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THE DEPENDENCE STRUCTURE o
OF THE FRACTIONAL ORNSTEIN-UHLENBECK PROCESS
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Abstract. Let X () be a fractional Lévy motion of Rie-
mann-Liouville type and let Y () be a corresponding fractional stable
Ornstein—Uhlenbeck process obtained through the Lamperti trans-
formation of X (). We investigate the asymptotic dependence structure
of the stationary process Y (f) as t — co and we show that Y () does
not have the long-memory property.
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1. INTRODUCTION

For a stationary process {Z (), teR} with finite second moment, it is
possible to characterize its dependence structure by the covariance function
Cov(Z(s), Z(t)). However, when the process is stable with index of stability
0 < a < 2, the covariance function is not defined. Instead, we can use other
functions characterizing the dependence structure. In this paper we will focus
on the following measure of dependence:

(1) . r(B:; 05 8):=E[exp{i(0, Z()+6,Z(0)}] ~ o
—E[exp{i0, Z()}]1E[exp {i6, Z(0)}], 0,,0,€R.

Unlike the covariance, r(6,; 6,; t) is always well defined and shares the fol-
lowing properties: it is asymptotically proportional to the covariance (if the
process has finite variance), and it is equal to zero for independent Z (t) and
Z (0). The function r(f,; 0,; t) was extensively used in [2] and [7], where the
authors analyzed the asymptotic dependence structure of some stationary sta-
ble processes. It also appeared in the recent work of Maejima and Yamamoto
[4], where the long-range dependence (LRD) of the solution of the fractional
Langevin equation was proved. In [4] the authors introduced the following
definition of long memory:
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DEFINITION. A symmetric a-stable stationary process Z (t) has long memo-
ry if r(0,; 0,; t) defined in (1) satisfies

@ 3 1 (03 03 ) = oo
n=0

The main purpose of this paper is to analyze the dependence structure of
the fractional stable Ornstein—Uhlenbeck process defined in Section 2. We
adopt the function r(f,; 0,; t) as the measure of dependence for stable proces-
ses and;"in Section 3, we investigate its asymptotic behavior for the discussed
Ornstein—Uhlenbeck process. Obtained results give an answer to the question
of long memory in the sense of the above definition for the examined stationary
process.

2. FRACTIONAL STABLE ORNSTEIN-UHLENBECK PROCESS

First we introduce the fractional Lévy motion of Riemann-—Liouville type
(FLM-RL) as the following Riemann-Liouville fractional integral (see [6]):

t
J—s"1dL,(5), t=0,

3 Lyu(t):= ﬁm |

where H > 0, ae(0, 2], I'(*) is the gamma function and L,(s) is the standard
symmetric a-stable Lévy motion. Observe that (t —s)? ~**e I*(0, 1); thus L, 5 (¢)
is a well-defined a-stable process. Additionally, for H = 1/ we get the standard
a-stable Lévy motion. _

It should be noted that in the Gaussian case (i.e. for &« = 2) L, y(t) was
extensively studied by many authors; see [3] and [5]. Motivated by that fact,
we consider here the more general stable case. Since for every a > 0

at

f(at—s)" 1= dL,(s)

1 R
L@ = ) -

d 1 p H—1ja+1} H-1
= v a @ t— ,adl = Hl t’

the FLM-RL process is clearly H-self-similar, but unlike the linear fractional
Lévy motion (see [7]), it does not have stationary increments.

The Lamperti transformation [1] provides a one-to-one correspondence
between self-similar and stationary processes. A classical stationary Orn-
stein—-Uhlenbeck process can be derived through the Lamperti transformation
from the Brownian motion. Following the same line, we define a fractional
stable Ornstein-Uhlenbeck (FSOU) process as the Lamperti transformation
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from the FLM-RL, namely
4 Y, u(t):=e L, gl

—tH

...._e_..—_Et t_ NH-1/x .
_F(H—l/oc+1)£(e 9 dL,(s), teR.

For a =2, Y, 5(f) reduces to the process considered in [3].
In the next section we will investigate the dependence structure of this
stationary a-stable process. o

3. DEPENDENCE STRUCTURE

We focus now on the asymptotic behavior of the measure of dependence
for the FSOU process, that is

(5)  r(0s; 05 ) = E[exp {i(9; Ym0+ 6, % O)}]
— E[exp {i6; Y, n ()1 E[exp {i0, Y, w (O}, 04, 0,€R.

We exclude the case 0, 0, =0, since then trivially r(0,; 6,; t) = 0. We start
with the following theorem:

TaeorEM 1. If 0 <a <1, H> 0, then

r(ﬁl; 92; t) ~ CE'H‘|91|“' C(gl; 02)'e_t as t— CO.,

where
0,1%+10,I"
© C(61;02)=exp{— el }
Ho(I'(H—1/a+1))
and
) ) 1
(7) Co,H =

(T (H—1/a+1))"
. To establish the proof of Theorem 1, we begin with a lemma._
Lemma 1. If O <a <1, then for every a, be R we have

o —1ble| < la—bl.
Proof For 0 <a <1 we have |a|* < |la—b|*+|b|*, which gives
lal*—[b]* < la—b[*
and conversely
|bl*—]al* < |a—b|*.

This completes the- proof. m
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We will also use repeatedly the formula (see [7])
(8) E[exp{if | f(x)dL,(x)}] = exp{—|6I* [ | f ()" dx}
B B

for B< R and felI*(B).
Proof of Theorem 1. We put for 6,, 8,eR
1(0y; 0,; 1):= —logE [exp {i(61Y,m () +0,Y, 4 (O))}] _
) _+log E[exp {0, Y, u (t)}] +1og E [exp {if, Y, g (0)}].

The relationship

r(01; 055 1) = C(By; 0,)-(exp {—1(8y; 0,; 1)} —1)
holds with

C(01; 0,) = E[exp {i6: Y, x(0)}] E [exp {i6, Y, x (0)}]

{ 011" +16,]* }
=eXp4 — 20>
Ha- (I (H—1/a+1))
where in the last equality we used (8). Thus, if I(0,; 0,; t) - 0 as t — co, then
r(01; 025 1) ~ —C(0y; 05)-1(04; 0; 1),

which shows that r(-) and I() are asymptotically equal.
Formula (8) and some standard calculations give the following

%) I(04;05;0) = Ca,H'(}Il (t, s)ds+j'12(t, s)ds),
0 0

where
I, (t, 5) = —|04]* e~ "2 (' —5)H2 1,
I(t, 5) =10, e (=5 710, (1 —s)T 71 — |0, 1* (1 —5)™* 1,

and c, g is given by (7).

- .. Since for every se(0, 1) ' B

(10) e-1,(t,s)> —04* ast— o0

and _
{wll“ if Hui—1> 0,

‘. <
Sllp(e ”1 (ts S)l) |91|a(1_S)H“_1 lf Ho—1 < 0:

t>1

which belongs to I (0, 1), from (10) and the dominated convergence theorem
we get

1
(11) jIl(t, S)ds~—|91|a'e_t as t— oo.
0
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Similarly, for every se(0, 1) we have
e-I,(t,5)—~0 ast— w0,
and from Lemma 1 we obtain

0,* if Hx—1 > 0,
sup (¢t I, (, 9)) < {' i

t>1

0, (1—s)f*~ 1 if Hu—1 <0,

which also belongs to ! (0, 1). Therefore, the dominated convergence theorem
implies that

1
(12) e [I,(t,5)ds—>0 as t— o0,
0 .

and finally from (11) and (12) we get
1(01: 02; t)"“’_ca,H'lella'e_t as t— oo,
which completes the proof. m

TaeorREM 2. For a =1, H > 0 we have

@) if 60,0,>0, then r(0y; 0,;t)=0;

@) if 0,0, <0, then r(01; 05;t) ~2-¢c1 g-10:]-C(01;0,) e as t— o0,
where C(04; 0;) and c; g are given by (6) and (7), respectively.

Proof. For a =1 formula (9) yields

1 1
1015 025 8)=co ([ 11, 5)ds+ [ I, (¢, s)ds),
where ° 0
Ii(t,s) = —|0s]e " H(—5)F 1,

Lit, s) =016 (¢ —5)" 1+ 0, (1 =)= 0,] (1 —5) .
@) If 6,0, >0, then clearly I,(t, s)+1I,(t, s) =0, and therefore
r(01; 025 1) =0.

(1) For 6,0, <0 we show as in Theorem 1 that
1

(13) {I.(, s)ds ~—|04]-e* as t—o0.
0

Further, for every se(0, 1) we have
e-I,(t,s)— —|0,] ast— oo.

Taking advantage of Lemma 1 and the dominated convergence theorem we
conclude that

1
(14 [I.(t, s)ds ~—|0,]-e™* as t >0
(]
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and finally from (13) and (14) we obtain
I10;058)~—2¢cy g0 e* ast—o0.m
To prove the next theorem, we need the following lemma:
LemMa 2. If 1 <a <2, then for every a =0, b 20 we have
@) la—b* < a*+b%;
(ii) |la—bl*—b% < a*+aab*"*;
(iii) |la+b|*—b% < a*+wab* L.
_Proof’(i) We put f,(a) = |la—b|*—a*—b* Then for a > b we get
. f0)=0 and fi(@=a(a—by '—aa*"1<0,
and for a < b we obtain
f400=0 and fi(@=—ab—a t—aa*" <0,
which gives f,(a) <0.
(i) From (i) we have
la—blf—b* < a® < a*+oab~ 1.
We put g,(a) = la—b|"—b*+a*+aab*~*. Then for a > b we get
g0)=0 and gj(a)=ala—b *+oaa* *+ab*"1 >0,
and for a < b we obtain '
90 =0 and g,(a)=—ab—a)f +aa*  +ab* >0,
which implies g, (a) = 0.
(ili) We put h,(a) = a*+b*+aab*~ ! —|a+ b~ Since
hy(0)=0 and K(a)=aa* '+ab* ‘—a(@a+b)* 1 >0,
we get hy(a) = 0. This completes the proof of the lemma. m

THEOREM 3. If 1 <a <2 and H >0, then

19
6,

r(01; 025 t) ~ cog-dym 0y C(01;02) e  as t—> oo,

where
—o

do =
T H@—1)+1/a

C(0y; 0;) and c,p are given by (6) and (7), respectively.
Proof. From (9) for 1 <o <2 we obtain

(15) I1(0y; 0,0 = c,,,H-(}Il(t, S)ds+j1‘12(t,l s)ds).
o . 0
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For every se(0, 1) we have
el I.{t,s)—>0 ast—o0

and, following the same lines as in Theorem 1, we obtain
1

(16) er-f1,(t,s5)ds—>0 as t—c0.
0

Further, for se(0, 1)

. ok
eI, (t, S)—>oc-01-| d (1—gH- =) a5 t > a0

0,
and from Lemma 2 we get
sup {e*- |, (z, s)|}
t>1
< sup {|041° (1 —se ) 1 40+ |04}10,1* " (1 —se Y~ 12 (1 —5)H 11}
t>1
< 16,]%+ o |04]10,) 1 if Hi—1> 0,
041 4010410, H (1 —s)* 1 if Ha—1 <0,
which belongs to I! (0, 1). Thus, the dominated convergence theorem yields
1 0.1 1
(17) eI, s)ds—>a-01-|02 fQ—s)H" MDDy as t— o0,
0 2 0

Finally, from (15}H17) we get

o |02|a —tla
. . - - t
1 Ha—Dt 1z 0t 0, as t= o,

which completes the proof. =

I(01;05;) ~c

CoOROLLARY 1. The FSOU process does not have the long-memory property
in the sense of (2). : »

Proof. From Theorems 1, 2 and 3 we have

Z [r(6y; 055 n)| < o0,

n=0

which proves the statement. =

We have shown that, similarly to the Gaussian case [3], the examined
generalization of the classical Ornstein—Uhlenbeck process does not have the
long-memory property. Obtained results in connection with the ones presented
in [4] confirm that the function r(-) is the right candidate to examine the LRD
phenomenon for stationary stable processes.
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