PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 26, Fasc. 1 (2006), pp. 113120

EXPONENTIAL FORMULA
RELATED TO THE GAUSS SEMIGROUP

BY

RYSZARD JAJTE (E06DZ)

To the memory of Professor Kazimierz Urbanik

Abstract. For the second derivative, an analogue of the classical
Taylor’s formula is considered on a suitable function space. The sum of
the “Taylor series” represents the Gauss semigroup. This may be useful
in describing the trajectories of some functions under the action of the
Gauss semigroup.

2000 Mathematics Subject Classification: 47D03.

Key words and phrases: Gauss semigroup, exponential semi-
group, generator of Cy-semigroup.

It is well known that the second derivative is the infinitesimal generator of
a semigroup of operators in L,(—o0, o), 1 < p < 0, given by the formula

1 (LX) = [ fx+w)y(dw), >0,

where "

2) (dw) = L ex (—Kvi) dw
S e P T )™

More exactly, the generator 4 of (1) is of the form
(Af)(x) = f"(x), x€eR,
with D(4) = {feL,: f' is absolutely continuous and f”eL,(— o0, c0)}.

For A = d?/dx?, let us write formally

o 2K
) @)=y L&

=0 k!

t*, xeR, t>0.

We construct a function space & on which a Cy-semigroup (¢4, t > 0)
closely related to (1) can be defined via formula (3).
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Let us fix a sequence 0 <1, » 0. For feC®, we set

Al = Z k*maXIf‘z"’(X)l, n,m=1,2,..,

)
1A% = J1f ) Ve @W) = 1 fllsRopenys m=1,2,...
R
We put
Zo ={feC®; | fllnm < 0, IflE <0, n,m=1,2,...}.

%, with seminorms (4) is a Fréchet space, i.e. metric complete and locally
convex. We omit a standard proof of completeness. Evidently, %, embraces all
polynomials. We define the space & by putting

Z = [Polynomials]y,,

the closure of polynomials with respect to seminorms (4).
THEOREM. Let A = d*/dx* and let feZ. For t =20 we set

5106,

k=0 k!

Then (¢4, t = 0) is a Cy-semigroup of continuous operators acting in &. More-
over,

(6) (e’Af)(X)=£f(X+W)vt(dW), t>0, feZ,

(5) (€4 f)(x) =

v, being the Gaussian measure given by (2).

Before starting the proof of the Theorem we continue with a few remarks.

Clearly, our theorem states that the Gauss semigroup acts on 2 as
a C,-semigroup of ordinary exponential operators. The exponential formulae
(5) and (6) can be treated as an analogue for the second derivative of the
classical Taylor’s formula.

For an analytic function f; the condition | f®(0)|** = o(k'/?) implies f e Z.
Indeed, it is enough to estimate the series

® Q)
> S T b,
k=0
having in mind that the (2k)-th moment of y, equals ((2k)!/k!)¢*, and using the
Stirling formula.
The equality

$ 100,

T, =
EHW= T
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is the raison d'étre of the space Z. Calculating or estimating the Gaussian
integrals (1) for fe &, we can take advantage of the simplicity of “Taylor’s
series” (5). Let us consider some examples.

I. Let [y] denote the integral part of y. For any complex number «, the
function

ao x'l
— [n/2]
X) = o
f;( ) ";O !

is the “eigenfunction” for (T;) in the sense that (T; £.) (x) = €™ £, (x) for all t > 0.
This follows immediately from the equalities

n+2k] [n s o SEEO)
|: 3 ]—|:5:|+k and f! )(x)—vZ__,O-Tx.

II. For the Bessel function

Jp _ i (_ 1)" <)26>2n+p’

S T(n+p+1)

we set I,(x) =J, (\/;). In particular,

_ (_ 1)" xn
IO(x) - Z (n!)z E
Clearly, 1,e% for p > 0. The integral (T;I,)(x) = r_ow Iy (x+w)7y,(dw) can be
expressed in terms of I,,, k=0, 1,... Namely,
T.I v (L ‘1 I
(*) (T 0)(X)_k§o /) & 2 (%)
(there is no singularity at x = 0). Indeed,
-1 1
{0 =( —.
50 n! 4"
Thus we have '

120 (x) =
0 (X) H;On!(n+2k)!4n+2k’

and consequently we get ().

ITI. Obviously, for feZ, the function v(t, x) = (T; f)(x) is a solution of
the initial value problem for the heat equation and even more. Namely, we
have

v oy

ﬁ=m, =1,2,...,



o
]
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and
k

Zv0.9= f®0, k=0,1,..

Proof of the Theorem. For a monomial f(w) = w*, let us put

1 for k=0,

0 for k odd
t M) = e (k) = ’
b ==y o

=t for k even.

For a polynomial

n n _

x+wy=Y <k>x" kwk,

k=0

we set
n n _
ACEROUED) <k>x" ")

k=0

An elementary though laborious argument leads to the formula

@ (xn)(zk)

etA (xn) — Z

K=o k!

t* = ¢ [(x+w)"].

Since ¥, (k) is the k-th moment of the Gaussian measure y,, we get immediately

(7) (4 N x) = II{ J (x+w)y:(dw)

for any polynomial f.

Let fe& and let (P,) be a sequence of polynomials tending to f in & (i.e.
in seminorms (4)). Since the shift 7,: f(w) — f(w+x) is continuous in I} (R, 7,),
t >0, we get in particular

®) (@ P)() = [ Pa(x:+w)p.(dw) = | SCetw)dw),

where the convergence is almost uniform on R.
Lett > 0, |x| < n, m > t. For ¢ > 0 we find s, such that ||P;—f||, . < & for
s = 8o. Then we have

© (2Kk) @ P(Zk}
max| £ L200p_ § PO
|x|<n k=0 k! k=0 k!

tk

® mk
< ), max|fP(x)— PP (x)|-— <& for s> s,.
k=0|x|<n k!
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Let us remark that, for fe&, s>0, n=1,2,..., A= d*/dx?,

) A" (e f) = e4 (A f).
Indeed, let
N
)= 3 SN,

Since ||fllpm < 00, for n,m=1,2,...
ox(x) > (¢4 f)(x) almost uniformly on R.

Moreover, ||A*f]||,m < o, so we also have

A"y (x) = oy (A" f)(x) = e4 (A" f)
and, consequently, we get
(10) AMEAf) = e4(A"f), feX, n=1,2,...

We are going to prove that feZ implies e fe %, s > 0. Let fe%. It means
that || flla.m < o0, ||f]l% < oo and there is a sequence of polynomials, say (P,),
such that

”Ps"_"f“n,m -0 and ”Ps_f"#t -0 as § — 0.

We have to show the same for e f.
Since A*(e1f) = &4 A*f, we get

@ k @ k
(A1) 1l = ¥ Fymaxl4* @)= % %maX(es"A"f)(x)
- k=0 k=0 K- Ixl<n
- k,maxlz A NE)< x4 1))
k=0 R+ [xI< k 0v= 0

- 3 2 (3ot maxia oo

x\n

N

= Z (s Nn.1) max ICAY 1Y CN < NS Nnymtmo < 0 (here mgy = s).

N=0

Moreover, since the formula (6) follows easily from the classical facts and the
definition of the seminorms (4), we can write

(12) lle £11% = [ 1§ f (x+w)ps(@W)] 7, (dx)
< ‘{ ‘j; |f (c+w)l y; (dw) 1, (dx) = I LS @)} Y5 44,0 (d0)

SN Mk +me < 00 (here s < mp).
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Now, take Q, =e*4P, (n =1, 2, ...). We shall show that Q, — ¢* fin &.
We have

lle* (f=PalIl% = [ (f Cc+w)— Py (x+w)) 75 (W) P54+, (d)
R R
< J {1 G+ W)= Py (x+ W)l 95 (dW) 1, (@x) = [ 1f @)=~ Pp ()] 7544, (du) - 0,
RR R

since [|[f—P, /¥ >0 as n—> oo foreach m=1, 2, ...
Moreover,

o k

164~ = ¥ Trmax (4P, —) () *”|
k=0 K |x|<n

an

Z Z max (P, —f) (x)2E )

kOvO

_ Z (s+ )"

Thus the operators ¢4 act from & to &. Moreover, for s, t > 0, fe &, we have

I+1<n (P —)C N = 1P, ~fllnm+mo =0 (here mg > ).

esA(etAf) = i %Ak(emf) i i V(Ak+vf)
k=0 K! k=0 =

ili(N>kaN (s+1)A4
= — S TEANf = elSTHAf
n=o N1, Zo\k
(since the convergence of the above series is absolute with respect to all semi-
norms |l and [f(|7).

Consequently, we have

esA (etAf) — e(s+t)Af

for any s,t >0 and fed%.

By (11) and (12), the operators ¢*4: & — & are continuous in . It remains
to show the continuity of the semigroup (%4, s = 0).

Let us note that, for n,m=1, 2, ...,

e f —fllsmw—0 as t—>07.
Indeed,

k

”etAf_f”nm_“Z A”fllnm\ Z Z ,k,maXI(A““‘f)(X)

I s 4" )0l 5, Tmax (A1) 0 a5 150,

k=0
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To show that ||e*4 f—f||* — 0 let us first remark that, for every m and
fi—0in &, ||le* £,|I¥ — 0 as s — oo, uniformly with respect to 0 < t < 1. In fact,

lle* £l = l{ | i{ £ Ge+w) 7y (dw)] 7, (d)

| < 1@ P, (@du) < C‘{Ifs(u)l Ve +1 44 < C|fillmo

with t,, > t,+1 and some C > 0.
For any polynomial P, -

leAP—P|* >0 ass—»0(m=1,2,..).

Indeed, since
L

(@A P))—P )" = ¥ clx)s*

1 k=1
for some polynomials ¢ (x), we get
{(e*P) (x)wP(x))2 P, @x) >0 as s—0,

R
SO

lle*A P—P||% < [l P—Pllp2g y,) >0 s s —0.

. Let feZ and let P, be polynomials such that ||Py—f||* -0 as k- o
| m=1,2,..). Assuming 0 < s <1, we have

lle* f=£1I% < lle* (f— Pl + 1l Pr— Pill%+ 1P —f 1%
Let ¢ > 0. We find a ky such that

If—Piolih <e/3,  sup [l (f—Py)ll% <e/3
0<s<1

and, finally,
lle4 P, — Py |l < /3 for s < sq.

Thus |[e* f—f||% < & for s < s, 50 |l f—f||*x =0 (s = 0).
In a standard way we show the continuity of (¢4, s > 0) at any point
So > 0, which completes the proof of the Theorem. a



120 R. Jajte

REFERENCES

[1] N. Dunford and I. T. Schwartz, Linear Operators. Part I: General Theory, Interscience
Publishers, Inc., New York-London 1964.
[2] K. Yosida, Functional Analysis, Springer, Berlin-Goéttingen—Heidelberg 1965.

Faculty of Mathematics
University of Eodz

PL-90-238 L6dz, Poland
E-mail: rjajte@math.unilodz.pl

Received on 23.8.2005;
revised version on 20.6.2006



