PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 24, Fasc. 1 (2004), pp. 121-144

THE EXISTENCE OF A STEADY STATE
FOR A PERTURBED SYMMETRIC RANDOM WALK
ON A RANDOM LATTICE*

BY

T. KOMOROWSKI anD G. KRUPA (LuBLIN)

Abstract. In the present paper we consider a continuous time
random walk on an anisotropic random lattice. We show the existence
of a steady state i, for the environment process ({ (t)}» o corresponding
to the walk. This steady state has the property that the ergodic ave-
rages of (F ({ ()0, Where F is local (ie. it depends on finitely many
bonds of the lattice only), converge almost surely in the annealed
measure to | Fdj,. '

1991 Mathematics Subject Classification: Primary 60F17, 35B27;
Secondary 60G44.

Key words and phrases: Random field, passive tracer, random
walk in random environment, Einstein relation.

1. INTRODUCTION

In this paper we consider 2 model of motion of a tracer particle under the
influence of an external force in a random environment. The motion is assumed
to take place on a d-dimensional integer lattice Z¢ and it is a Markovian
random walk on the lattice. The environment in question models a thermal
system in equilibrium and is usually assumed to consist of a very large number
of components, or degrees of freedom, e.g. it could be a gas for which the
number of molecules is of order 10?3. For that reason it is appropriate to
describe the interaction of the tracer with the medium using random transition
probability functions. More precisely, we denote by B? the set of bonds on Z¢,
ie. the set consisting of all unordered pairs {x, x+e}, where x, eeZ* and
le] = 1. Suppose that v is a Borel probability measure on [c,, c*], where
0<c, <c*< +00. Let Q be a compact state space given by [c,, ¢c*]** on
which we define a product probability measure p := v®?*, The dynamics of the

* The research of both authors was supported by KBN grant nr 2PO3A 031 23.
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tracer can be described then as follows. For a given realization of the medium
1 € 2 the particle located at given time ¢ at site x waits for an exponential time
of unit intensity and performs a jump from site x to a neighboring site x+e
with probability p,(x, x+e) that is a random variable over (Q, Z(Q), p).
Throughout the article we denote by #(X) the o-algebra of Borel sets of any
metric space X. We assume that, for a given x, the transition of probability
Py(x, x+e) depends only on the bonds neighboring x. The fact that the en-
vironment is in thermal equilibrium should be reflected by the assumption that
for each 7 there exists a measure m, on Z“ satisfying the detailed balance
equation

py(x, x+e)m,(x) = p,(x, x+e)m,(x+e) for all x, ecZ’ le| = 1.

Let us describe first the motion of a particle without any external forcing.
Then, for any n: B* — [c,, c*] we set

Py (x, x+e€):=n({x, x+e})/Z (x; n),

where Z (x; 1) := 2|e'|=1 7 {{x, x+¢€'}). It is obvious from the above definition
that Ze|=1 py(x, x+e) = 1. The measure m,(x) in this case equals Z(x; 1),
xeZ For a fixed environment 7 the trajectory of the particle can be described
as a Z%valued Markovian process (X,(f));>o whose generator equals

Ly f(x):= | lZ Py(x, x+€)0.f(x), feCo(ZY,
e|=1

where 8, f (x) :=f (x+e)—f (x), x, ec Z4, |e| = 1. The space C,(Z?) consists of
all compactly supported functions on Z°

An important tool used in the large scale, long time analysis of the tracer
particle motion is the environment process, see e.g. [8]. We describe it in more
detail in Section 2.2 below, here we only mention that it is an Q-valued stochas-
tic process given by ((t; 7, m):= Ty, (1), t >0, where the shift operator
T,: B* > B® is defined by T,{x, x+e}:= {x+y, x+y+e} for any yeZ*. The
process ({ (t));z o is Markovian and has an ergodic invariant measure, which we
also call a steady state, given by

(1.1) flo (dn):=Z™' Z (n) u(dn)

with Z(7):= Z (0, n) and the normalizing factor Z:= {Zdpu.

Suppose that Ie $?~ ! and a€R. If the particle moves under the influence of
a uniform external force field acting in the direction I with the uniform strength
a, we consider a perturbed trajectory process (X (f))>o that corresponds to
the following generator

(1.2) LPf(x):= Y ¢x,e5n)d.f(x), [feCo(ZT,

lel=1
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where ¢®(x, e; ) :=exp {al-e} p(x, x+e; n). Also in this case the environ-
ment process (C (t)),;o, introduced in the same way as in the unperturbed case,
is Markovian. However, ji, is no longer invariant for ({(t));>o. In fact, the
question of the existence of a steady state fi, for this process that is physically
relevant becomes a non-trivial issue. The construction of such a measure is the
main subject of the present work, see Theorem 3.1 below. One of the con-
sequences of the construction we carry out in this paper (see part (4) of Theo-
rem 3.1) is the law of large numbers for any additive functional of F ({(¢)), t > 0,
where F is a local functional on , ie. it is measurable with respect to the
o-algebra generated by finitely many sites of the lattice (see Section 2.1 below).

We should also mention that the model considered in the paper has quite
strong physical motivation. It could be used e.g. to describe the motion of
a charged particle that moves under a constant electric field in the environment
that is in thermal equilibrium. Its degenerate version has been discussed in the
physics literature in the context of random walks on an infinite percolation
cluster. In that case 5 ({x, x+e}) can take only two values: 0 or 1, ie. v is
a Bernoulli measure, see [3], pp. 136-146. The law of large numbers and
central limit theorems under the non-degeneracy assumption have been shown
by Shen in [9]. The existence of a steady state however does not seem to follow
directly from the argument used ibidem. The fact that, due to part (4) of Theo-
rem 3.1, we have the law of large numbers for additive functionals of local
functions of the process has a fundamental importance in the proof of the
existence of the mobility of the particle. Namely, for fixed I and « let us denote
by v(a, [):=1lim,, ; ¢t~ X® () the mean velocity of the perturbed notion.
Using the results of this paper the first-named author and Olla establish in [6]
that the function at> v(a, I) is differentiable at a = 0 for each I The matrix
M = [v,(0, e,)] is called the mobility of a particle. One can also establish (see
[6]) that for this model M = D. In the physics literature the above equality is
known as the Einstein relation.

2. PRELIMINARIES

2.1. Notation. If o is any o-algebra of subsets of Q, we denote by B, (%)
the set of all bounded and «/-measurable real-valued functions. When n e, we
denote by 7,4 the restriction of # to the set A. Let C(Q) denote the space of all
real-valued continuous functions on Q. By C,(£2) we denote the space of all
local functions F: @ — R, i.e. those for which there exists a finite set A = B? and
a function G: Q, — R such that F () = G (14), where Q4:= [c,,, ¢*]%. If the set
A, in the definition of a local function, equals 4,:=[{0, e}: |e| = 1], then we
call such a function 0-local.

Let us fix s < ¢ and let 77 be the s-algebra generated by bonds b having
non-empty intersection with the slab [xe Z?: s < I x < ¢] that do not intersect
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the half-lattice H := [x€ Z%: x-1< s]. Forafixed seRwelet ¥;* :=\/ _ 7
and for a fixed teR we let ¥; :=\/__77.

For a given neQ, Ie$°~! and xc R we consider a continuous time nearest
neighbor random walk (X% (¢));> ¢ on Z° starting at 0, with the generator given
by (1.2). When a = 0, the generator of the walk can be rewritten (regardless of
the direction [) in the following form:

2.1) L, f(x):= —Z'l(x,11)';6?‘['1({36,x+e,-})5af(x)1, feCo(Z9).

Here 3, f:= 0., f, where ey, ..., e; is the canonical basis in Z°. We shall always
assume that the random walk is defined over the canonical path space
2 := D([0, +0); Z% equipped with the standard g-algebra .# and the filtra-
tion (.#,). The corresponding transition of probabilities, path measures and the
expectations shall be denoted, respectively, by p(t, x, y), P%,, E%y, x, yeZ°
As a rule we omit the subscript x when the walk starts at 0.

2.2. The environment process. Let us fix xeZ% With the help of T, the
shift operator on B?, we define the shift operator on Q, which we also denote
by T, via T,(g)(b):=n(T.(b)), beB’ For any function F: Q2 —R we let
D.F:=FoT,—F and D,F:=D, F,p=1,...,d.

Let #@:. C(Q2)— C(Q) be a linear bounded operator given by

2.2) LOF(m:= ), (e nD.F), FeC(Q),
. lel=1

with ¢® (e; ) : = c¢@ (0, e; n). It is a generator of an Q-valued Markov process

given by {(t; 5, @) := Ty (), t 2 0, n€R, ne D, defined over the probability

space (2, #, P;). The transition of probability semigroup corresponding to

the generator (2.2) is given by the formula

(2.3) PiF(m):= Y pPt,0,x)F(T;n), FeC(@).

xeZd

The annealed measure is defined on (2 x Q, .4 x #(Q)) as
P*(dm, dn) := Pr{dm)@pu(dn).

A standard argument shows that the measure j,, given by (1.1), is invariant,
reversible and ergodic under the semigroup defined by (2.3) for a = 0.

3. THE STATEMENT OF THE MAIN RESULT

Throughout the remainder of the paper we fix a direction le$§? ! and
assume that o # 0. Our first principal task is to show that there exists an
invariant measure for the tracer particle in that case. This measure is equivalent
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to jio when restricted to the g-algebra ¥y for any N > 1. Also, we prove
a version of the strong law of large numbers holding with respect to P

To make the statement of the result precise we need some notation. Let
Dq:= D([0, +0); Q) and (,),>, be the semidynamical system defined by the
temporal shifts on Dy, ie. 0,0():= w(+1), we D,. For any aeR we denote
by @; the smallest sub-g-algebra of # () generated by mappings & — F (£(1)),
£€9q, where F is ¥, -measurable and ¢ > 0. Note that each 0, is O, to
O} -measurable, i.e. 6, * (4)e 0} when Ae @,/ . For any Borel probability mea-
sure v on Q we denote by P?% is the path measure in &, that corresponds to the
Markovian dynamics determined by the semigroup (P;) with the initial distri-
bution v. When v = u, we simply write P* to determine the law of the environ-
ment process in Zg.

THEOREM 3.1. Under the assumptions made in Section 2 there exists a Borel
probability measure [i, on Q satisfying the following conditions:

(1) it is invariant, i.e.
(3.1 {P.Fdj, = [Fdj, for all t 20, FeC(Q);

(2) for an arbitrary N > 0, fi, is equivalent to iy, when restricted to ¥y, ie.
(32 do(A)=0 iff [@(4)=0 for all Ae¥y;

(3) it is ergodic, i.e. if Fe C(Q) is such that P.F = F for all t > 0, we have
F = const ji,-a.s.;
(4) the law of large numbers holds, i.e. for any N > 0 and F € B, (0 * ) we have

T
(3.3) lim T~!(F(0,&)dt=[FdP, for P-as EcDy;
TT+(D 0 '

(5) i, is unique, i.e. any other Borel measure on Q satisfying conditions
(1)H4) listed above coincides with j,.

By substituting for F the components of a random vector u® := u{, ..., uf),’
where

B4 uPm) =Z7 () [exp {al,} n({0, e;)—exp{—al,} n({—e, O}, 1€,

we can immediately conclude from part (4) of the previous theorem the fol-
lowing annealed version of the strong law of large numbers.

COROLLARY 3.2. For each aeR we have

Tt ’
(3.9 v(e):= lim 0 _ fu®dp, P*as.
tt+ o t ‘
Remark 3.3. It shall follow from the proof of Theorem 3.1 that the
component of the mean velocity v(a) in the direction I is non-zero. =
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4, SOME AUXILIARY RESULTS

4.1. Transience property of anisotropic walks. For any ne %, ue R we let

“4.1) Du;n):=min[t > 0: I-n(t) < u]
and set D(n):= D(I-m(0); n). Let also T,(n):=min[t>0: I-n(f) > u] and
4.2) M, (n):=sup[I-(x(t)—=(0)): 0 <t < D(m].

The last random variable is defined for those paths for which D(n) < + 0.
For any t > 0 we define also the event

(4.3) A(t):=[n: SGi[Icl)ft]l-(7t(s)—7r(0)) >0].
By analogy with [10] we introduce the sequence of (. )-stopping times
(Stk=0> (Rik>1 and the sequence of successive maxima (M), letting
So:=0, My:=1-x(0),
4.4 Si:=Tyo+2 < +©, R;:=Dobs+8; < +oo,
M;:=max[l'n(t), 0 <t < R;] < + 0.
By induction we set for any k> 1

@5) Sir1=Tygp+2, Rys1=Dols,, +Si+1,
' My =max[lI'n(f), 0 <t < Reyql

Let K :=inf{k > 1: R, = + 0}, or K = + oo if the respective event is impos-
sible.

Let Up(x) (Uy:= UL(0)) be a box centered at x with width 4L in the
direction I and radius 4I? in the directions normal to [, i.e.

Up(x):={zeZ% |l-(z—x)| < 2L, |e*(z—x)| < 4L* for any e L L, |e| =1}

and 0% Up(x):={zedUL(x): I-(z—x) = L/2} (8* U,:= 8" UL(0)).

The results stated below correspond to the results of [9] where they have
been proved in the case of walks with discrete time. For convenience of a read-
er we present their proofs in the continuous time case in Appendix A. All the
constants appearing throughout this section do not depend on the realization
of the environment # and the starting point of the walk x.

PRrOPOSITION 4.1. There exist deterministic constants cy, ¢; > 0 such that

4.6) supEZ,[M2,D < 0] < ¢y,
X,

47 - inf P}, [D = o0] = c,.
X1
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In addition, we have
(4.8) Sup P [Si < o0] <(1—cy)7t,
hence also "
sup P2, [R, < 0] < (1—cy)*
and N
P [K<+o, Sx<+o]=1 for all xeZ?, neQ.

We define the first non-retraction time t, := Sg < + oo PZ-a.s. for all xe Z*¢
and « # 0. Note that the random variable 7, is not an (.#,)-stopping time. The
subsequent times of non-retraction 7,, n = 2, are defined by induction:

4.9) Tp+1 = Tp+1100,, for n>1.

The following result shall be shown in Appendix A.
LemMA 4.2. There exist constants cs, ¢4 > 0 such that

(4.10) sup E, [I'm(ey)]” < cs,
x,n
c
4.11) 5;1'? P, [t >ul < 1+4u2 for all u>0.

5. THE PROOF OF THEOREM 3.1

5.1. The operator 2 and its properties. Let F € C(Q). Denote by By the set
of those bonds b that intersect the half-space [xe Z%: x-1 < 0] and by B the
set consisting of the remaining bonds. Let ZF(y, n):= F(ij), where
fi(b):=n(b), be By, and 7(b) := ' (b), be B . For any event Ae.# we define
Pipn[A]l:= Z(P5.[A])(n, ). For any F that is bounded and ¥ -measu-
rable define

(5.1) 9F () := [ A (. n') F (1) n(dn),

where

(52) '}{(’15 ’7,) = Z ‘//lk(xa UE T—xn')
xeZd k=1

and A (x, n, n') := Py, [ Bx(x)]. Here By (x):= [n: Z‘t(Sk) =X, Ag, S < + 0]
and A4, :=[n: I-(n())—=(0)) >0, te[0, S;]]. Let P:=P*[D = + 0] and

5 (dn):=P ' P;[D = +olpn), PH(dn, dn):= P~ p , oy(%) P*(dn, dn)
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and Aj:= (2, ¥, , u}). Let n, N be positive integers, 0 <t; <...<t, and
Fy,..., F,: Q- R are 0-local functions. Define r.v.’s

63 &= [IREG+a) amd &im(E o= mloe) ()

Here 14:= 0. Let g be a positive integer, n?(s) = (s A 7;) and

5o = [1 o)

ED = (ED, 1441 — T, T(Thr 1) — T ().

PROPOSITION 5.1. Let n > 1 be an arbitrary integer. Suppose that £,, &9,
k = 1, are defined as above. Assume also that F: (RxRx Z*)¥ - Rand G: 2 >R
are bounded and Borel- and ¥ -measurable, respectively. Then:

(1) We have

(5.5 ”F((Eku)km) G (n) Pp(dn, dn) = _”F((Ek)k? 1) 2G (1) Pp(dn, dn).

(2) In addition, suppose that q = q, = N are certain integers, the function
H:(RxRxZ%N - R. Then there exists an r.v. YeL® (U3) such that

(5.6)  fIF (s diz1) HE®, ..., E8) G (n) Pp(dn, dn)
= _”F((gk)k? 1)--9‘1_‘1D Y (n) P (dn, dn).
The r.v. Y is nonnegative when G, H are nonnegative and

(5.7 §§ Y () P%(dn, dn) = [[ H(E, ..., &) G ) P% (dn, dn).

Proof. For any sequence m := (m,, ..., m,)e Z% we define a sequence of
Markovian times

(5.8) 65:=0 and o4 :=07+S, ., 00m r=0,...,9-1.
The sequence is defined on the set of paths satisfying

B(m):= [r: all randofn times appearing in (5.8) are finite and

inf I-(z(t)—m(eM) =0, Vr=0,...,9—1].

te[o7,67+ 1]

Let

(H (Lt +am), 0':"+1—U:"a7t(0';"+1)_7f(0'r)),

and

gmao = (T By (L (0 A Gp+07)), ot 1 —0%, 20 )—7(@M)  r=0, ..., g—1.

r=1
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With H:= H (&, ... £49) we can write
(59) P L[fF((Ese>1) HG (1) 1ip= 1 o1 (m) P*(dy, dm)

= P Y (E[F(&00mhs1)H, Doz = +00, B(m), o < +00] G () u(dn).

Using the strong Markov property and stationarity of the environment we can
recast the right-hand side of (5.9) in the form

P! ”F((qu—qo)km) Y (1) lip= + wy (m) P*(dn, dn),

where Y is a certain ¥3 -measurable r.v. Note that Y can be chosen so that it is
nonnegative when H and G are nonnegative. Choosing F = 1 in the argument
above we conclude also that Y satisfies (5.7).

In the special case when g =1, go =0 and H =1 we can rewrite the
right-hand side of (5.9), using the homogeneity property of the environment, in
the form

(5100 Pt f Y Ei[n(Sw) =X, A(Sp), Sm < + 0]

X E% y [F (&(Ten, M), D = + 0] G (n) u(dn).

Since the second and third factors appearing in (5.10) are ¥5,'- and ¥5 -
measurable, respectively, we can rewrite the entire expression in the following
form:

Bt Y (%, 1, ) By [F (G 1), D = +00] G(n) e(dy) u(dny’)

= | E; [F((Ek)kz 1), D=+ 012 G (n) ¢ (dn).

Therefore we have proved (5.5). To obtain (5.6), thus completing the proof of
the proposition, it suffices only to apply the above argument g —gq,, times to the
expression on the right-hand side of (5.6). =

From part (1) of Proposition 5.1, upon taking F = 1, we conclude

COROLLARY 5.2. For any nonnegative GeI!(U%) we have
(5.11) [ 2Gdys = [ Gds.

For any probability triple U let D (A) be the set of all densities, i.e. those
nonnegative elements whose integral equals 1. With this notation we formulate
our next result.

THEOREM 5.3. There exists a unique density H,eD(U3) such that
AH,. =Hy and Hy > 0 pf-as. In addition, there exist deterministic constants
¢s€(0, 1), ¢ > O for which

(5.12) (12" F—Hyldyh < cecs  for all FeDQL), n> 1.

9 — PAMS 241
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The conclusions of the theorem are consequences of Theorem 5.6.2 of [7]
and the following

LEmMMA 5.4. There exists a deterministic constant c; >0 such that
9F = ¢, up-as. for all FeD (Up).

Proof of the lemma. Suppose that Be ¥, . We have

(5.13) | 2Fdus
B

=Pt Y ([P, [D= +00]1a(T. )M (x, n, n) F (n) u(dn) u(dr).

xeZ4m=1
Using (4.7) we can estimate the right-hand side of (5.13) from below by

(5.14)  cs X ff1a(Tn) Py [m(Sy) =x,

xeZd

S, <D, S; < +00] F(n) u(dn) u(drn),

where cg:= P 'c,. Let G be a certain bounded subregion of the layer
[xeZ% 0<1-x < 2] containing 0. We assume that a nonempty subset 4 of
dG is contained in the half-space H := [x€Z%: I-x > 2]. The expression in
(5.14) can be therefore estimated from below by

(515 cg Y ([ Piw[D = + 0] 15(Tn) Py [r(Ts) = X1 F (n) u(dn) p(dn).
xeAd :

There exists ¢g > 0, independent of #, such that

(5.16) Pi[n(Tg)=x] = c9 for all xedG, n, n'eQ.

Indeed, to show (5.16), we use the Girsanov formula for jump processes, see [4],
Proposition 2.6, p. 320. Let

1
5.17 Ay (x) = expi{oal-e X, x+e
( ) n ) Z(x; 11) |EIZ=1 p{ }’1({ })
and let also
(5.18) A*:=supi,(x) < +0, A :=infi,(x)>0,
n,x n,x
k+1

(519) Qi (m:=exp{ | [A,(n (s))—A*]ds
0

- Z IOg [2d ('1*)_ 1 A’n (7E (S)) pr, (TC (S —): T (S))] 1[1r(s— )# n(s)]}

0<s<k+1
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for k > 0. For a'given time t > 0 we denote by N, (n) the number of jumps that
occurred before that time. Using the Girsanov formula we obtain

(5200 Piln(Te) = x, Te < nj

= Zl E).*[Qn,na n(Tg) = x, Te < n, N,(n) = m].
Here E ;. is the expectation with respect to deterministic path measure P« cor-
responding to continuous time random symmetric simple random walk, i.e. the
walk whose probability of jump occurring from x to x+ e equals 1/(2d) with
intensity constant and equal to A*. The right-hand side of (5.20) can be further
estimated from below by

Y e M E [ (Te) = x, Tg < n, Ny(n) = m]
m=1
for a certain choice of ¢ > 0 and (5.16) follows.
By (5.16) and (4.7) (recall that F is a uj-density) we can bound (5.15) from
below by

(521) csco ), [f1p(Ten) F (n) pu(dn) p(dn’) = 10 1A p[B1,

xcA
where ¢, > 0 is a certain deterministic, positive constant and |4| is the car-
dinality of 4. =

5.2. The construction of an invariant measure. Denote by P%, (dn, dm) the
Borel probability measure over Q X & given by H (n) P} (dn, dn). Throughout
this section we let n be a positive integer, 0 < t; <... < ty, Fy, ..., F.: @ >R
be 0O-local functions and

F(s):=

n
r=1

E (L (s+tp).

We let

Te+1

(522) G:= I F(s)ds and Ek = (Cb Tie+ 1~ Ter T{Thr 1)—775(Tk))-
By analogy with (5.4) we introduce {{? using 7'? () instead of = (-) in formulas
(5.22).

THEOREM 5.5. The sequence ([)y»o, given by (5.22), is stationary and er-
godic over the probability space (Qx 9D, B(2x D), Py,).

Proof. Stationarity is a direct consequence of part (1) of Proposition 5.1
and the definition of H,. To prove ergodicity we show that any bounded
measurable function K: (RxRxZ%)N - R for which

(5.23) K(@sniz1) = K((Gps1) for all n>1, Py -as.
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satisfies K ((fk)k; 1) = const, P -a.s. Let ¢ > 0, N > 1 be arbitrary. We can find
K™: (Rx R x Z%" - R bounded, continuous and such that

”|K((fk)k;1)—K(N)(51a ces EN)| dPy, <.
Then
(5.24) ” |K ((&c)k? 1) [K ((Cc)k? 1)—K(N) (51, v fN):” dP%, < esup |K|.
On the other hand, for any g > g, we have from (5.23)
(525)  [JK(dez) K™, ..., () dPy,
= [[K (G s ) K, ..., T8 dPE,.

By virtue of Proposition 5.1 we conclude that the right-hand side of (5.25)
equals

T K (@ns1) 24 YaP5
for a certain ¥, -measurable Y such that
[fYaPy = [[K™ W, ..., {§)dPy,.
Letting first g1 4+ oo, and then g, 1 + o0 we conclude that
(526) [ K (Ghz1) K™ (s ..., Ey) P,
= [[K((Gh=1) Py [ K™ (E, ..., L) AP,
which, by (5.24), yields
1§ § LK (GOn>1)]* dP%, — [ § K (Gk>1) 4P%, 17| < 2esup |K].

Since ¢ >0 was chosen arbitrarily, we conclude that K ((fk)k;l) = const
Ph.-as. m

PROPOSITION 5.6. We have

(5.27) n(ty)'1>0 Pg,-as.,
(5.28) {[t1dPy, < + o0,

- and
(5.29) [flm(z)|dPg, < + 0.

Proof. (5.27) is obvious. (5.28) is a consequence of Lemma 4.2. We prove
(5.29). Let us denote the expression in (5.28) by t,,. Let (1), ; be a non-decreasing
sequence of integers which tends to + oo w-as., defined by 7, <n <1, 41
We have lim,; ., n/l, = t, p-as. Note that

7 (n) n(‘c,").l_,,_}_n(n)—n('c,").
n I, n n
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For any a > 0, set
, 1k I,
2= L Z (a A In(Tk)_ﬂ(TkﬂN)'—-
nk=1 n
Using Theorem 5.5, (5.28) and the Individual Ergodic Theorem we conclude that
1
(5.30) lim 2% = rj(a A |7 (z1)])dP%, Py -as.
n—=-+o % )

In addition, we can easily estimate X < 2Var ,(m)/n, where Var ,(m) de-
notes the total variation of the path on [0, #]. Since the jump rate of =(*) is
deterministically bounded, the expectation of the total variation of the path can
be estimated by ¢y, n, where the constant ¢;; > 0 does not depend on n, n
nor 4. An application of Fatou’s lemma yields that

1
(531)  —f(anln(e,)dPy, <liminf [ 5dP3,

®

2 2C11

< mjﬂ* (n) Ex[Vargomn] uldn) < m,

(5.29) follows upon passage to the limit as a - +c0. =

As a consequence of Proposition 5.6, Theorem 5.5 and the Individual
Ergodic Theorem we obtain the following

COROLLARY 5.7. We have
1 N—1 T1
(5.32) N Y L= [§(f F(s)ds) Py, (dn, dn) as N — + 0.
k=0 G

The convergence in (5.32) holds both P§ -a.s. and in the I} (P, )-sense.
We set
”m(x’ S 1, ?'C) = 1[D(x-l)=+oo] (R)Pz,q [A(S), Sm < § < Sm+1a TC(S) = O] H* (7;’7)
By the definition of the event A (s) (cf. (4.3)), we have £, (x, s) = 0 for x-1 > 0.
LemMMA 5.8. We have

+ oo

(5.33) Y | [[F©) #u(x,s)dsdP"

xeZdmz1 0
— B[ F(s)ds, D = +o0] H, () p(d).
o

Proof Let I, meR and let My(l):=max[zn(t)-I: 0<t< D()]. On the
event D(l) < + oo (see (4.1)) we let

SO, my:=min[t: n(@r)- 1= (Mo() v m)+2]
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and
RM(I, my:=D oesgn(l,m)-}—S(ll)(l, m),
M® (I, m):=max[z@)-I: 0<t<RP({, m)].

We adopt the usual convention that the minimum of an empty set equals + oo.
The subsequent times R (I, m), S{¥ (I, m) and maxima M{" (I, m) are defined as
follows:

(534) S§¢1-}21 (ls m) = UMfcl)(l,m)-i‘Z’
(5.35)  RW, (1, m):= SN (I, m)+Dobs) m»
(5.36) MY (I, m):=max[xn() I: 0 <t <RP(, m)].

Similarly, for [ > 7(0)-1 we define
SO :=min[t: [x()—n(©0)]1>1+2]
and
R ()):=Dobsay+SP(), MP():=max[z(t)I: 0<t<RP (]
The subsequent times R{? (1), S’ (/) and maxima M (I) are defined by means

of (5.34)(5.36) with the obvious replacement of superscripts and arguments
(I, m) by I Let

KM, m):=min[k: RV, m)= +00] and
K () :=min[k: RP(}) = +0].

A straightforward adaptation of the argument used to prove Proposition 4.1
yields that for each I, meR, xeZ® we have

(537)  Pi,[KV(,m) < 4+, S¢hgm@m < +00]=1 for al neQ,
(5.38) Pz IK?() < +00, S&y() < +0]=1 for all neQ.

For abbreviation sake let us define B, :=[Dofs, = +00,D = +00] and
dji:= H,du. The right-hand side of (5.33) equals

(539 3 (JE[[F©)ds, Su< +o0, Bl dii
m=1 0

+ o

= > j {.[ E;[F(s) I[Sm,,le)(s), Sm, < + 00, By,] dﬂ} ds

0smsmy—1 0

+

+ Z j {_‘. E; [F (S) 1[Rm,,Sml+ 1) (S), sz <+ H Bmz] dﬂ} dS.

0€mysmy—1 0O
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Let N,,(s):=max [n(f)-L: t€[Sn, A s, s]]. Using the strong Markov property
and the definition of stopping times S{! (I, m) we can rewrite the first term on
the right-hand side of (5.39) as being equal to (cf. (4.3)):

(5.40)

Z {m {j E: [l[Sm,,R,,.,) (S) gmz—m1 (TE (S)’ I (Sm1) : la Nm1 (S))’ A (S)] dﬂ} dS,

0Osmy€my—1

where
gk(x, l, m) = E;,,, [F(O), S;cl)(l, m) < +OO, DOGSi“(Lm) = ‘E—(x), D(O) = +OO:|

Using (5.37) we conclude that the expression in (5.40) equals

+ 0
(541) X § ATEi s rey (), A(5), n(s) = x]
mz0 0
xeZd
x E%,[F(0), D(0) = + 0] dji} ds.
Using homogeneity of x4 and changing variables x := —x we conclude that the

expression in (5.41) equals

542 Y 1 | liene o1 Eon[lis,rnn ) A, 7(s)= 0]

miz0 0
xeZd

x H,,(T.n) F (0) P*(dn, dr) ds.
Repeating the same type of calculations for the second term on the right-hand
side of (5.39) (using stopping times S{? (I) instead of S{ (I, m)) we conclude that
it equals

(5.43) z ” jm Lpxay=+ w0 (M) EX |:1[Rm‘,s,,.l +1)(8), A(5), m(s)= 0]
m;2=0 0

xeZd

x H, (T, n) F (0) P*(dn, drn)ds

and (5.33) follows. m
Let

+o0
(544) Py dn,dn):=Z2"' Y ([ Hulx, s;n, m)ds)P*(dy, dn),
xeZdmz1 0

where Z := P [ {1, P4, (dn, dn) < + co. In the following series of results we list
some properties of measure P%_.

LEMMA 5.9. For any h > 0 we have

(5.45) [[F(hdPy, = [[F(0)dPy,.
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Proof. Let C:= P/Z. According to Lemma 5.8 the left-hand side of (5.45)
equals

(546) Cff (th(h+s)ds) % (dn, dm)
0
A 1, _
= CNlTiTmN”('g F (h+5)ds) Py, (dn, dm),

where the equality holds by Corollary 5.7. Since the integration over an inter-
val of length k does not influence the value of the expression on the right-hand
side of (5.45), we conclude that it is in fact equal to

A 1 N
CNlTlian”(gF(s)ds) % (dn, drn) = [ [ F(0) Py, (dn, dn),

where the equality holds by Lemma 5.8. =

Remark 5.10. Changing only slightly the argument used in the foregoing
we can generalize the conclusion of the previous lemma to functionals of the
form

(547) P, )= TT T Foa(T L6 +H),

where F, , are bounded and measurable and x, ,€ Z are such that x,,- [ > 0. ®

_ Denote by B the probability triple (2 x 2, #(2)®-4#, P,). Suppose that
., is the law in D, of the stochastic process {(-) considered over B.

THEOREM 5.11. Then the semidynamical system (0,),», considered over the
measure space (Dq, Og) is Py -preserving and ergodic. Moreover, we have

1T -
(548) lim —[F(60)dt = [F(Q) P40 for each FeB,(03), P-as.
T-w )

Proof. Stationarity of the system is a straightforward consequence of
Lemma 59 and a standard approximation argument. We show ergodicity.
Suppose that there exists a function FeB,(0F) such that, for each t >0,
Fob,(0))=F(@Q ﬁ}‘,*-a.s. With no loss of generality we may assume that
t—F 00,({) has continuous trajectories for each { and there exists an event
Ne0g§ for which P% (N) 0 and Fo6,()=F() for all t>0 and (¢N.
Indeed, instead of F we could consider an element F:=s"! j' Fo0,dh for
some s > 0, which satisfies the above requirements. The above in turn implies
that

(549) Foetk(n)(C('; ", 7'5)) = F(C(: ", 7'5)) fOI' Elll k 2 15 (’7’ 7'C)¢N,
where for any event Ae0F we put A:=[(, n): {(-; 4, n)e A]. Obviously,
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Py (N) = 0. We show that in fact P4 [N] = 0. From Lemma 5.8 and Proposi-
tion 5.1 we have

0= jE‘,’,[j 15(¢(5 0, 6;m)ds, D = +o00 |H,(m)p(dn) for all k> 1,
0
which in turn implies that
T
0= [E:[[15((5n, Osn)ds, D= + oo ] Hy(n) pu(dy) for all T> 0.
0

Due to the fact that H, > 0 p-as. we conclude that
(5.50) 0=E2[15(¢(5n, 0.m), D= +00] for p-as. n, m-ae s>0,

where m is the one-dimensional Lebesgue measure. Let N,:= 6; ! (N). From
(5.50) we conclude therefore that there exists a sequence s, - 0+ as n— + o0
such that P, (N,,) = 0 for all n > 1. Note that N < (), N,,; hence P§,[N] <
Y., P4, [N, ] =0. Using a slight modification of the argument used to prove
ergodicity in Theorem 5.5 one can show that there exists N; e @ such that
P%,(Ny) =0 and F({) =f for some feR and all {¢N,. Let (y, )¢ NUN,.
Then

F((sn, 6m)=F(((sn,m)=f foralt>0,
so (1, 0,m)¢ N, for all ¢t > 0. Hence
0=[E[15,(((;n,6:m), D=+ ] Hy(q)uu(dy) for all t >0,
and therefore 13%,* (N;) = 0. We have proved therefore that F is ﬁ?,*-a.s. con-

stant, and ergodicity follows.

Proof of (5.48). Recall here the definitions of ¢, > 0 and the sequence (I,)
given in the proof of Proposition 5.6. Note that, in consequence of Theo-
rem 5.5, we have

Tn

(5.51) lim lf F(¢(;n, 0, m)dt = F, Ph-as.

n~wl gy

for any FeB,(0g). Since we obviously have

1,

1% I, 1 1
(552 SJF(CGn, 0,m)de =2x— [ FC(5 n, 0,m)det— [ F(CC5m, 0,m)de,
) n 0 T,
we conclude, by virtue of (5.51) and the definition of (J,), that

(5.53) lim 1j-F(C(-; 1, 0, m)dt = % Py -as.

HT+wno %
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Let
'l_ fm F :,= 4
E:=[(fn, 1€ RXR)Y: -Znﬂ‘—%»t—* or £ bty as nl +oo].
Zm=1 [ * .
From (5.51) it follows that
(5.54) §15((Gns Tat 1 —Twnz1) AP, = 0,

where g,:= [ F({('; , 6, m))dz. Hence
JE;[16(Gn Twr1—Tudnz1), D = + 0] Hy(n) u(dn) = 0.
Since H, > 0 u-a.s., we conclude that
(5.55) E:[15((gns Tas1—Twnz1)s D= +00] =0 p-as.
However, repeating the calculation made in (5.9)«(5.11) we obtain
(5.56) le((gn+la Tn+2—Tn+ 1)n>1)dPa
= JH ) Ej [1£(gn Tat1—Tuhnz1), D= +o0] u(dn) =0,
where the last equality holds by (5.55) and

H):= Y [P, [Sc<+o0,n(Sy)=x]1(n, Tn)pldny),

xeZd k21

which is strictly positive for u-a.s. #'. From the definition of the set E we get

1 F \
lim ~[F((;n, 6,W)dt=—" and Im e, Poas.

nt+o Ty g t* nt+wo R
Hence we conclude that the limit in (5.53) holds, in fact, P*-as. =

Remark 5.12. We can generalize the conclusion of Lemma 5.9 even fur-
ther to functions of the form (5.47), where x,€ Z are such that x,-1 > —N
for some N > 0 but that requires an appropriate adjustment of the definition
of time 7,. Let N >0 be any integer. We can modify the definition of 7,
by using stopping times S := Ty, 12+ (cf. (4.4)), and then adjusting appro-
priately the definition of the transport operator 2. We can prove, exactly in
the same way as Theorem 5.3, that is has a unique positive invariant density.
Eventually, the procedure described in the foregoing leads to the construction
of a measure P}‘,’i" for a # 0 defined over the measure space (2 x D, Z(QQF)
that is absolutely continuous with respect to P*. In addition, if P}‘,’i" denotes
the respective law of {(-) in 2,, we have the following analogue of Theo-
rem 5.11.

THEOREM 5.13. The system (0,);», considered over the measure space
(Dgq, Oy)is P;,'f -preserving. Moreover, the measure is ergodic and formula (5.48)
holds for all FeB,(0<y) with an obvious replacement of Py by PyN. =
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Let g% be defined by
{Faad® := [ [ F (n)dP%" (dn, dr)  for all FeC(Q).

Obviously, 2V is absolutely continuous with respect to u. Note that from (5.48)
formulated for any pair of nonnegative integers N = N’ we obtain

(5.57) [Fap™ = (Fdp® for any FeB, (¥ y).

Since Q is compact, the sequence (AM)y5 1 is tight. From (5.57) we conclude
that it is in fact weakly converging to a certain measure j,, which for any
N =1 satisfies

(5.58) {Fdi, = [Fdg® for any FeB,(¥y).

5.3. The proof of Theorem 3.1. In this section we show that the measure
i, satisfies the conclusions of the theorem. Conclusion (2) follows directly from
construction. Set

n

(5.59) F() = H P((@t), (e,

where F,eB,(7"Xy°) for a certain N >0 and 0<1t, <... <t,. Define
(5.60) G,:=Pn"t1F,  Gei= F P % 1Gy, k=1,..., n—1.

LEMMA 5.14. For any &> 0 there exists N' > N and FeB, (¥ &) such
that ||Gi—F||, < &.

Proof. After n applications of the Markov property of P; we get

6:0) = EL[] (Tl

Thanks to the fact that the jumps of the walk are of size 1 and their intensities
are bounded uniformly in # and x (see (5.18)) G, can be approximated, uniform-

ly in 5, by the elements of the form

Fn)=E:[T] E(Tuepyn), D(—N) = t,]

p=1
for sufficiently large N’ (see (4.1) for the definition of D(—N’)). =

Let P; be the Markov path measure on (Zq, .#) corresponding to the
transition of probability semigroup (P}), >, (see (2.3)) and the initial measure f,.
Part (1) of Theorem 3.1 can be concluded from Theorem 5.13 and the following

ProrosITION 5.15. For any F of the form (5.59) we have

(5.61) lim %f(jF(e, O P*(d0)dt = [ FaPy..
im 7 ]
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Proof. According to Theorem 5.13 the limit of the expression on the
left-hand side exists and equals | F dﬁﬁf . Assume that G, corresponds to F via
(5.60). Suppose that ¢ > 0 is arbitrary and let N' > N be chosen so that there is
F such that ||F —G4]l, < ¢ and F e B, (¥ *y). On the other hand, the left-hand
side of (5.61) equals the limit, as T — + oo, of

Gr:=T L [([[ G (L () P*(dn, dn))dt.

Hence, by virtue of Theorem 5.13, the limit limy. ., |Gr—§ Fdji,| can be es-
timated from above by

(5.62) lim %j”lGl €@ n, m)—F (@, m)| P*(dm, dn)dt < e.
T—w 0

We conclude therefore that

|f FaPyY —[FdP;| = lim |Gr—{FdPy]
T+

< &+ |{ Fdji,— (FdP;| < 26 +|[ G, dji,— [FdP;| = 2e,

where the first inequality holds by (5.62). Since ¢ has been chosen arbitrarily, we
have (5.61). m

To prove part (3) note that, according to the Individual Ergodic Theorem
(see [1], Theorem VIII, 7.5, p. 690), we have

T
(5.63) lim L [P Fdt = E; [F|Yia], firas,
T+ w T 0 “

where Ez [| 7] is the conditional expectation of fi, with respect to the
o-algebra generated by all G-invariant functions under the semigroup, i.e.
PLG = G for all t > 0. One can approximate any such G in I! (ji,) by elements
G,€ B, (¥ *y,) for some N, > 0. However, by virtue of Theorem 5.13, we have
EilGu| Vil = j G, dj, for each n. Hence, passing to the limit as n — + oo, we
conclude that also G = Ez, [G|¥iu] = | Gdji,. We showed therefore that the
only elements that are ¥; ,-measurable are constants, which in turn proves that
Vv 18 trivial. :

To prove part (4) note first that by virtue of Proposition 5.15, Theo-
rem 5.13 and a standard appoximation argument we conclude that

(5.64)  [[F(6.L(;n, m)PEY(dn, dn)
~ [FdP;, for all N >0, FeB,(0%y).

Part (4) follows then easily from (5.64) and Theorem 5.13. Uniqueness is stan-
dard in view of the requirements put on the invariant measure in conditions

(1)4). =




Perturbed random walks in random environments 141

APPENDIX A. THE PROOF OF THE RESULTS OF SECTION 4.1

Throughout this appendix we fix 7€ Q and x € Z%. As it becomes apparent
in the course of our proofs, we can assume with no loss of generality that x = 0.
No constants involved in our subsequent estimates shall depend on # and x. For
a given n€ 2 denote by (¢, (n))k; 1 the times of successive jumps of the path «. Let
Xi(@):=n((), k= 1. It is well known (see [4], Section 2 of Appendix 1, pp.
314-321) that the random sequence (X});»; considered under the measure Pj is
a discrete time nearest neighbor random walk whose transition probabilities equal

PP (x, x+e)=c?(x, e Y @ (x,¢)).
le’|=1

Let p,:=inf, .. p,(x, x+e) > 0. The jump rate ,(x) and constants A,, A*
(ibidem, p. 314) are given by (5.17) and (5. 18) respectively. Let also
N ':min[k>0' XkEaUL]

A.l. The proof of Proposntlon 4.1. For a given sequence (X D=0 We can
define the sequences Sy, Ry, M, k > 1, the random times D, K and the ran-
dom variable M,, by a complete analogy with the deﬁmtlons contained in
Section 4.1 (cf. formulas (3.6) and (3.7) of [9]). We obviously have

(A.1) M.=M,, [D<+ow]=[D<+w],
(A.2) [Si < +o0] =[Sk < +0], [Ry< +o0]=[Ry< +0o0],
(A3) [K < +0]=[K < +o], [SK<+w];[§,z< + o0].

In the following statement we essentially gather the results of [9] that pertain
to the assertions made in Proposition 4.1.

ProrosiTiON A.l1. (a) (Lemma 4.2 of [9]) There exists a constant C, > 0
such that

sup E:,[exp{C, M,},D < + 0] < + 0.
(b) (Corollary 2.3 of [9]) There exists a constant C, > 0 such that
ixan';,,, [D=+w]=C
(c) (the proof of Lemma 3.1 of [9]) There exists a constant C5 > 0 such that
(A4) S:ly?Pi,,, [Si < 0] <(1—Cy)7 1, sBPP;,,, [R. < 0] < (1-Ca).
(d) (Lemma 3.1 of [9]) For all x, n we have

P:,[K<+00,8=+w]=1

The assertions of Proposition 4.1 follow from the respective results of
Proposition A.1 and formulas (A.1}{A.3).
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" A.2. The proof of Lemma 4.2. Obviously, 7(r;) = X;,. The estimate (4.10)
follows directly from Theorem 4.3 of [9] which states that the exponential
moment of X -l exists. To show (4.11) we shall need the following

LeMMA A.2. There exist deterministic constants cy,, ¢13 > 0 independent
of L >0 such that for all xeZ% neQ

(A.5) Pl Ty > 12 L] < cq3 CXP{_L/CM},

(A.6) Pg‘c.n [TUL(::) <cpp L, 75(TUL(:c))‘i'§‘9Jr Ur(x)]<cys CXP{—L/CH}-

Proof. As usual we assume that x = 0. We invoke the estimate (2.20) of
[9] which states that

(A7) Pi[Ny, > (4L)/y] < ci4e™*

for some constants c,4 > 0, y > 0. We suppose also without loss of generality
that L > y/4. Therefore we can write

(A8) Pi[Ty, > cL] < Pi[Ny, > 4L)y]+Pi[Ny, < GL)y, Ty, > cL].

The first term on the right-hand side of (A.8) can be estimated from (A.7) by
ci4e ~. The second term is less than or equal to

+

A9 ) Pi[Ny, <@L)y, C(k, L)]

k=[cL]

+ o
= Z E_/l* [Qk,n (TC), NUL < (4L)/'Y, C(k= L)],

k=[cL}
where the equality holds by the Girsanov formula, Q; , (-) is given by (5.19) and
C(k, L):= [Ty, €[k, k+1)]. The measure P;: together with the corresponding
expectation operator E;« have been introduced after the formula (5.20).
For any a<b and meZ denote by A(m;a, b) the event consisting of
those paths with m jumps in the time interval [a, b], with the obvious
convention that A(m; a, b) = @ if m < 0. With the notation L:=[4Ly~1],
log™ r:= max {—logr, 0}, the right-hand side of (A.9) can be estimated by

(A10) +z°° S exp {mlog™ 2y pafi)}
=[cLlm=1

+ L +w

Y Y Y exp{mlog (2diyps/2%)} Pr[A(p; 0, ), A(m—p; k, k+1)]

k=[cL] p=0 m=p
+ o0 E +o *)mkp

= Y Y Y exp{mlog™ (2d/1*p*/,1*)}

k=[cL] p=0 m=p

+ o L k
<cys ). ) exp{plog™( ZdA*p*/l*)} ) exp {—A*k},

k=[cL] p=0

exp {—=A*(k+1)}
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where

c15:=exp{—A*} Y exp{n[log™ (2dA, p4«/2*)+log A*]}/n!.
nz0
Let a, (/1* k)/pl. If [cL] > L/2*, then a,/a, = A*kfp+1) = A*[cL]/L > 1.
Hence a, < ap = (4* k)L/LY for p < Land we can estimate the utmost right-
hand side of (A.10) by

+

(LC wexp{Llog @diypy/®)} Y exp{—i*k}KE.
k=[cL]

Choosing ¢ > 2L/(A* L) we can guarantee that the function xZexp { —A* x/2} is
decreasing for x = [cL], so the expression in (A.11) can be estimated by

(A.11)

(A.12) ( L.Zil 15)| exp {Llog ™~ (2dAy ps/A¥)} (cL): exp { —cA* L2}

+ a0
x | exp{—A*x/2}dx

cL

4cys
Mexp {Llog™ 2dAy p./A*)} (cL)-exp {—cA*L}.

Using Stirling’s formula (see e.g. [2], p. 406), we can write
Lt = /2nL(LeYEexp {0/12D)},
where 0¢(0, 1), so the right-hand side of (A.12) can be further estimated by
4cy5
NG

Choosing ¢ > 0 sufficiently large, and denoting it then by ¢,,, we conclude that
the above expression is less than or equal to cygexp{—L/cys} for a suitable
constant ¢, > 0. .

Let ¢, be the same as in (A.5). To obtain (A.6) we shall use the estimate
that follows from (2.26)—(2.28) of [9]. It states that

(A.13) Pi[Ny, < (4L)/Y,XNU ¢0.UL]l < C17CXP{ L/C17}

——— T2 exp {L[1+log™ (2d14 p4/A*)+log(L/L)+logc]—cA* L}.

for a suitable constant c;, > 0. Note that since n(Ty,) = ¢y, , We can write
(A14) Pi[Ty, <ci; L, n(Ty,)¢0" UL
< Pi[Ny, <(@L)/y, Xn,, ¢0.+UL] +Py[Ny, > (4L)/y].

The first term on the right-hand side of (A.14) is, by virtue of (A.13), less than or
equal to c¢y7exp{—L/cy}. The second term, on the other hand, can be esti-
mated from (A.7) by c;,exp{—L/c,4}. Hence both (A.5) and (A.6) follow upon
choosing ¢;3 :=max[cy4, C16, €17]. B
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To complete the proof of Lemma 4.2 note that
(A15) Pylzy > ul < Pilty > u, I'w(ty) S ufeyx]+ Prll-m(zy) 2 u/ci,].

By virtue of (4.10) and Chebyshev’s inequality the second term on the right-
hand side of (A.15) is less than or equal to c,g/u? for some constant ¢,5 > 0.
On the other hand, the first term there can be estimated as follows:

(A16)  Pi[ty >u, I'n(ty) < ufci5] < Py Ty, > ul
< Pi[Ty, > ul+Pi[ Ty, < u, n(Ty )¢ 07 UL,

where L = u/cy,. Using (A.5) and (A.6) of Lemma A.2 we conclude that the
right-hand side of (A.16) is less than or equal to 2c¢;3exp{—u/(c,;¢y3)} and
(4.11) follows.
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