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1. INTRODUCTION

Ever since the pioneering applied work by Mandelbrot [13], and Montroll
and Scher [16], Lévy stable processes enjoyed great popularity as a flexible
modeling tool in the natural and economic sciences. However, their elegant
scaling properties, which made them analytically pleasing, were also a problem
when people tried to fit them to real data; the scaling could not be maintained
at all scales, and the thick tail behavior was often impossible to verify rigor-
ously. The remedy proposed first by Mantegna and Stanley [14], and others,
was to keep the local behavior of the distributions Lévy stable-like but to trun-
cate the tails. Different schemes for the truncation and their parametrization
were proposed and discussed in the physical literature (see, e.g., [28], and [19],
for a partial history of these efforts). All of those schemes suffered, however, from
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Western Reserve University, Cleveland, OH 44106. It was partially supported by the Hungarian
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the lack of invariance under linear transformations for the distributions classes
introduced, a property that Lévy stable distributions enjoyed. Such was the
state of affairs until publication of Rosinski’s papers [19]-[20] where a formal
and elegant definition of the class of tempered stable distributions and processes
was proposed. The latter did have invariance under the linear transformations
as one of their most important structural properties.

The class of tempered stable distributions has an infinite-dimensional pa-
rametrization by a family of measures, which makes their fitting to real data
a difficult task. For this reason, we embark in this paper on a fairly pedestrian
project of developing a series of parametric models that fit into the general
framework of tempered distributions but for which parametric statistical es-
timation procedures can be realistically developed. The emphasis is on ob-
taining explicit analytic formulas and on explicit calculations. Once those dis-
tributional models are developed, it is natural to study the corresponding Lévy
processes and, more physically attractive, the corresponding Ornstein—Uhlen-
bek processes.

The paper begins, in Section 2, with brief preliminaries on infinitely divisi-
ble distributions in R% and the subclass of self-decomposable distributions
which were originally developed, among others, by Urbanik, see [29]-[31].
Here, the role of the cumulants and the cumulant functions, which will be
paramount throughout the paper, is first explained.

Section 3 begins with the basic definitions of tempered stable distributions
and introduces the concept of the Rosiniski measure (R-measure). A subsection
on fundamental properties of tempered stable distributions follows. The section
ends with a discussion of the relation of this class, in one- and two-dimensional
settings, to the previously studied smoothly truncated Lévy distributions. It is
Section 4 where we introduce and discuss several low dimensional parametric
tempering schemes using a variety of special functions: gamma, inverse Gaus-
sian, fractional exponential, 1/3-stable and Bessel.

Finally, in Section 5 we turn to the multivariate tempered stable Orn-
stein—Uhlenbeck processes, their background driving Lévy processes (BDLP),
and their stationary versions. An appendix on the multiple cumulant technique,
not commonly seen in the literature, concludes the paper.

2. PRELIMINARIES

Let us begin with a random variable X having an infinitely divisible dis-
tribution P on RY, with a generating triple (X, M, b), and the characteristic
function given by

@ (y) = exp(—3 <y, Zy)+ich, >+ [ (€O —1—=ily, x) 1p(x)) M (dx)),
Rd
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where X is a d x d covariance matrix, be R%, D = {x: ||x|| < 1}, and M is a Lévy
measure on RY satisfying

ME{0})=0 and [ (Ixl*A1)M(dx) < o0.
R4
Furthermore, throughout this paper, we are going to assume that

§ ™M (dx) < o
llxll >1
for some m > 1. This condition is equivalent (see Sato [21], Theorem 25 3) to
the condition

) E||X|™ < oo.
If, additionally,
@) [ lxli™M{dx) < oo,

II=] <1
then we can rewrite the characteristic function ¢ (y) in the centered form (cf,
[21], p. 39)

1 1
qo(y)—exP(zy cyti 5yT®2c2+ ik i TOm

+ f (e“y’"> Z yT®’x®1) M (dx))
R4

mog . mop o
— exp(Z ._'yT®J Cj+ j <ez(y,x>_ z _—'y"'®1x®’> M(dx)),
i=1J° R? j=oJ:

where ¢; is the j™ order cumulant of the random variable X, that is, the
“moment” of order j of the Lévy measure M, and ® and T stand for the
Kronecker product and the transpose, respectively. Recall that if 4 is an mx n
matrix, and B is a px g matrix, then the Kronecker product A®B is the
mp X nq block matrix

If m > 1, then c, is the center of the measure P;if m > 2, then c, is the vector of
the variances of X. Note that ¢; and ¢, are not uniquely determined by the
Lévy measure M unless the distribution P has no Gaussian component (X = 0)
and is centered (c; = 0).

The distribution P is said to be self~decomposable if, for every y > 1, there
exists a probability measure P, on R? such that

e(M)=0G ' Veo,,
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where ¢, is the characteristic function of P,. A self-decomposable distribution
P is necessarily infinitely divisible and, for any y > 1, the measure P, is a unique-
ly determined infinitely divisible measure. An infinitely divisible distribution
P is self-decomposable if and only if its Lévy measure M is of the form

)] M@B)= | _f 15(ru)k (r) T (du),

si-10
where $971 is the unit sphere in R?, ¢ (du) is a finite measure on §?~ %, and k, (r)
is decreasing in r, and measurable in u. In particular, for d = 1, the characteris-
tic function of a self-decomposable measure is of the form

1 : T : dx
<p(y)=GXP(—52y2+zby+ § (e’”‘—1—zyx1[_1,1](x))k(x)|_x_|),

where X > 0, beR, and k(x) is a nonnegative function, increasing on (— co, 0),
decreasing on (0, o0), and such that

@ dx
_fw (1x* A 1)k(x)m < 0,
see [29], [31], [30], [21], p. 109.

3. TEMPERED STABLE DISTRIBUTIONS

3.1. Basic definitions. A Gaussian-free (X = 0), self-decomposable proba-
bility distribution is said to be tempered o-stable if, in the polar representa-
tion (4) of its Lévy measure M, the function

ku(r) = k(rluyr~,

where a€(0, 2), and k(| u) is a completely monotone function with k(0+ |u) = 1
and k(oo |u) = 0. In other words, the Lévy measure of a tempered a-stable
distribution is of the form

3 M@B) = | (I)lu(ru)k(rlu) & o),
sd-1

* where o (du) is a finite measure on the unit sphere §°~ 1. The parameter « is
called the index, and the function k — the tempering functzon

Obviously, the case of constant k (r | u) corresponds to the classical a-stable
distribution. The above concept of the tempered stable distribution is due to
Rosinski [19]-[20], who made essential use of the fact that the tempering
function k can be represented as the Laplace transform

k(rlu) = | e O (ds|u),
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where Q(ds|u) is a u-measurable family of probability measures on R,.
The o-weighted superposition of the measures Q (ds|u) defines a finite mea-
sure

©) 0= | :fl,, (ru) O (dr ) o (du)

on R’ The formula

™ R@) - ;13(“ Hz)llxll"Q(dx), RS = RA\{0},

defines a measure, equivalent to the measure Q which, in turn, can be expressed
in terms of the measure R as follows:

QB)= | 13(” Hz)llxll"R(dX)

Measures Q and R have been demonstrated (see Rosinski [197, {20]) to be
of importance for different applications, with Q being particularly useful for the
simulation of the tempered stable random variables. We shall refer to R as the
Rosiniski measure, or R-measure, for short. An R-measure R, together with
a constant b, uniquely determines, via (4), a tempered «-stable measure. The
class of all tempered a-stable measures (or, loosely speaking, related random
variables) will be denoted by TS, (R, b).

3.2. Properties of tempered stable distributions. We begin this subsection by
listing the fundamental properties of TS,(R, b).

(i) The cumulant function representation. The cumulant function xy (that -
is, the logarithm of the characteristic function) of a random variable X with
a tempered stable distribution in TS,(R, b) is uniquely given (see [19] for
details) by the formula

® kx(¥) = § YKy, D)R(@dx)+i{y, b),
. B R{{

where

9 (I —inlog(1—ir)+ir, =1,

r(—a)[(1—iry*—1], O<a<l,
o
r(—o[d—irn*—1+iar], 1<a<?2.

(ii)) Moments. A random variable X € TS,(R, b) has always finite mo-
ments of order m < a. If m > «, then the moment assumption (1) can be expres-
sed in terms of the R-measure as follows:

EIIX|I" < o0
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if and only if
(10) { Ixl™R (dx) < .

fl=fl>1

If the support of R is a bounded set, then some exponential moments are also
finite.

(iii) Invariance of TS,(R, b) under independent summation. If random
variables X and Y are independent, and such that XeTS,(R;, b;) and Ye
TS.(R3, by), then

X+Ye TSu(Rl +R2, b1+b2)

(@iv) Invariance of TS,(R, b) under linear transformations. If X e TS, (R, b),
and V is an mxd matrix, then

VXe TSm (RV, bV),

where Ry (B) = RoV~1(B) = R(x|VxeB), and by, = Vb.

The above invariance property can be extended to linear functionals of the
tempered stable Lévy processes as follows: Let Z,, t > 0, be a Lévy process
with Z,eTS,(Rz, 0), and

X = [g(s)dZ,,
0

with a fixed 7 > 0, and a continuous (matrix-valued) function g(s). Then the
cumulant function of X,

kx () = | Wal<, X)) Re(@),

where

(11) Rx(B)= | ilg(g(s)x)dst(dx).

R3O

Thus (see, e.g., [12], [9]) the characteristic function. of the linear functional -
X cdn be written in the form

12) ox(3) = exp [i k2, (g 67 ) ds],

so that the cumulant function xyx of X can be rewritten as follows:

kx(y) = gx (9o y)ds = in Va(<g (97, x3) Ry (dx)ds

R

= | Va5, 3))dsRy(d).
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(v) Gamma-like limit, for & — 0. For each r # 0, and « — 0, the limit of the
cumulant function ,(r) in (9) is easily calculated:

ling Y, (r) = —log(1—ir).

So, if a family R, of R-measures converges weakly to an R-measure Ry, as
o — 0, then the function

kx(y) = — [ log(1—i<y, x») Rx(dx)
R _
is the cumulant function of a random variable X. If d =1 and we choose
a fixed A > 0, and the family of R-measures R, = A*ad,,;, wher_c ¢ is the Dirac
measure, then the corresponding limiting distribution (of X) is the gamma
distribution. Thus the definition of the class TS, can be extended meaningfully
to a=0.

(vi) Simulations. Rosifski [19] gives a series representation for random
variables with distributions in T'S,(R, b) based on ii.d. sequences of uniform,
exponential and Q-distributed random variables. This series representation
permits a convenient simulation of tempered stable Lévy processes and related
Ornstein—Uhlenbeck processes.

(vii)) Cumulants. The cumulants of order greater than one of a tempered
stable distribution can be calculated purely in terms of its R-measure R; those
of order one depend on the drift b as well.

LEMMA 1. Suppose that the R-measure R satisfies the moment condition
(13) { lIxI™ R (dx) < o0
Ro

foranm l,incaseof 0 <a < 1,and foranm = 2, when 1 < a < 2. Then the
h order cumulant of the tempered stable random variable X ~ TS,(R, b) is
gwen by

4 en =T (M=) fix.oms -
where
HR,@m = jx®”'R(dx).

Proof. First, note that the function 1, has the following series expan-
sion:

Y. (r) = [ (€™ —1—irx)x~*"'e *dx
o

@© m ij m o
_ j(em_ ) l__',,-x,-)x-a_le-xdﬁ Y, =P (j—a),
] j=ol =2t
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which, for « = 1, is understood as the limit for « ~ 1. The cumulant function
kx has the form

" {dr(j—a)
25J' T (—a)

kx(Y)=T(—a) [(1—i<y, X)) — <y, x>’]R(dx)
R

+1(, 0+ T, ST (=),

J

where pg,; is the j* moment of R, ie.
#ry() = |y, x) R(dx) = y™® [ x®/R(dx) = y"® pp,o;.
R} Ro

Hence, the j™ order cumulant c; of the random variable X is given by the
formula '

¢;=T(j—0)ur,e;j

see the Appendix, and also [27], for the definition of the multiple moments
Hr,@j- B

The case of m =1 is special. It is possible to find a random variable
X ~ TS,(R, b) with a finite first moment, but such that uz ; = co (see Sec-
tions 4.4 and 4.5). This fact explains why the condition (13) is stronger than the
condition (10).

3.3. 1-D Smoothly Truncated Lévy Distributions. One of the early examples
of TS, processes were the 1-D Truncated Lévy Flights introduced by Manteg-
na and Stanley [14] as a model for random phenomena which exhibit at small
scales properties similar to those of self-similar Lévy processes, but have dis-
tributions which at large scales have cutoffs and thus have finite moments of
any order. Koponen [10], building on Mantegna and Stanley’s ideas, defined
the Smoothly Truncated Lévy Flights (STLF) which stressed the advantage of
a nice analytic form. Independently, the same family of distributions was de-

-scribed earlier by Hougaard [8] in the context of a biological application. In

this section, we discuss these special examples in the context of general tem-
pered stable distributions.

The 1-D unit ‘sphere’ is the two-point set §° = {%1}, and Kopo-
nen’s Smoothly Truncated Lévy Distribution (STLD,(a, p;, A)) is defined as
a tempered o-stable distribution with the tempering function (see Subsec-
tion 3.1)

k(rl+1)=k(@)=exp(—4r), A>0,r>0,

and the measure
o({—1})=ap;, o({1})=ap,,
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where a, p,, p, > 0, p1 +p, = 1. In this case, the polar representation (5) takes
the form

dar
ap, exp(lr)| |“+1’ r<@,

k(rlu) a(du) =

a+ 1
ap, exp(—/lr);m, r>0.
The measures Q and R (see (6) and (7), respectively) are given by the formulas
Q=ap;6_;+ap,9, and R =21"a(p;0-1,+Pp2612)s
respectively, where &, denotes the Dirac measure at 4. In other words,

Q(B) =ap, 15(—4)+ap,15(4)

R(B) = A*a[p; 1(—1/4)+p, 15(1/4)].

The cumulant function xy of X (see (8)) is then given by

(15) Ky () = al® [Py Ya(—u/A)+ p2 Y. (u/A)] +iub,

with the function , defined in (9). Thus, for m > 2, the cumulants themselves
are

Cum,, (X) = al*I' (m—a)(p, (— )" +p, AT = al* "I (m—o)(p1 (—1)"+p).

For a fixed 1 > 0; as a = 0, the distribution STLD, tends to the gamma
distribution I'(a, 4). Indeed, for 0 <a < 1, the Laplace transform ¢, of
STLD,(a, 0, ) is

and

¢ (u) = exp(ad* I’ (— o) [(1 +u/A*—1]),
and '

lim exp (—aF (1—a) W)

= exp(—alog(1+u/d) = (1+u/i)"%,

by the I'Hospital rule.

It is an interesting observation that, for 0 < « < 1, the smooth truncatlon
of the stable cumulant function results also in the smooth truncation of the
stable probability density itself. More precisely, if f(x) is the density function of
a one-sided a-stable distribution, then g, (x) = f(x)e~** is the density function
of some Smoothly Truncated Lévy Distribution and, vice versa, if g,(x) is
the density function of a Smoothly Truncated Lévy Distribution, then
f(x) = g, (x)e** is an «-stable density function. Moreover, there is a one-to-
one correspondence between the a-stable distributions and the A-equivalence

classes of Smoothly Truncated Lévy Distributions. The connection is given by

a linear transformation of the variable of the cumulant functions.
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For example, the density function for the one-sided 1/2-stable distribution
is the Inverse Gaussian p.df. (see [25])

_exp(—c?/(2x))
f(x)—C—'-——x?‘/z\/z—’t ,

with the cumulant function (see Sato [21], p. 13)

x>0,

k(y) = —cly|*? (1 —isign(y)).

The corresponding density of the Smoothly Truncated Lévy .Distribution
(x=1/2) is

exp(—cz/(2x)—lx+c\/ﬂ)

x>0,
x32. /2%

g.(x)=c¢

and it has the cumulant function

2 (9) = —c/2[A—iy— /4],

which, after substitution ¢ = 2a \/E , gives the representation (15) with o = 1/2.
Fractional and multiscaling properties of STLD, have been described in

[28]. In particular, we have shown that, for a one-sided distribution in

STLD,(a, 0, ), moments of any positive order @ (including fractional) have the

asymptotics »

min (g/x, 1)loga+c, as a—0,

log E(|X(9) ~
og E(1X19 {Qloga+c2 as a— 0.

For the symmetric distribution in STLD,(a, 1/2, A),

min (g/a, 1)loga+C; as a—0,

o) ~
log E (|X1%) {(9/2) loga+C, as a — .

The above-quoted asymptotic results establish the multiscaling properties of
the STLDs and the related Smoothly Truncated Lévy Flights.
' 34. 2-D Smoothly Truncated Lévy Distributions -

Discrete tempering. Let X = (X, X,) be a tempered stable random varia-
ble in R Here, the unit ‘sphere’ S consists of the vectors ug = (uy, u,) =
(cos9,sin8) and, for fixed elements uy,, ug,,..., 4s,€S and constants
Aty A2y ey Ay >0, we define a Smoothly Truncated Lévy Distribution on R2,
with index «, via the tempering function

k(rluy=exp(—4;r}) foru=u,,j=1,2,...,1,
and zero otherwise, and a discrete measure

o ({es,}) = ap;,
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where a, p; >0, and ) p; = 1. The measure Q (see (6)) is then

1
Q=ay) pjfsj.;e,ng
j=1

and R-measure (see (7))
1

R=}) A;Pj51/xjes,-

i=1
The cumulant function xy (see (8)) has now the representation |

1
i=1

Kx(¥1,y2)=a Z A5piYa([y1cos 3;+ y,sin 8;1/A)+iy, by
with the cumulants

1
Cum,,,(X;, X;) =al (m+n—a) Y, A" " p; (cos 3, (sin 9;)".
=1

J

Remark 1. A 1-D projection of X, given by the formula ¥ =v; X, +
v, X ,, can be viewed as a Generalized Smoothly Truncated Lévy Distribution
on R. Its cumulant function is of the form

1
ky(¥) = a Y, A3 p;Pa.(yvcos(9)/4;)+ily, v),
i=1

where §; = §;—arctan (v,/v,), and v = \/v}+v3. A particular case may be ob-
tained by matching constants v; to cos(9;), and constants 4;, to obtain a cumu-
lant function of the form

1
ky(y)=a Y, Apiv.(yv)+ily, v>
=1

J
with the cumulants

1
Cum,,(X) = al'(m—a) ), A3~™p;v}.
j=1

Continuous tempering. Let X = (X, X,) be a tempered stable randofn
variable on R?, and ¢ (d9) = g(9)d9 be a finite measure on [0, 2xn). Define the
tempering function k by the formula

k(r|9) =exp(—i(®r),

where A(9) > 0 and r > 0. Now, the polar representation (5) of .. has the form

k(r|.9)%a(d9) = exp(—l(S)r)%g(S)dS,
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and hence
Qs| ¥ = 5/1(.9)-

Putting 0, = arctan(y), we obtain the measures @ and R in the form

Q (B) = j IB (;{' (sz/x1) x/”x”) g (axz/xl) dx!
R}

R(B) = fz 15(A 71 (Brgses) X/X) A (Oyye)* G(0yyx,) dx.
R} :
The cumulant function now is o

2n

kx(¥1, y2) = | A Yu([y1c0s 9+y,sin 91/A(9)) g (9)d3
0

with cumulants
’ 2n

Cum,,, (X1, X;) = ['(m-+n—o) § A(3)* "™ "(cos 9" (sin 9)" g (9) d3.

Remark 2. The 1-D projection Y = v; X, +v, X, discussed in Remark 1,
with v = \/v3+0v3, gives in the continuous case the cumulant function

vcos(3—0,,/,)

2n
= [ A9, | ———vztvr 9)d9
Ky(¥) g Oy ( 70 y)a( )

- Taorw (258 ) g0,
0

where & €[0, 2n] and v > 0 are fixed, with the cumulants

2n

Cum,,(Y) = I'(m—a) [ A(8)* ™(vcos (3—9))" g (9) d9.

4. TEMPERING VIA SPECIAL FUNCTIONS

The Smoothly Truncated Lévy Distributions were defined in the previous
section through an exponential tempering functions which, in turn, determined
the measures Q and R via the formula (7). In this section we will produce several
other examples of tempering via special functions such as gamma, Bessel, a-
stable density, etc. These models will approximate the stable distribution with
different speeds and will have different probabilistic properties expressed by the
behavior of their cumulants. All of the models will depend on parameter(s) 4; as
the parameter goes to 0, the model converges to the Lévy stable distribution;
some interesting new probability distributions arise in the process as well.

In the following we consider only a one-sided (p; = 0) measure ¢ on the
unit ball §° = {—1, 1}. The two-sided measure can be handled as in the case of
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Smoothly Truncated Lévy Distribution described in Subsection 3.3: the two-
sided measure is given by the formula

c({—1}) =ap;, o({1}) = ap,,

where a, p;, p; > 0, py+p, = 1, while the tempering does not depend on the
direction, ie. k(r|+1) = k(r). Subsection 3.4 gives also a general method for
extending the results of this section to a family of more flexible models.

4.1. Mixed tempering. In this subsection we consider a truncated tem-
pering scheme which permits control of the closeness to the a-stable distribu-
tion through two parameters 4, and 4,. So, let the tempering function k (r) be

k(r)=(1+A'2r)Wﬂexp(_Alr)) ’ll, ﬂ'2 >09 r>0:
Then k(r) is the Laplace transform of the function

(x—,ll)ﬁ_‘l [x—4:]1+
T (B) """(_ R )d"’

so that, in view of (6), the Q-measure takes the form

(x— 11)11_ ! [x—A11+
AT () e"p(_ 7 )d”

and the R-measure (see (7)) is given by the formula

Q(dx) =

0(B) = ifls(x)

sign (x)

R(B) = RI+ 13( ™ )IxI“Q(dX)

_ © 1 a(x—ll)ﬂ_l x—il
_,i[la<x>|x| AT ) exp % dx
e - -4yt 1/y—2
= p-a—1\"" 71J) M
g 15(»)y AT exp( 7 dy.
Since the density p of the R-measure
ey (=R P ( 1/y—xl>‘ y
pa—r MY
Br@ P\ 4

is zero outside of a finite interval, all the moments, and the moment generating
function, exist (see [19]-[20]). The cumulants ¢, are then calculated from the
Lévy measure M, and, for m > o, we have

p(= 10<y<1/}.1 y

Cm= [ L1+ A7) Pexp(— i, P dr
0

= AP [rm T (1A + 1) Pexp(— Ay P)dr
0
=T(m—0) 15 ™ U (m—o, m—o+1—B, i;/ds),
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where U is the Kummer function of the second kind, also known as the con-
fluent hypergeometric function of the second kind ,F, (see [18], 2.3.6.9). Natu-
rally, if A, tends to zero, then ¢, is close to the cumulant of Lévy Flights since

Um—a, m—a+1—8, A1/A) = (A1/A2)*"™(1+ 0 (A2/A1)).

4.2. Gamma tempering. In this subsection the exponential, smoothly trun-
cated tempering is replaced by a slower-decaying gamma tempering. So let the
tempering function k(r) be

k(y=Q0+i)"%, r>0.
Then Q(ds|y) is the gamma distribution with the Laplace transform
xP-1
AT ()

It is straightforward to check that the measures Q and R (see (6) and (7),
respectively) are given by the formulas

q(x) = g exp (—X/4).

ﬂ i

Lo g P (XA d,

Q(dx) =

and

(x|
1 xﬂ+a—
= jl,,( ) exp(—x/A)dx

RB)= 1, (Sig“"‘)) Ix* 0 (d)

TP
© —f—a—1
= | 150 exe [~ 1/ dy.

The density of the R-measure, with 0 < f+a, is thus

—pf—a—1 Lo~

y
p(y) _v>0 i”l"(ﬁ) exp[ 1/(1}1)], i
and is the reciprocal (or inverse) of the I'-density. The moments of order

m < B+o of the R-measure exist, and

AT (a+f—m)
HRr.m = F(ﬁ)

with the cumulants of the form

. =A“""I"(m—oc)1"(ot+ﬁ—m)
" rp)
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4.3, General Inverse Gaussian tempering. The Generalized Inverse Gaus-
sian (GIG) distribution has the density

@by
2K, (,/ab)

where K, is the modified Bessel function of the second kind with index h.
Notice that after replacing the parameters a and b by the parameters a/l and
Ab, respectively, the density takes the form

(a/b)hlzll—h 1
—_ZK,,( \/E)x exp(

where K, is the modified Bessel function of the second kind, and the parameter
A can now be used for tuning the TS, distribution close to the a-stable dis-
tribution. Let h < 0; then the Laplace transform k (#) of g(x) is well known (see
Halgreen [7]):

q(x) = exp(—3[ax+bx~1]),

a(x) = —4[ax/a+ibx1]),

k@)= exp( _f bg_,(2xb— ab)ln(1+/1 )dx)
af2
where

g-n () = 2(n? x [J3 (/%) + NEy (/0D s

J, and N, are Bessel functions (see [6], Chapter 8). Observe that, for fixed a, b,
and h, the limit of k(r), as A — 0, is equal to 1. The measure Q is concentrated
on the half-line (0, o), and

Q(dx) = q(x)dx,
while the corresponding R-measure has the density p of the form
(a /)2 )~
2K, (/ab)
The morpehts of the R-measure are

(a/by¥* A~ "}’ m-a=h=1exp (—} [(a/2)x~ ! +bAx])dx

HRm = ZK,I (\/—) .

( )(m a2 Km —a- h(’\/_)
bi? " Ka(/ab)

(see [6], 3.471.9). In particular, if h= —1 and a = 1/2, then

( )‘m V2 K 172 (1/ab) )
et er) TR

p(x) = x7* " texp(—3[(a/A) x~ 1 +bix]).

2 — PAMS 262
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where

T _ & (m+k)!
K = [5€”7 ) m—mw
mr = J3y¢” X Mmoo
(see [6], 3.468). Similar results can be obtained for any integer h and o = 1/2
or 3/2.
4.4. Fractional exponential. The function

1
T nf+1

is the Laplace transform of the fractional exponential function g(x). The
moments up to the order a+f exist. In particular, for f = 1/2, we have

Q(dx) = q(x)dx with q(x)= \/;L;—%e"/‘erfc(,/x/i),

where erfc is the complementary error function (see [17]). In this case, the
R-measure is of the form

k()

R(B) = Rj 1, (31;) X* g (x) dx

-t (-j;) [ \/% —ehere(, /x/l)] X dx

= [ 1,(x) /"Tx—gelﬂmerfc(r/, /7%y | -2
R, a .

with the density

p(x) = x21+' /%—ge“"‘“ erfc(1/./4x) | .

The verification of the existence of cumulants (moments) of order m < a+1/2is
here straightforward since, for large x, we have the asymptotics

\/g—ne"erfc(\/;) ~ /%

(see [6], 8.254). For small x,

\/—::E—ne"crfc(\/a_c) ~ \/g,

so that, if & > 1/2, then the measure R is not finite. The condition (13) is fulfilled
only in some cases so that some assumptions have to be made before formula
(14) can be used to calculate the cumulants.
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Thus, for 1/2 < a < 1, the first order cumulant (the expectation)
o = 2rAet
1 sin(2r[1—a])
and, for 3/2 < a <2, the second order cumulant (the variance)
o = 2mA*?
2T sin(r[2—a])

Of course, one can try to calculate the cumulants directly from the Lévy
measure M, but the basic formula

m—a—l

o /Ar+1

works only for o < m < a+1/2 (since assumption (3) is not satisfied), although
we know that c,, exists for all m < a+1/2.

I x™ M (dx) = j

dr

4.5. 1/3-stable tempering. Another example of the tempering function for’
which explicit calculations are possible is the case when g(x) is the density of
the one-sided 1/3-stable distribution, that is

o (243
q(x)=¥x 3/2K;/3<33,2\/; , x>0,

where K53 (x) is the modified Bessel function of the second kind with order 1/3
(see Subsection 4.3). Its Laplace transform is

k(r) = exp(—(Ar)'73).
In this context the R-measure and its density are easily determined as

R(B)=I13<>xq(x)dx‘\/_jl<>awK <%ﬁ>

R+

. 2 o 2./A
‘.=§\/;_R.f 1p(x)x~* 1/2K1/3(3T\{2_\/;) dx.

The R-measure is finite if « < 1/3, since its density p(x) ~x(1/3-9-1
around zero. Under the assumption 2m—2x+1/3 > —1 (see [1], 11.4.22), the
cumulants are then calculated as moments of the R-measure:

2
fim \/‘ xme g (T‘{E\/g) dx

It g,

2./ 2. /4
—_ ;ﬁ—nj‘ x2m—21K1/3< \/_ )dx

332 x
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2ﬁ(2ﬁ)21_2m_1 j‘ x2m_-2¢ Kl,f3 (x)dx

3n \ 3°° 2

_am(2 HOIL meams pf(2m= 22t 43\ | (2m—20423
3n \3¥ 2 2
Aa—m31/2—-3a+3m ) 1

= 2n F(m—oc+§)r(m—ot+§).

The assump-ﬁOh implies that «—m < 1/3, so o must be less tha}; 1'/3.for evalua-
tion of the ug.,, 0 <m < max(0, a—1/3).

For the cumulants of an arbitrary integer order m we have the for-
mula

Aa—m 33(m—¢)—1/2 2 1
Cm=TI'(Mm—a)ugm=3 o F(m—cx)l"(m—oc+§)1’(m—tx+§>

=3*""I(3[m—al),

unless o < 4/3. If a > 4/3, the first cumulant (m = 1) can be calculated directly
from the Lévy measure:

1= [ xM(@dx)= | rexp(—(}u"]m)rfL

R4 R

= [ reexp(—(An*3)dr =327 (3[1—0a]),
R+

so that, for all integers m,
Cp =3T3 [m—a)).
This is the case when (3) is satisfied but (10) is not.

4.6. Bessel tempering, The function

1 r R
0= gz (~875)
is the Laplace transform k(r) of the Bessel density
- x Y
q(x) = A" exp(—p—x/) (@) 1,2/ Bx/2),

where 4, B, n are positive and I, is the modified Bessel function of the first kind
(see [5], Chapter XIII, Section 3!). The corresponding R-measure takes the

1 See also http://mathworld.wolfram.com/Modified BesselFunctionoftheFirstKind.html
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form

R(B) = | 13<§> x* q(x)dx

R+

= AL e 13(%)"”"”exp(—x/z)ln(wﬁxmdx

Ry

= AT1TWEBTZ 78 | 1p(x)x % W2 2exp(—1/[Ax]) I, (2/B/[Ax]) dx.

The limiting behavior of I, is known ([1], 9.6.7 and 9.7.1) as
1 if x i
I,(x) ~ {(2 x)"/T (n+1) x is small,

e/ [Inx if x is large.

Hence the moments of order m < a+3#n/2+1 exist and the corresponding
cumulants can be calculated by formula (14) (see [6], 6.643.2, for the expression
in terms of the confluent hypergeometric functions).

5. TEMPERED STABLE ORNSTEIN-UHLENBECK PROCESSES

The well-known connection between self-decomposable distribution and
Ornstein—Uhlenbeck processes is described in, e.g., [21] and [32]. Here, we
consider the stationary Ornstein—Uhlenbeck process X, given by the usual
moving average

t .
X,= | e 94z,

where y > 0, and Z, is usually called the Background Driving Lévy Process
(BDLP) for X,; see Kwapien and Woyczynski [11] for an exposition of the
theory of stochastic integrals with respect to the general Lévy processes and
semimartingales.

In this case the cumulant function ky, of X, is expressed in terms of the
cumulant function xz, of Z, as follows: -' T

(16) kx (V) = [ #z,(e77"?y)ds.

Throughout this section we shall assume that the second-order moments of
Z, (and X)) exist and that the processes are centered.

To study the finite-dimensional distributions and higher order spectra of
X, assume

E Ilem < 0,
and write
cZ,m = Cumm (Zl)'
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Then X, is stationary of order m, ie., for each ¢, hy, ..., hp_1,
Cum(X,, Xt+h15 veny Xt+hm—1) = Cum(Xo, Xh1’ . Xhm—1)'

The Fourier transform of the cumulants gives the m™ order spectrum S, of X,.
In our case, §,, exists and is given by

Cz'
S,,,(CUI, (117 YRR, wm—l) = Hm ('ym—l(l)),
j=1 1

where o, = Z:.':ll @; (see [4] and [26]). In particular, if m = 2, thén the spec-
trum is

Cz,2
ly—ia|*

S 2( ) =
Notice that

Sz (@) = ”22; e~ iah=7lH gp,

and conclude that the covariance function of X, is

Var(Z,)

Cx(h) = Cov(X,, X,.p) = e~ W o

In general, the symmetry of the cumulant implies that the support of the
Cum (X, Xy,, .-+, X4, ,) is the set {0 < hy < hy < ... < hp—,}, which directly
leads to the result

- Czm
Cum(Xh Xt+h19 vuey Xt+hm—1) = exp(_'}’ Z hJ)L9

where 0 < hy <h, < ... < hy;.
The finite-dimensional distributions of the stationary Ornstein—Uhlenbeck

process X, are also determined by the BDLP process Z, and by y. Indeed, the

_]omt cumulant function of - ’

(Xt, Xt+h15 LERY] Xt+hm_1)

is given by
Kt +h1,.n, t+hm-1(.VIs V25 o> Ym)
m—1
= ’CXO(J’1+ Y, exp(— ')’hj)y1+1)+ Z 'CI(Ah,)( Z yn+1)
Jj=1 n=j

Where OShI $h2 < ... $hm_1, hj=hj+1'—hj, and

h
I(h) = [e " dZ,
0
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The cumulant functions of Xy and I(4h;) are obtained from the general for-
mula (12). Hence

Ktt+h1 ..... t+hm- 1(y1: Y2, .i ym)
m—1 Ak; m—1

= Irczl(e *Ly+ Z exp (—vhy)y;+1])ds+ x Ile(e " Z Yn+1)ds.

i=

The easy consequence of this formula is that the distribution of X, and y deter-
mine the finite-dimensional distributions of X,. The basic example here is the
Gaussian Ornstein—Uhlenbeck process: If either X, or Z, is Gaussian, then
both Lévy measures My and M are zero, b =0, and

Cx(h) = e ™Var(Z,)/2y.
All higher order cumulants are zero.
5.1. BDLP for tempered stable TS,(R, b). From now onwards we con-
centrate our attention on the Ornstein—Uhlenbeck processes for which either X,
or its BDLP Z,, is a Gaussian-free, and centered tempered stable process.

First, consider the case when X, is a TS,(R, 0) process with the camulant
function

xx(y) = ,;[., Ya({y, x) Ry (dx),

where ¥, is given by (9). The general formula (17) makes it possible to express
the cumulant function x; of the BDLP in terms of measure Ry. A similar result
in terms of Lévy densities has been obtained in [3].

LeMMA 2. Let X, be a TS,(R, 0) process with the cumulant function

kx(y) = ‘!d Yoy, x)) Rx(dx),

where Y, is given by (9). Then, for any 0 < a < 2, the cumulant function kz of
the associated BDLP is given by the formula

17) - Kz(y) =7 ‘L Ca(C¥> x) Ry (dXx),

where - - -

]

Moreover, if the R-measure of X has a differentiable density py such that
the gradient

L (0] = | 5030 5320, 309 |

is continuous at zero, then the BDLP is a tempered stable process with

Kz(y) = RId Vo ((y, X)) pz(x) dx,
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where the R-density pz is given by
(18) pz(x) = —yTr Ve [px(x) x] = —y [dpx (¥)+ [Vepx ()] x].

In the one-dimensional case, d =1, we have

dx
pe = =1 x|t ()= (000

Proof. In the polar representation the Lévy measure of X 'is

M@B)= | a'(du)jl,,(ru k(r[u) =T

sd-1

and the Lévy measure of the BDLP takes the form

(19) N@B)=—y | ol(du) jl,,(m)d[k("“)]

§d-1

= =1 ] o] 150 )( okt '“)—ak(rw)),ffl

sd-1
Now, the second term in the last integral

y | o(dw) j ln(ru)cxk(rlu)

+
S"" rl! !

provides the representation (8). The representation of the first term containing
Ok (r|u)/or needs some extra work. We have

RO T ot

so that
6k(r |%) dr

a+1

j cr(du)j 1z(ru)r

sd-1- r

# ~ [ a(du) I 15(ru)r j se™"™ Q(ds| u)—

+
sd-1 r"l

=— a‘(du)j([ 1,,(—u)e"t’“dt)s"Q(ds|u)
o\o 5

si-1

a0

=— le( 2)ﬂx[r‘Q(dx)e"t‘“‘dt — { [ 1p(tx)e”"t™*dtR (dx).
0 Ro Il Ro 0
Proceeding in the footsteps of Rosinski’s result [19], we notice that, for
0<a<l,

“lﬁa(r)+¢a~1(f) = lrr(l —a)(l_ir)a_la
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and, for 1 <a <2,

e (1) + o1 () = irl 1—) [A —iry*~ ' —11].

Hence, in both cases we obtain

()

aVla(r)'l"l’a—l(r) = dr

Note that the case a—1 < 0 does not create any difficulties here. Let us put

dyr. (5)
ds ’

Cals) =s

and observe that &,(s) has the limit zero at zero. Utilizing (8) we obtain the
cumulant function

xz(§) =7 § ey, X)) +¥e-1 Ky, X)) R(dx) = ?‘L €a(<y, xD) R(dx).

In the one-dimensional case, d = 1,

d',lfa(r)

r=ys

kz(y) =7 I E(yX)px(x)dx =y I yspx (s)ds,

and splitting the domain of integration into (— o0, 0) and (0, o), and inte-
grating by parts,

wdq
jtﬁ(y)

0

spz(s)ds = — f llfa(yS) 75 LsPx ()] ds,

we obtain

d .
4 i0x )= ps ) +x 250,

Therefore, putting

p2() = —«z[px(x)+xd—”;,f—x)], -

we see that the density p, of the R-measure of Z satisfies the equation

xz(y) = ‘2. Va(yx) pz(x)dx. -

Now, we prove the case d = 2; in the general case d > 2 the argument
is almost the same, the only difference being that the factor *~* has to be
replaced by the Jacobian. So, we have

K2 () = =7 | & DIR@) = =7 ] £y D) px ().




236 Gy. Terdik and W. A, Woyczynhski

Fix a y # 0, and perform a rotation so that the first axis points in the direction
of y, and change the integral to the polar coordinate system:

j fa ((y: x))Px (X) dx

8

= f E.(I|y}] r cos w) px (r cos w, rsin w) rdrdw

(=4

= Ay (s) o
§ ||}’||7‘COSCO—dS px (rcos w, rsinw)rdrdw
0 5= |y|lreosw T

Il
Ot 8

N

Cdy, (1 yl| r cos w)

o px(rcosw, rsinw)r?drdwm.

=]
(1]
Integrating by parts we obtain

Xy, (II.VII r cos @)

-1
00
2_[ Y. (]| r cos m) |:2px(rcos @, 7sin @)

O Gy

px (rcos w, rsin w)r? drdw

O'——:S

0
+rcosw—px(rcosw, rsinw)+rsinw—-—

)
= ,! Va (Y, %)) {2px (x)+ [V px (x)] x} dx,

7 Px (rcosw, rsin w)] rdrdo
X2

and (18) follows. =

If the R-density of X is differentiable, then the calculation of « is stralght-
forward; otherwise we have to use the formula (17).

ExampLE 1. Let X be STLF,;;(a, 0, 4) with the cumulant function

ky@) = —2a /204 [/1—wjd—11; ..
see Section 3.3. Then the cumulant function of the BDLP Z is
Kz (u) = iayu (1 —iu/i)~ 12,

5.2. Stationary multivariate Ornstein—Uhlenbeck process with tempered
stable BDLP. Consider now a stationary Ornstein—Uhlenbeck process X, with
parameter y and BDLP Z,, where Z; € TS,(Rz, 0). The cumulant function #,
of the BDLP is given in terms of the R-measure:

Kz, (y) = i{[" ‘l’a((y: x>) RZ(dx)s
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see (9) for the definition of the function y,. For each ¢, the cumulant function of
X, can be written in the form

Ky, (¥) = I Kz,(e7" "V y)ds = I | Ya((eT7 7y, X)) Rz (dx) ds

—ooRo
= | [¥(Ke™"y, x>)dsRz(dx).
RSO
Now, formula (11), and property (iii) in Subsection 3.2 imply ..
Kx, (1) = | Yo(<y, XD) Rx(dX)
Rj
with the R-measure
Rx(B)= [ R;(e”B)ds = ! f Rz(sB)és—.
) 71 s

Hence X, is tempered stable. If d = 1, it follows that the R-density py (x) exists
and

( ) _ {('))X)_lRZ([x, OO))a x > 0,
Pt = (@I~ Rz((— o0, x]), x<O.

Hence px(x) fulfils the equation
d .
(20) p2() = =y [xpx (],

. . d . .
as long as py is differentiable and d—x[xpx (x)] is continuous at zero.
ExampiE 2. Let Z, be an STLF with the R-measure

Rz =2*a(p1d_1/2+Pp291,3).

Here (20) ‘does not apply, and we use (11) instead. The R-measure of the
stationary Ornstein—-Uhlenbeck process X, with parameter y is ...

Ra®) =3 [T Retd) = 215 ) 10 ()5

Aa+1 2

= _[P1 1(— S)+P213(S)—

Hence the R-density of X, is

¢+la

px(x) = (P21o<x<a—P11-5<x<0)
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Below, we generalize the above result for a stationary multivariate Orn-
stein—-Uhlenbeck process X;. Let X, be given by the stochastic differential
equation system

(21) dX, = —0X,dt+dZ,,

where Q is a real d x d matrix such that the real parts of all eigenvalues are
positive (Q € 4, (R%). Then it is well known (see [22], [24], [23]) that there
exists a stationary solution X, of the equation (21), which is given by

t

X, = [ e 294z,

- a0

with the cumulant function

@) W= Tx (exp(—sQT)u)ds,

i.e. the cumulant function of X, is determined by that of Z,. This result should
be compared with those of [2] as well.

THEOREM 1. Suppose Z, € TS,(Rz, 0); then the multivariate stationary Orn-
stein-Uhlenbeck process X,, with matrix Q € M. (R"), and BDLP Z,, is tempered
stable. The R-measure of X, is

Rx(B) = TRZ (e?* B)ds.

The cumulant function takes the form

KX(y) = li‘.d ’1«()’3 X, Q)RZ(dX),

where 1,(y, x, Q) is given by the equation

Te(y, %, Q) = :f:/fa«exp(—sgn y, %) ds.

For each x, yeR%, n,(y, x, Q) fulfils the equation R

V(3> D) = [F 1 (> X, Q)1 Q7.

Moreover, if the R-measure of Z has density pz, and the differential equation
pz(y) = =Tr ¥V [px(»)QTy] = —px (N Tr Q- [V, px(»)1Q"y

has a solution py such that V.[px(x)x] is continuous at zero, then X, has
R-density px. The cumulants of X, are given in terms of the cumulants of Z, by
the formula

Cum,,(X) = Y (I®* Y®(@Q") " '®I®™ %) Cum,(Z,),

k=1
as long as Cum,,(Z,) exists.
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Proof. Start with the equation (22)

kx(y) = ?Kzl (exp(—sQNy)ds = :fl{ Yo (Cexp(—sQT) y, x)) Rz (dx)ds
0 ]

RS

Y (X7 exp (— 507 ) dsR ().

Oty 8

Let us set

1 (y, %) = | Yu(xTexp (—sQ7) y)ds
- 0
and apply the gradient operator V,

V.v”a(ya x) = Z@

xTexp(—sQT)ds.

r=xTexp(—sQT)y

Now, let us differentiate y,(xTe™2°y) with respect to s,

Ay, (xTexp(—s@Ny) _  dy. ()|
ds - dr |

xTexp(—sQ") QTy,

r=xTexp(—sQT)y

and integrate,

@ 1 .
I d;r(r) xTexp(—sQT) dsQTy = [V, n.(y, x)1Q"y,
r=xTexp(—sQT)y :

assuming QTu # 0. Let us consider

ﬁfd N (¥, X) Tr ¥, [px(y) Q"yldy = —Tr RI (¥ 1. (v, )1 QT ypx (y)dy

VK, X)) =

= — Rjdl//a«y, x)px(y)dy.

Now we conclude that

pz(y) = =Tt K [px(»)QTy]l = —px(») Tr Q— [Vypx(y)]QT

Note that the multivariate stationary Ornstem—Uhlenbeck process X, is
Q-decomposable; see Masuda [15] for details. The cumulants for X, are (see
the Appendix for the relevant definitions)

Dl?k KX(y) = I D?kﬂa(y, x)R(dx)a
R§
D2y () = | IDE’ o (XT exp (— Q7)) dsR (d)
Rﬂ

= jd‘(:;‘r(r) exp(—sQ") ds xR (dx).

r=xTexp(—Qs)y
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Putting y = 0 we obtain

EX, = ﬂfexp(—-sQT)dsEZI =(Q") " 1EZ,.
0

Now
DP?kx(y) = [ | DP* Y. (xTexp(—sQ") y)dsR (dx)
R3O
- [ {oe [exp( s x 20 ]dsR (@)
. R3O dr r=xTexp(—Qs)y - -

8

& '//a )

exp ( — 50" xdsR (dx)

r=xTexp(— Qs)y

@ % )

U [exp(—sQN)x ®@I]

8

x®2 dsR (dx).

r=xTexp(—Qsly

= | § texp(=50") @exp(~s0]

Again, putting u = 0, we obtain

Cum, (X)) = [(@) '@ I+I®(Q") 1] Cum,(Z,),

- since
| { [exp (—sQN®@exp (—sQN1ds = (@) '@ I+I®(QN*.
: 4]
In the general case Cum,(X,) is then obtained by a standard induction. =

6. APPENDIX. MULTIPLE CUMULANTS

Introduce the notation 8/du™ = V,. The operator D@ is defined as

(001 064 0¢: 7
ou, u,  Ouy
09, . :
T Y :
D,?¢=Vec-‘2£ = Vec| 1 T
ou . . N .
| G, 2y |

which is a column vector of order md. We can also write D@ in terms of the
Kronecker product:

A d
% D2 ¢ = Vec<¢au> Vec( uqu)

0o 0 T
= [$:(u), ¢ (), ..., ¢m(,,)]T®[5Z, 57@%,] |

2
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If we repeat the differentiation D@ twice, we obtain

b4 =02 02 §) - Vee| (982 ) .|

5 \®2
= ¢®(E) ¢®6u®2’

and, in general (assuming the existence of derivatives of order k), the k'® denva-
tive is given by

Rk ® k-1 T 4 4 - 6 ek
DE*$ = D9 (DF*14) = [ 8), b (4} .. m(WT'E| 1, 2 .. .
1 d

U, ’ au

Let @ (y) be the characteristic function of the random variable X. Then the
multiple moment of order k is defined by

®j = (_i)kD,\;@k (p(.V)ly=05
and the multiple k*™-order cumulant is

= Cumy (X) = (=) DP*log @ (3)ly=o»
see [27] for details. Note that
(23) Cum, (X4, X,) = E[(X,—EX,)®X,—EX,)] = VecCov (X, X,)
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