. SUPREMUM OF A SYMMETRIC «-STABLE PROCESS

In this section we abandon the restriction of spectral positivity imposed
in the preceding section and consider an arbitrary symmetric a-stable Lévy
process.

THEOREM 8. Let X be a symmetric a-stable Lévy process with tails of the
spectral measure v(x, ) =v(—0o0, —x) =yx *forx >0and 1 <a < 2. Then
the distribution of the supremum functional My = Supo<, <« (X (f)— Bt) has the
Laplace-Stieltjes transform of the form Ee™M = ¢~ 49" 5> 0, where

0 1 o0 _ =) _
A(s) = gm (j; (e7—1) (_E exp (—At*) cos (t (z+up)u™ %) dt dz du.
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Proof. Assume that the generating sequence {(v,x, tnx), —0 < k < o0}
is such that

én,k=Un,—k_un,—k=€k_lan|: k> 1,712 1,
where &, &, &, &3, ... are ii.d. random variables with sta‘tzle and symmetric
distribution with density f and characteristic function f(f) =exp(—A1t9),

teR, l<a<?2, A= 2a'yj‘(°)° (1—cosx)‘(“+1)dx.
Furthermore, define 4,10 in such a way that

lz:tf=|a,.ln“”“gﬂ..—'ﬁ, 0<f<oo. B
Then
Wy
== sup (X,(0)—B. (),
n 0St<w
where
1 [nt] a, nt
Xn-(t)=m Y ¢ and ,B,,(t)=| ;lzl[/" ], t=0,n>1.
i=1

This implies that X, 3 X, where X is a Lévy process with syrnmet_rié stable
spectral measure v and f,(t) — ft. Hence the characteristic function of X (f) is
the limit of characteristic functions of X, (t). But

(21) lim E exp (iu # ["2‘:] 4 j> = lim E exp (iu ([nt]/n)'/*¢)

i=1 n
= Eexp (iut'* &) = exp (— A |ul*t).

On the other hand, for positive u, the process X has the characteristic exponent
equal to

0= =
Yo ) =ya | (€ —1—iux)|x| @ Vdx+ya | (€**—1—iux)x~@*Vdx
Il 0+
0_
=yd | (cos |ux|—isin ux|—1+ilux])|x| @+ dx

— a0

<]
+ya | (cos|ux|+isinfux|—1—iluxf)x~@*Ddx
o+
= —2ay | (1—cosux)x™“*Vdx = —2ayu® | (1—cosx)x~®*dx.
0+ A

For negative u the situation is similar. Finally, we get

oo}

@2) Yo (W) = =20 uf* § (1—cosx)x~ " Vdx.

o+
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Comparing the right-hand sides of (21) and of (22) we get

A=20y | (1—cosx)x™ @+ dx.
0+
To prove the tightness of the sequence {w,/n'*} we can use Theorem 3
with {,, =&, k> 1, and ¢, = n'® Indeed, notice that

1 [nt] 1 ntk
P( Sup —7 Z &> Kt ) s—m ey~ 112 Z f}l = Elélab"’
ostsee B j= j=1 !
where 1 < d < a and b = t** 19, Since E|{° < oo and b > 1, the above in-
equality implies that the series (3) in Theorem 3 converges uniformly with
respect to n. This gives the tightness of {w,/n'"*}.
Next, we will find the limit of E exp (—sw,/n'/®) as n —» 0. To do this we
will use the following representation of the Laplace—Stieltjes transform of the
stationary waiting time w,:

(23) | Eexp(—sw,) = exp{— i %(Eexp(—s(S,,,k)Jr)—l)},

k=1
where S, =Y _ & k>1,n>1and (), = max (0, x). Since S, = Y&
|a,| k and &, are symmetric and «-stable, S,,k k/* ¢ —|a,| k. Hence

(24)  Eexp(—s(Sui)+)—1 = Eexp(~—s(k'*¢—k|a,])+)—1

=P <k g )—1+ Dj? exp (—s(k'* x~k|a,|)) f (x) dx

k1-1/a|a,]

oo

= —P(¢>k'"*|a,)+exp(skla,) | exp(—sk'*x)f(x)dx

Kt = /|

[+0]

= [ (exp(—s(k™x—k|a,))—1) f (x)dx.

k- 1/ajgy,|

On the other hand,

f(x) = % fe ®™f()dt = 1 j'(cos (tx)—isin(¢x))exp (— 4|t dt

R R
1113
= — | cos(tx)exp (—At?) dt.
To

Hence, by (24), we get
(25) Eexp(—s(Sun)+)—
= ! 39 T(exp(—s(k”’x—k |al)— l)cos(tx)exp(——/lt“) dt dx.
0

T g1~ Vajay|
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Using (25) and (23) we get
(26)  Eexp(—sw,/n'

1 | o} 0 k 1/a k
“o St () )

|
(1]
x cos (tx)exp (— A%} dt dx)}

1
- exp{_EAn (S)}s | -
where

A, _lym i kY™ k 100 ,1- tx)dtd
"(S)_;lkgj _f exp| —s - x+ﬁns; — gexp(u t*) cos(tx) dt dx.

Brljnyt — 1/
Notice that, for each s >0, A,(s) = A(s), where

A() = J"— ]9 (exp(—su1/¢x+sﬁu)—1)Qfexp('—ztﬂ)cos(tx)dtdxdu.
0

U gy1=-1/a

1/a 1-1/a

Substituting z = u'®*x—fu, we get x = zu~*+ fu and

o0

A(S) I 111/1 T(e_sz— 1) TCXP(—lt“)cos (tz+uPyu ") drdz du.

Since {w,n~ '/} is tight, the function exp(—=~"'A(s)) must be the Laplace-
—Stieltjes transform of a distribution function on [0, c). Therefore, by the
Heavy Traffic Invariance Principle, exp(—n~' 4 (s)) must be the Laplace—Stiel-
tjes transform of My = Supg<,<« (X (f)— Bt), where X is a Lévy process with
symmetric o-stable spectral measure v.
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