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Abstract. In this paper we present new sufficient conditions for
complete convergence for sums of arrays of rowwise independent ran-
dom variables. These conditions appear to be necessary and sufficient
in the case of partial sums of independent identically distributed ran-
dom variables, Many known results on complete convergence can be
obtained as corollaries to theorems proved in this paper.
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1. INTRODUCTION

The paper by Hsu and Robbins (1947) initiated numerous explorations of
the complete convergence of sums of independent random variables. Their
research was continued by Erdds (1949), (1950), Spitzer (1956), and Baum and
Katz (1965).

The paper by Kruglov et al. (2006) contains two general theorems that
provide sufficient conditions for complete convergence for sums of arrays of
rowwise independent random variables. One of them is presented below as
Theorem A. The purpose of this paper is especially to show the strength of this
theorem. In fact, we propose an approach with the help of which we are able to
prove a number of new results, and in a unified form to reprove many known
theorems, on complete convergence for sums of independent random variables.
Specifically, three theorems proved below contain, as particular cases, Spitzer’s
theorem (1956), a number of theorems of Baum and Katz (1965), the basic
theorem of Bai and Su (1985), Maejima’s theorem (1977), the theorem of Hu,
Moricz and Taylor (1989), Theorems 2.1, 4.1, 5.1, 7.1-7.4 of Gut (1992), and the
sufficient part of Gut’s (1985) theorem.
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In the following we assume that all random variables under consideration
are defined on a probability space (2, %, P). We use standard notation, in
particular: I [4] denotes the indicator function of a set A < Q. The proofs of
some auxiliary statements are presented in the last part of the paper.

THEOREM A. Let {(X, 1 < k< m,), n > 1} be a sequence of rowwise in-
dependent random variables and let {c,, n = 1} be a sequence of non-negative
numbers. Suppose that

Q) Y cadom P{Xul >} <o for all &> 0;

(i) there exist j >0, 6 >0 and p =1 such that

Y. eaE] ¥ [Xud (Xl < 51— E (Ko I Xl < 5D]Y

Then

[eo]

Z ¢, P{ max |2 (X~ EXuI[Xul <5D]|>¢} <0 for any > 0.

n=1 1<m<my ;=

2. MAIN RESULTS

The next definition emphasizes the class of random variables that we
consider in this paper.

DErFINITION 1. The array {(Xn, 1 < k < m,), n > 1} of random variables
is stochastically dominated in mean of order a by a random variable X with
respect to a sequence {b,, n > 1} of positive numbers if

|
48] — Y P{|Xnul > x} < DP {b}|X| > x}

'lk 1
for some D >0, ae(— o0, ), and for all x>0, n> 1.

For a = 0 this notion reduces to the notion of stochastic domination in
the Cesaro sense which became common in the literature devoted to complete
convergence of sums of random variables.

In Definition 1 a sequence {b,, n > 1} of positive constants is presented.
We will deal with non-decreasing sequences of positive numbers that satisfy
one or both of the following conditions:

)] Y by?<o for any y>1,

n=1
(3) b,+1 <bb, for some b>0 and for all n> 1.

The class of sequences with these assumptions is sufficiently wide. It con-
tains, for example, the sequences b, = n, b, = ", b, = n{ln(1 +n))ﬁ, n > 1, where
0>1 and B is an arbitrary real number.
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DeFmNITION 2. A non-negative function h{x), xe[0, o), belongs to the
class #, for some pe(0, 2) if it is non-decreasing, does not equal zero identically,

lim sup h (yx)/h(x}) < oo  for any y > 0,

and

hmsupjh(x)x 2 dx/(h(y) y* )< 0

y—wo

The class #, contains all slowly varying at infinity non-decreasing
non-negative functions which are not equal to zero identically, and in par-
ticular Inf(1+x) with B> 0. The functions x* and x lnﬁ(1+x) with
«€[0, 2/p—1) and B >0 are also in .

THEOREM 1. Let {(X, 1 < k < m,), n = 1} be an array of rowwise indepen-
dent random variables, with means zero when they exist, which is stochastically
dominated in mean of order o by a random variable X with respect to
a non-decreasing sequence {b,, n > 1} of positive numbers with properties (2)
and (3), by =0, m,<cb,, n=1, E(XIY~@p(X|9"*D) < o0 for some
0<g<2,rzl, a<l/g—1/2, ¢c>0, he #, with p= g/(1—ag). Then

4) Z by "2 h(b,) (by—b,_ I)P{ max IZ Xnk|>8b”"}<oo

n= SmEmpy g=1
Jor all ¢> 0.

Proof. We make use of Theorem A with ¢, = b,"2h(b,)(b,—b,-,) and
X /bl for all X . The exact values of constants ¢ and D in (1) do not play any
role in our proof. In the following we consider them equal to one. Assump-
tion (i) of Theorem A follows from (1) and Lemma 2 with & =|X/¢| and
p = q/(1—aq). Indeed,

Y 5,2k (b) (ba—ba-y) Z" P{X > ebl/e}
n=1 k=

< X 07 hn) ba—by- ) P{IX] > eb;e77)

<E (IX/ﬁqu/(l —aq) | (|X/8|"/(1 —uq))) < 0.

We used the inequality m, < b,. It can be easily seen that the last expectation is
finite by the condition E (| X|"4* 79 p (| X! ~*9)) < o0 and the properties of the
function he s, By (1) and Lemma 1 we have

©) Z E( Xl I 11Xl < b3/) < b29m, P{|X] > b}~
k=

+b2*m, E(X?I[|X]| < b}e]).
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In order to prove assumption (ii) of Theorem A we note that

0 1 ™n 2\J
2. c,,< 717 & (Xned (Xl < b3/ — E (Xou I [1X ] < b'70)) )
n=1 n k=1

< Z m,(z E(X3I[1 Xl < b3

(bm+1 P{X| > bila=*} + b2+ E(X|2 I [|X| < bi/=*]))’

00

<2 Z sz/‘l (b2/q+lp{|X|ql(1—aq) >b })J

X Cp
+2/ Z bz,,q(b2“+1E(|X|21[|X| < blfa- “]))

We used the notation ¢, = b}~ ?h(b,)(b,—b,— 1) and inequalities (5), m, < b,
and (a+by < 2/(a’+P) for all a = 0, b > 0 and j > 0. By Markov’s inequality
we obtain

P{|X[q/(1—aq) > bn} — P{|X|rq/(1—au1) > b;} < b,,_"Ele"“/(l_aq),
and hence

© ¢ . (E IXIrq,’(l uq))J
(6) ngl W(bf/(ﬁ' ip {le‘l/(l ) > b"} Z h(b")w

Note that p = g/(1 —ag) (0, 2) by the condition & < 1/g—1/2. Since he 5#,, for
b, =1 we have

0 > j’h(x)x‘zfl’dx> jh _Z’deZﬁh(b,,)bgp‘z)/P,

bn

Consequently, by (2), the series (6) converges for j > 1+2(1—ag)/(r—1) and
r > 1. Next, if rg/(1—aq) > 2, then E|X|* < o0 and

= . « 2 hb)(EX]PY
nzl b2]/‘1 (bz T'E |X|2 I [le bl/q ])J ,,;1 bf,Z/‘l_ 2a—-1)j—r+1°

The last series converges forj > 1+4rq/(2—2ag—q) by the condition (2). Note
that 2—2ag—q > 0 by the assumption a < 1/g—1/2. If rqg/(1—aq) < 2, then

E(X]?I[|X| < bla7]) < b2~ 20a-rdla g | X|ralt —a0),
Therefore
d . . © h(b,)(E| X[~
3 g EXPIOX < BV < § e

n=1
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The last series converges for j > 1+2(1 —agq)/(r—1) and r > 1. Hence the as-
sumption (ii) of Theorem A is fulfilled with j> 1+max {2(1 —agq)/(r—1),
rq/(2—2ag—q)} and r > 1. Consider the case r =1 separately. Let us put
¢, =b,; h(b,)(b,—b,_,). For j=1 we have

Mn

- 1
Y. cnE piia Y (X T [ X il < 62" ] — E( X ol T [1 X il < b1/‘1]))
n=1

n k=1

!

Cp
< Z 52 3 E(Xu I[X .l < b))

n k=1

g

s
o

II
[

(bZ/q+1 P{le > blfq a}+b2a+l E(IXlzl[‘Xl b;}lfl‘ja]))

2/q
n

(by) (ba—ba—1) P {|X|# 7% > b,}

MMS

+ - h(bn)(bn_bn—l)

pra-am E(X [2IT|X] < bt —o9Va)),
n

.on=1
The last two series converge by Lemmas 2 and 4 (see Section 3) with & = |X]|
and p = q/(1—ogq) for q/(1—aqg) < 2. The case g/(1—aq) = 2 is impossible by
the assumption o < 1/g—1/2. By Theorem A,

Z b2 h(b,)f (by—bn_1) P{ max |Y,| > ebi} < oo for all € >0,
n=1 1€Sm<mp
where Y, = Y (Xm— E (X I [[ Xl < b2/9])). Consequently, by Lemma 5 we
obtain (4). m

If the constants b, have a special behaviour, then, as the following theorem
shows, the increment b,—b,_; in (4) may be substituted by b,. -

THEOREM 2. Let {(Xu, 1 <k <m,), m,>1,n> 1} be an array of row-
wise independent random variables, with means zero when they exist, which
is stochastically dominated in mean of order o by a random variable X with
respect to the sequence b,=m;+ ... +m,, n=1, with the property (3),

E( X9~ p(| X490 ")) < o0 for some 0 < q <2,r =1, 0 < 1/g—1/2, he H#,
with p = q/(1—oaq). Then

W) Z byt h(b,)P{ max | 2 Xl > by <o for all &> 0.
lsmsmy =1
Proof The sequence of constants b, =m;+ ... +m,, n > 1, increases
and b, 4, —b, = m, > 1. It satisfies (2) because b, > n. Now we may proceed as
in the proof of the previous theorem with minor modifications. =

For identically distributed random variables it is possible to provide not
only sufficient, but also necessary conditions.
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THEOREM 3. Let {X,, n > 1} be a sequence of independent identically dis-
tributed random variables, S, = X1+ ... +X,, 0<qg<2, r> 1, heH#,. The
following conditions are equivalent:

(8) E(|X1|"’h(|X1|‘1)) <ow and EX;=0 forg>x=1

9 Y " h(m)P{ max |S,|>en'"} < oo  for all >0,
= 1€m<n

(10) Y n2h(m)P{|S,| > en''} <0 for all > 07

If r>1, then each of the conditions (8)-(10) is equivalent-to

(11) Y i hm)P{sup|m 1S, | >¢c} <0 for all £>0.
n=1 mz2n
Proof. Assume that (8) holds. In contrast to Theorem 1 now the case
whenrg > 1,0 < g < 1, EX, % 0 may occur. Suppose that these conditions are
satisfied. By Theorem 1 we have

Z "2 h(n) P { max |Z (Xx—EX,)| >en'? <o for all £€>0.
= 1<m<n
Note that
.1 X
lim —- max |Z EXy < % 0.

n—»woh 1Sm<n p—4

It is proved that (8) implies (9), and hence also (10). Assume now that (10) is
true. Let {X;, n > 1} be a sequence of random variables which are independent
among themselves and of the sequence {X,, n > 1} such that X}, and X, have the
same distribution for all » > 1. For independent identically distributed sym-
metric random variables X% = X, — X}, n > 1, the following inequality holds:

@

(12) Y, i 2h(m) P{ISP| > en''1} < o0 for all ¢ >0,

where S = XP+ ... +X¥. Now we prove that
13) lim P {|SY)| > en'?} =0 for all ¢ >0.

This is obvious for r > 2. Let 1 < r < 2. Assume the contrary. Then there exist
numbers ¢ >0, y >0 and a sequence {m,, n > 1} of natural numbers such
that

P{SY| >emif} >y, n>=1.
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We may assume that m, ., = 2m, for all n = 1. If this is not true, then the
sequence {m,, n > 1} contains a subsequence with this property. Since

- P{ Z XP>01=12 for all m=m,+1, ..., 2m,,

k=mp+1
we have

2P{|S9| > 2" Vagmlia) > 2P |89 > 2" e gmte, Y X >0}

k=mp,+1
> P{S¥| > 2" Yagmlla} > P{|SS)| > emy/?} > y,

which together with (12) implies that
2m,
0 > z Y m T rhm)P{SY|>2"Yema} > - Z m,” 1h(m,,) =
n=1m=m,+1
We obtain a contradiction which proves (13).
Let us put a, = P{|X{| > en'/?}. Note that

1-(1—a,)'="P {ll:ilfi(n | X > entla}

< P{ max |S{| > }en'/1} < 2P {|SY| > $en'/a}.
1<ksn
The last inequality is Lévy’s maximal inequality for sums of independent sym-
metrically distributed random variables (Lo¢ve (1977), Part III, Chapter V,
Section 18.1 C). By (13) we have lim,_ nln(1—a,) = 0. By the inequalities
1—e*>e"|x] for x <0 and In(1—y) < —y for ye[0, 1), we obtain

ina, <}nln(l1—a,) < 1 —exp(nln(l—a,) < 2P{ max [SE)| > fen'/}

1sm<n

for all n greater than some ny. This and (12) imply that

o

> W h(n)P{IX{| > en'Y2} < 0 for all &> 0.

By Lemma 3 we have E (| X" h(|X$|%) < oo, and hence E(|X,["?h(X|9) < co.
Now we prove that a = EX, = 0 for 1 < g < 2. Assume that this is not
true, that is, a # 0. Since |a|n < |S,—an|+|S,|, we have

1 = P{|S,—an|+I|S,| > |a|n'/4/2} < P{|S,—an| > |a|n'//4} + P {|S,| > |a|n'/4/4},

and hence
= Y W 2hm < Y n"2h(n) P{|S,—an| > |a|n'/4/4}
n=ng n=1

=4}

+ > 0w h(n) P{IS,| > |a|n'/4/4}.
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The series on the right-hand side of the inequality converge. The first series
converges by Theorem 1, while the second one by the assumption. We obtain
a contradiction, and hence a = 0.

For r > 1 we now prove the equivalence of (8){11). It is obvious that (10)
follows from (11). Assume that (10) is true. Therefore (12) is also true. Note that

Y. 02 h(n) P {sup |m~ S| > &}
n=3 mzn
w 27+1-—1
<Y Y nw h(n)P{sup|m S| > e}
j=1n=2i+1 mzn

< z 20+ DE=D 2+ 1) P { sup |m~ Y4 S9| > &}

& m=24
< Z DR Y P{ max S > ).
F= = 2igm< i+l

By Lévy’s maximal inequality for sums of independent symmetrically distrib-
uted random variables we have

P{ max [m "S> e} <2P{ISH:] > 6290}

2i<m<2i+1
Hence

14) Z n 2 h(n)P{sup |m~ 12 S8 > &}

n=3 mzn
© . ® s
<2 Y 2Ur0e-Dp ity 3 PSS > e2¥4),
j=1 i=j
The iterated series on the right-hand side may be estimated as follows:

Z AR Y TP AR DY P{|S(2‘3+1| > 2V}
ji=1 i=j

Z 20U+ D=1 (274 1) P{|SS. 1| > €274}

j=1

Ms

"
-

< (2r—1_ 1)-1 Z i+ 2](r—1)h(2i+ 1)P{lS(s)+1| > 821/(1}.

i=1
On the other hand,

a0

> Y w2h(n) P{ISY| > 2" en't}) >




Convergence rates in the law of large numbers 71

; Z n'*ﬂh(n)P{iss,sn > 2" Magpli) > 3 20~V (2 PSS > 26 1A}
=21+

i=1

"MB

> Y 26+ De-Dp it pOSE. | > g2U).
i=1

Here we applied (12) and Lévy’s maximal inequality for sums of independent
symmetrically distributed random variables:

P{IS®| > 27 2agnt1} > P{|SY)| > 27 2Mentt}  for 2'<n < 2Pt

The estimations above and (14) imply that

Y 0" 2h(n) P {sup|m~ 18P > &} < 0.

n=1 mzn

By the symmetrization inequality (Loéve (1977), Part III, Chapter V, Sec-
tion 18.1 A) we have

P{sup m~14S,, —med(m~4S,) > e} < 2P {sup [m= 4S9 > ¢}.

m/n m=n
Hence

0

(15) Z n" "2 h(n) P {sup|m~'"§, —med (m~"S,) > &} < o0.

n= m2n

Since (10) implies (8), we have E|X |9 < co and EX; =0in thecase ] < g < 2.
By the strong law of large numbers (Loéve (1977), Part III, Chapter V, Sec-
tion 17.1 A 4°), the sequence {S,/n'/4, n > 1} converges to zero almost surely,
and hence

lim sup jmed (m~*/48,,)| =0

n>oomzn

This and (15) implies (11). &

3. AUXILIARY RESULTS

Here we prove some lemmas which were used previously.

LEMMA 1. Let & and n be non-negative random variables. If P {£ > x} <
DP{n > x} for some D >0 and for all x>0, then for p>0,b>a>0

E(PIfa<é<bl)<Da’P{n>a}+Db"P{n>b}+DE(n I[a<n<b]).

If EEP < o, then E(EPI[E > a]) < Da®P{n > a}+DE (" I[n > al).

Proof. The inequalities can be proved with the help of integration by
parts. m
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LeMMA 2. Let h(x), xe[0, o0), be a non-decreasing non-negative function,
¢ be a non-negative random variable,r > 1, p > 0, {b,, n > 1} be a non-decreas-
ing sequence of positive numbers, by = 0. Then

S By h(b,) (ba—ba— 1) P{& > bY?) < E(E7 h(27)).

Proof. The inequality is implied by the following relations:

S By h(By) =1 P{E > b7} .

n=1

ib * h(Br) (b —bu- ,)ZP{bk<f et}

3 S bl h(b) (ba—bu 1) P {bg < & < bys s}

k=1n=1

<
k

M
=

h(b) P {by < & < bys1} < E(EPh(EP)). m

1

LemMa 3. Let h(x), xe[0, o), be a non-decreasing non-negative function
such that

lim sup h (2x)/h(x) < o0,

& be a non-negative random variable, r > 1, p > 0, and {b,, n > 1} be an un-
bounded non-decreasing sequence of positive numbers with the property (3),
bo = 0. Then the exist an integer ko > 1 and d > 0 such that

db™" E(&" h(¢?/b))—d (bio/bY™ h(bky/b) < Z b." h(ba) (ba—ba-1) P { > b3'7}.

Proof Note that

=

k by

2 TYhb)(by—ba-1)= Y, | xT 1h(x)dx—jx’ Lh(x)dx.

n=1 n2b,.1

The properties of the function & imply the existence of numbers y, > b; and
¢ >0 such that 0 < h(y) < ch(y/2) for y = yo. If y > 2y,, then

¥y y 1
yTh(y)~! jx"lh(x)dx =2y "h(y)! [ X" Th(x)dx = (1—2"’)E.
y/2

Consequently, there exist an integer k, > 1 and d > 0 such that

k
Y b U h(by) (ba—b,—1) = dbyh(by)  for all k > ko.
n=1
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By (3) the inequality b, ., < bb, is true forall k =1, 2, ... and for some b > 1
With these remarks we obtain

S Bt h(by) (bu—by_1) P {E > b117}
n=1

= 3 S B kb Ga—ba )P (b < & < by )

k=1n=1

=d Z by h(by) P {by < &P < by}

k=ko

>d'Y (us1/BY h(bes 1/B)P (b < &7 < byss)

k=k0
> db™" E(&7 h(€2/b) —d (buo/bY” h(by/b). ®
LEMMA 4. Let {b,, n > 1} be an unbounded non-decreasing sequence of

positive numbers with the property (3), bp =0, pe(0, 2), he #,, ¢ be a non-
negative random variable. Then there exist an integer ko, = 1 and K > 0 such that

T b6 BT < b7 < kobug i) + K ko + D EP O 29,

Proof. By (3) the inequality b, , < bb, is true with some b > 1. Hence

b,—b,- h(bb) « b,—b,-1
oot <ipe 5 won-o
The last series can be estimated as follows:
b,—b,_, © b _s 2
Z h(bby— ) =55 — g S Y f hbx)x /de—jh(bx)x ?dx.

n=k+1 n=k+1bn_1

Since he s, we have

: 1 i —2/p
hlyn-»sa},lph(by)yl‘z“’ £ h(bx)x~ 2P dx < .

Hence theye exists a constant C > 0 such that
f h(bx)x~ 2P dx < Ch(bb,) b}~ 2/p

for all k greater than some integer k, = 1. It follows from the above estimates
that

i bn_bn—l h(bbk)
ngkh Mo p2r \Kb'%fp—l

for all k > ko,
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where K = 14+ C. With the help of this estimate we obtain

- b
) h(b) et — gz EEIE<B)

ko—1 ko—1 o

=(X (X + )+ % 3ot bz,,, —E(@I[b-1 < & < b))

n=ko k=kon=k

h(bby)

< koby h(by,)+ K (ko+1) Z T ——— E(E*I[by 1 < EP < b))

< kobio h (b)) + K (ko + 1) E(EP R (b* £P)). =

LEMMA 5. Let {(X 4, 1 < k <m,), n > 1} be an array of rowwise indepen-
dent random variables, with means zero when they exist, which is stochastically
dominated in mean of order o by a random variable X with respect to an un-
bounded non-decreasing sequence {b,, n > 1} of positive numbers, m, < cb,,
n>1, E|X|"91"D < v for some 0<q<2,r>1,a<1/g—1/2,¢>0. Then

1
(16) 11m— max IZ E(XyI[|Xul < b =0

b 1<7'|\mnk 1

Proof. The exact value of constants ¢ and D in (1) plays no role in the
proof and we assume them equal to one. Let rg/(1 —ag) < 1. For any ¢ >0
there exists a > 0 such that

E(X[4t - [[|X] > a]) < &.

Since a < 1/g and lim,, , b, = co, we have bl > ab? for all n greater than
some n,. If n > ny, then

Y E(Xul I[Xul < b))
k=1

mp

= 2, E(XulI0Xul < abi])+ Z E(X I [ab} < | Xl < n''])

k=1
< myaby+ Z E( Xl I[ab? < | X < bl1]).
k=1

By (5), Lemma 1, and the inequality m, < b, we obtain

Z" E( Xl I [ab} < | Xl < bi'?]) < ab™* P{IX| > a}+b,"" 1 P{|X] > b;/"™*}

k=1

+bi T E(X| I [a < |X] < b))
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Since 0 < rq/(1—uag) < 1, we have

E(X|I[a <]X| < b < b1 * T E(IX[U "9 I [|X]| > a]).

Therefore
1 % E(X 4 I[| X < b)) < L_Fb P{|X|>bta==} 4~
b:/qk , nk nk bl/q_a I bf -

Then (16) follows from the above, since lim,., b, P {|X| > bl/4~*} =0, and
1/g—a—1>0. The last inequality follows from the assumption that
rq/(1—ag) <1 and r > 1. Let rg/(1—aqg) = 1. In this case, by assumption,
EX,y=0forall k=1,...,m, n>1 By (5) and Lemma 1 we have

| Y EXu I 0Xul <5y =| Y EXuI[Xul > by'9]]
k=1 k=1

< b P{X| > byt "} + BT E(X| I[|X] > bya—]).
Since rq/(1—agq) > 1, we obtain '
1

br 1/q+a

E(X|ITIX| > ba'"™*]) < 77=q7g= E(XT ™2 I [1X] > by~ =]).

Therefore

1 m
Wlkzl EX o I[| Xl < b:/q:”

< b, P{|X| > blla=*} 4 —— E(IX|"9/1 =% [ [|X]| > bl/a~=]).

br 1
Both terms on the right-hand side tend to zero as n — co, which implies (16). =
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