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Abstract. Functional limit theorems are presented for the re-
scaled occupation time fluctuation process of a critical finite variance
branching particle system in R? with symmetric a-stable motion start-
ing off from either a standard Poisson random field or from the equi-
librium distribution for intermediate dimensions & < d < 2o. The limit
processes are determined by sub-fractional and fractional Brownian
motions, respectively.
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1. INTRODUCTION

Consider a system of particles in R starting off at time ¢t = 0 from a cer-
tain distribution (standard Poisson and equilibrium fields are investigated in
this paper). They evolve independently, moving according to a symmetric
a-stable Lévy process and undergoing finite variance branching at rate V
(V > 0). We obtain functional limit theorems for the rescaled occupation time
fluctuations of this system when « < d < 2¢. This is an extension of Theorem 2
in [7] where the starting distribution is a Poisson field and the branching law
is critical and binary.

1.1. Branching law. In [4], [7], and [8] the law of branching is critical and
binary. In this paper an extended model is investigated. The particles branch
according to the law given by a moment generating function F. The function
F fulfills two requirements:

1. F'(1) = 1, which means that the law is critical (the expected number of
particles spawning from one particle is 1);

2. F'(1) < + o0, which states that the second moment exists.
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(Note that the branching law in [7] is given by F(s) = (1 +s?) and obviously
fulfills the two requirements.) Although constraints imposed on F are not very
restrictive and quite natural (so that the class of the branching laws satisfying
them is broad), still there remain other interesting cases to be investigated. One
of them is the class of branching laws in the domain of attraction of the
(1+ p)-stable law, i.e., the moment generating function is

1
F(s)=s+——(1—s)'"#,
=5+ 50-9
the case studied in [5] and [6]. A remarkable feature of the latter case is that
the limit processes are stable ones and not Gaussian as it occurs in the finite

variance case.

1.2. Equilibrium distribution. Another concept naturally related to particle
systems is an equilibrium distribution. It has been shown that in certain cir-
cumstances the system converges to the equilibrium distribution [11]. It is both
an interesting and important question whether the theorems shown by Bojde-
cki et al. still hold in the case when the equilibrium state is taken as the initial
condition. A conjecture in [4] states that the temporal structure of the limit is
given by fractional Brownian motion. It is of interest to notice that the limit
is different from the one in the case of the system starting off from the Poisson
field (where temporal structure is sub-fractional Brownian motion). We study
behavior of the system for a branching law given by F. But there is still a broad
area of further studies. No attempt has been made to develop more general
theory concerning systems with a general starting distribution (or a large class
of distributions).

1.3. General concepts and notation. Let us denote by NT°ss and N9 the
empirical processes for the system starting off from the Poisson field with
Lebesgue intensity measure and the equilibrium, respectively. For a measurable
set A = RY, NP°**(4) and N¢9(A), respectively, are the numbers of particles of
the system in the set 4 at time t. Note that they are measure-valued processes
but we will consider them as processes with values in &’ (the space of tempered
distributions) because this space has good analytical properties.

The equilibrium distribution is defined by

lim NP°S = N,

t=>+ oo
where the limit is understood in weak sense. The Laplace functional of the
equilibrium distribution is given by

(11) Eexp{—(Nuy 93} = oxp (<2, e=0— 1)+ [ (A, H(iC, 9)) ds},
where
(12 j(x, )= Eexp(—<{NT, ),
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H(s)=F(s)—s, o: R*>R,, pe Z*(R)nC(R%, and j satisfies the integral
equation

l
JjG, ) =T ?(x)+V [T H(j(, 5))(x)ds.
0

This equation can be obtained in the same way as (2.4) in [11]. Note that in
[11] the function ¢ is continuous with compact support. We approximate
pe £ using functions @, with compact support ¢, / ¢. Using the Lebesgue
monotone convergence theorem it is easy to obtain the above equations
for ¢ (H is decreasing because of the criticality of the branching law).

For an empirical process N, the rescaled occupation time fluctuation pro-
cess is defined by

1 Tt
(1.3) Xr(t)=— [ (Ns—ENp)ds, t>0,
FT 0

where T > 0 and F, is a suitable norming. We are interested in the weak
functional limit of X when time is accelerated (i.e., T tends to o).

The a-stable process starting from x will be denoted by 5y, its semigroup
by 73, and its infinitesimal operator by A4,. The Fourier transform of J; is

(1.4) T (@) = exp(—t|z[") ¢ (2).
For brevity let us put

_ VI(2—h)
(1.3) K= 241 g2 4 (d/2) h(h—1)
where
(1.6) h=3—d/a

(in this paper we always assume that « <d < 20, so h > 1) and
(1.7 M =F"(1).

We will now introduce two centered Gaussian processes. One of them is
a sub-fractional Brownian motion with parameter 4 with the covariance func-
tion C,,

(1.8) Cu(s, t) = "+ t" =L [(s+ 1) +|s—1"],

and the second one is a fractional Brownian motion with parameter h and the
covariance function c;,

(1.9) cy(s, t) =3 (s"+ 1" —|s—t]").

1.4. Space-time method. The space-time method is a very convenient tech-
nique for investigating the weak convergence in the C([0, 7], &' (RY) space.
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It was developed by Bojdecki et al. and can be found in [3]. If X = (X (t))eq0,4

is a continuous #'(R%-valued process, we define a random element X of
y/(Rd +1) by

(1.10) (X, o> = }(X @), D(, 1) dt,

where @ % (R**1). In order to prove that X, converges weakly to X in
C([0, 71, &'(RY) it suffices to show that

Ky, &> =(X, &) for all de L (R**Y)

and that the family X is tight.

2. CONVERGENCE THEOREMS

We will present two theorems. In the first of them (which is a direct
extension of Theorem 2.2 in [7]) we study the occupation time fluctuation
process for the branching system starting off from the Poisson field with Lebes-
gue intensity measure (denoted by 1) with the branching law given by a mo-
ment generating function as described in Section 1.1. The result is very similar
to the one obtained in Theorem 2.2 of [7] — namely, the limit process is the
same up to constants.

THEOREM 2.1. Assume that o < d < 20 and let X be the occupation time
fluctuation process defined by (1.3) for the branching system N, and
Fp=T® 42 Then Xr=X in C([0, 1], ¥'(RY)) as T - + oo for any © > 0,
where (X (t)),;o is a centered &'-valued Gaussian process with the covariance
function

2.1) Cov (X (5), 9, <X (), ¥D) = KM {4, @) {4, ) Ci(s, 1),
where @, e S (RY).

The second theorem concerns the case where the system starts from the
equilibrium distribution. As mentioned hereinabove, the theorem is interesting
because the limit has a different time structure from the one in Theorem 2.2 of
[7] and Theorem 2.1.

THEOREM 2.2. Assume that o < d < 20 and let X1 be the occupation time
fluctuation process defined by (1.3) for the branching system N°®%, and
Fp=T® 42 Then X=X in C([0, <], &' (R)) as T - + oo for any t >0,
where (X (t)):ao is a centered Gaussian process with the covariance function
2.2) Cov({X (s), 9>, <X (), ¥>) = KM (A, @) {4, ¥) eu(s, 1),

where ¢, e S (RY).
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Remark 2.1. The limit processes above can be represented as follows:
For Theorem 2.1
X = (MK)Y? "

and for Theorem 2.2
X = (MK)'2 ¢,

where p* and &* are sub-fractional and fractional Gaussian processes, respec-
tively, defined in Section 1.3. In both cases the limit process X has a trivial
spatial structure (Lebesgue measure), whereas the time structure is complicated,
with long range dependence.

Remark 2.2. The occupation time fluctuation processes of particle sys-
tems form an area that receives a lot of research attention. We would like to
mention some other related work. Firstly, the case of non-branching systems
has been studied in [7], Theorem 2.1. The result is analogous both to Theo-
rems 2.1 and 2.2 because the Poisson field is the equilibrium distribution for the
system. The limit process is essentially the same as in Theorem 2.2. For the
critical d = 2o and large dimensions d > 2«, there is no long range dependence
and the results can be found in [8]. In [2] the fluctuations of the occupation
time of the origin are studied for a critical binary branching random walks on
the d-dimensional lattice, d > 3, including also the equilibrium case. The con-
vergence results are analogous to those in [7] and [8] and in this paper, but the
proofs are substantially different. A similar model with o« = 2 was investigated
in [9] (ie. with particles moving according to Brownian motion).

3. PROOFS

The main idea used in both of the proofs is to study the Laplace functional
of a process given by the space-time method. The Fourier transform is used for
this purpose. This is similar to the method in [7]. In the case of Theorem 2.1
the proof follows the same principle as Theorem 2.2 in [7]. The moment
generating function can be represented by using the Taylor expansion and the
following two statements need to be proved. Firstly, one has to check that the
method used in [7] can still be applied. Secondly, it needs to be shown that
terms of order higher than 2 play no role in the limit. The proof of Theorem 2.2
requires more work. The Laplace formula contains a function that is a solution
of a differential equation. This makes the computations more cumbersome.
Some expressions in this proof had to be examined more carefully than in
Theorem 2.1. It should be noted that Theorem 2.2 covers all branching laws
described in Section 1.1.

Now we introduce some notation and facts used further on.

For a generating function F we define

(3.1) G(s) = F(1—s)—1+s.

3 — PAMS 272
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The following fact describes basic properties of G which are straightforward
consequences of the properties of F.

Facr 3.1. 1. G(0)=F(1)—1=0.

2. G(0)= —F'(1)+1 =0 since F'(1) = 1.

3. G"0)=F"'(1) < + 0.

4. G(v) = (M/2)v>+g (v)v?, where M is defined by (1.7) and lim,_,, g (v) = 0.

The next simple fact will be useful in proving some inequalities.
Fact 3.2. G(v) =0 for ve[0, 1].

Proof. The property F”(1—v) = 0 is an obvious consequence of the fact
that all of the coefficients in the expansion of F” are non-negative and
1—ve[0, 1]. We have G"(v) = F’(1—v) > 0. We also know that G'(0) = 0, so
G'(v) = 0 for ve[0, 1. The proof is complete since G(0) =0 and G is non-
decreasing, =

The existence of the second moment of the moment generating function
F implies also that G is comparable with the function v?.

Fact 3.3. We have
G (v)
sup —5— < + 0.
vef0,1] UV

Proof. Since both G(v) and v* are continuous, we only have to check
that the limit of the quotient at v = 0 is finite. This becomes obvious when we
recall Taylor’s expansion of G(v) from Fact 3.1, property 4. m

Let us now introduce some notation used throughout the rest of the paper.
@ will denote a positive function from & (R**?). The Lemma in Section 3.2 of
[7] explains why without loss of generality it can be assumed that & > 0.
We put

¥(x,s)= }@(x, tdt, ¥r(x,s) = %T(x, %)

To make computations less cambersome we will sometimes assume that @ is of
the form @ (x, t) = ¢ (x) Y (¢) for pe &L (R?), Yy €& (R), and hence

(3.2) Yrx, 1) = @r(x) 17 (),

where

1 1
01 =100 2= [V xT=x<%>.

Notice that ¢ =0, y >0 as & > 0.
Let us introduce now an important function which will appear as a part of
the Laplace functional of the occupation time fluctuation processes:

vy (x, 7, t) = 1——Eexp{—j<N;‘, Y (, r+s))ds},
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where N7 denotes the empirical measure of the particle system with the initial
condition N§ = J,.. Let us note here that due to the fact that ¥ > 0 we have
vpe[0, 1]. We also write

(3.3) ng(x,r, ) =TV, r+t—s)(x)ds.

O ey

For simplicity of the notation, we write

(34) vr(x, 7, 1) = vy (x, 1, 1),
(3.5) np(x, r, 1) = ng (X, 7, 1),
(3.6) vr(x) = vr(x, 0, T),
(3.7) nr(x) =nr(x, 0, T),

when no confusion can arise.
Now we obtain an integral equation for v which will play a crucial role in
the next proofs. Note that similar computations can be found also in [12].

LeMMA 3.1. vy satisfies the equation

(3.8) wve(x,7,0)
= iﬁ’,_s [PC,r+t—s)(1—vp(, r+t—s, 8)—VG (g (, r+t—s, )] (x) ds.
Proof. Firstly let us investigate
wix, r, ) = we(x, 7, t) = Eexp(—i(Nf, Y(,r+s))ds)=1—vg(x,r, t).
0

We assume ¥ > 0; hence we have w(x, r, t)e[0, 1]. By conditioning on the
time of the first branching we obtain the following equation:

t
wix,r, ) =e V' E(—[ ¥, r+s)ds)
0

t s
+V eV Eexp(—{ Y5, r+u)du) F(w(nZ, r+s, t—s)),
0 0

where t > 0, » > 0. Using the Feynman-—Kac formula one can obtain the fol-
lowing equation for w (for details see (3.13)~(3.17) in [7]):

ot ( or

{ﬁw(x, r,t) = Aa+i-—Y’(x, r))w(x, )+ V[Fwx,r, t)—wx,r, )],
w(x,r,0)=1.
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Since v(x, ¥, £) = vg(x, 1, t) = 1—wg(x, r, t), v satisfies the equation

ot or

{ﬁv(x, r, b)) = (Aa+ﬁ>v(x, r)+PE, (1—vx,r, ))—VG(v(x,r, 1),
v(x,r, 0)=0.

Its integral version is (3.8) (note that, in [7], G(f) =%t%). Then we obtain
v(x, 7, t)

T [PCr4t—s)(1—v(, r+t—s,9))—VG(v(x, r+t—s, 1)] (x)ds. m

O Gy

Facr 3.4. We have
(3.9) vp(x, 1, 1) < ny(x, 1, t).

Proof. This is a direct consequence of the equation (3.8), the fact that
12v>0 and Fact 3.2. =

FAcT 3.5. For the system NY° the covariance function is given by

(3.10)  Cov({NL™, @), KN, ¥))
= 0T WD F' )V [ 0T ysp-n Yy dr,  u<u,
0
where ¢, e (R%).

The proof of the fact follows from a simple computation which can be
carried on using formula (3.14) of [10], so we omit it.

3.1. Proof of Theorem 2.1

3.1.1. Tightness. The first step required to establish the weak convergence
is to prove tightness of X ;. By the Mitoma theorem [14], it is sufficient to
show tightness of the real processes (X, ¢ for all ¢ €% (R?. This can be
done by using a criterion from [1], Theorem 12.3. Detailed examination of the
proof in [7] reveals that only the covariance function of the NT°** is needed
([7], Section 3.1). One can see that the covariance function (3.10) is essentially
the same as for the binary branching. Hence the proof from [7] still holds for
the new family of processes.

3.1.2. The Laplace functional The second step uses the space-time
method. According to (1.10) we define X, (from now on t = 1). To establish the
convergence we use the Laplace functional. By the Poisson initial condition we
have (this equation is the same as (3.10) in [7])

(3.11)
Eexp{—<(Xr, &)} = exp{ [ | Yr(x, s)dsdx}exp{ | —vr(x, 0, T)dx}.
R4 0 R4
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Now we make similar computations to (3.21)+3.23) in [7]. By combining (3.11)
and (3.8) we obtain

Eexp {—<(Xr, &)}

=exp{| }‘I/T(x, T—s)vr(x, T—s, 5)+ VG (vr(x, T—s, s))dsdx}.

R4 0

The last expression can be rewritten as

(3.12) Eexp{—(Xy, &)} = exp {V (I (T)+ 1, (T)+15(T)},
where
M s
I.(T) = IITU T+u—s)(x)du) dxds,
ORI 4 0
(3.13)
IZ(T)=} l: (vr(x, T—s, s))—;(f,/ Pr(, T+u—s)(x)du) }dxds,
0 Re o
3(T) = fj —s)vr(x, T—s, s)ydxds.

To complete the proof we have to compute limits as T — +oco. We claim

AlKll
(3.14) Il(T)—>————” | [ @k, )@y, s)dxdyCy (s, t)dsdt,
OORde
I,(T)-»0, I5(T)-0.
Combining (3.12) with the above limits we obtain
(3.15)

- 4K11
lim Eexp{—<Xy, &)} = exp {MT” D (x, ) D(y, s)dxdyCy(s, t) dsdt};
0 0 RE R4

T+

hence the limit process X is a Gaussian process with covariance (2.1).

3.1.3. Convergence proofs. Iy (T) does not depend on F, so it can be
evaluated in the same way as (3.32)+3.34) in [7].
Let us now deal with I3(T). Using (3.9) we obtain

T)sz\;ﬁ[ r(x, T— s)jJ Y. (, T—u)dudxds

s

f j j w @ (x) dudxds.

qm

Now the rest of the proof goes along the same lines as in [7].
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We will turn to I, (T) which is a little more intricate. Combining (3.13) and
property 4 from Fact 3.1 we get

L) =] ][ Lor (= 7 THum 90 T olor ). s

= ?Ilz(T)‘l'I/z/(T),
where
I(T)= | [ vr(x, T—s, s)*— (} T.Pr(, T+u—s)(x)du) dxds,
(3.16) o ’

5(T) = f [ gor(x, T—s, s)vr(x, T—s, s)*dxds.

0 R4

By inequality (3.9) we have

—I,(T) = [ | [(nr(x, T—s, 8))° —(vr (x, T—s, 5)*].

0 R4

Combining (3.8) and (3.3) yields
0<np(x, T—s, s)—vy(x, T—s, s)

= iﬂ's-“ [PrC, T—wor(, T—u, )+ VG (vr(, T—u, w)](x)du = (x).

We have 7, ¥ = 0 for ¥ > 0, which is a direct consequence of the fact that
g is the semigroup of a Markov process. By Fact 3.3 we have ¢ (F) such that

G()<C()

Hence

(x) < [ T- ,,l:'I’T( T—uvp(, T—u, u)+c(F)—vT( T—u,u)2:|(x)du

3

o

< max (1, c(F) [ ;- ,,l:‘PT( T—wor(, T—u, u)+VvT(~, T—u, u)z}(x)du

< max (1, c(F) | T,

0‘——;91 O’——-.m

W u[TT( T—wng(, T—u, u)+VnT( T—u, u)z](x)du

Except of the constant c¢(F) the last expression does not depend on F.
Next we consider

nr(x, T—s, s)+vr(x, T—s, s) < 2np(x, T—s,8) <2[ T, P(, T—u)(x)du.
0
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The rest of the proof goes along the lines of the proof of inequalities
(3.39)-(3.42) in [7], and hence we acquire I5(T)— 0.
Before proving the convergence of I5(T) we state two facts:

FACT 3.6. ny(x, T—s, s) = 0 in uniformly xeR%, se[0, T], as T — + .
Proof. We have

v

np(x, T—s,8) = [ T_,¥r(, T—u)du
0

18 T—u
—_— e— a~ —_—
FT(f)JS_ucp(x)x< - )du

C ?(y) C,
<— |\ J,0(x)du = -dy < —=-0.
7y 7oW ~f|x =Y S E

The last line contains the definition of the potential operator of the semigroup
7, which is bounded with respect to x (this can be found in [13], Lem-
ma 5.3). ®

Fact 3.7. The following convergence holds:
T
[ forCe, T—s,9* > (¥) as T— +o0.
0 R4

Proof. One easily checks that

1,(T)
2 M

T
+I5(T) = | [ vr(x, T—s, s)* dxds.

0 R4
Hence the result follows from (3.14) and the convergence I3 (T) > 0as T - 0. =

It is now easy to prove the convergence of I3. From Fact 3.1, property 4,
we know that for given ¢ > 0 we can choose  such that, for all xe(—4J, d),
lg(x)| <e Fact 3.6 provides us with T, such that, for all T > T,
ng(x, T—s, s) < §. Combining this with (3.9) we obtain, for all T > T,
g(vr(x, T—s, s)) <& Hence for T > T, we get

T
(T < ef [ vi(x, T—s, s)dxds — ec'(P).
0 R4

Since ¢ was chosen arbitrary, we have the convergence I3 (T) — 0, and hence
also I,(T)—>0 as T —» + 0.

Thus we obtained the limits for I, I, and I and the proof of Theorem 2.1
is completed.

3.2. Proof of Theorem 2.2

3.2.1. Tightness. We begin by claiming that the family {X 1}~ is tight.
Close examination of Section 3.1 in [7] reveals that only the covariance func-
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tion of the underlying system is significant for the proof. By (3.16) in [4] we
know that the covariance function of the branching system is of the same form
as the covariance function of the non-branching system with the Poisson initial
condition. From this we conclude that X, is tight.

3.2.2. The Laplace functional for X;. We consider X, defined by
(1.10). Using (1.3) and interchanging the order of integration we obtain

1 1
(£, & = FZT[({ (Npo, U6, )y ds— 0, [P, s)ds)].
0

To prove the convergence of X, to X we will use its Laplace functional

(317 Eexp{—(Zr, o))

= exp {J [ ¥ (s, 0dids] Eexp {~[CN,, ¥y, 9> s},
It is easy to check that o 0
(318) E(exp{—iws, W1 (, ) ds} | No = ) = exp {Cu, Inwp)},

where ,
wr (x) = Eexp {— [ (NF, ¥ (, s)) ds}.
4]
Now we check that 0 < —In(wy) is integrable. For T big enough, by Fact 3.6
and inequality (3.9) we have 0 < vr < ¢ < 1. Hence there exists a constant

C such that we have —In(wy) = —In(1 —vy) < Cop < Cnyp. A trivial verifica-
tion shows that npe 2! (R, so by (1.1) and (3.18) we obtain

Eexp {~ [ Ny, ¥r(, 5)) ds} = E(E(exp {~ [ (N, Px(, 5)> ds}| No))

+
=exp {4, wr—1>+V [ {4, H(Wy(, s))) ds},
0
where Wy satisfies the equation
1
Wr(x, ) = Ziwr () +V [ T1- H(Wr (, 5))(x)ds.
0

It will be a bit easier to deal with Vi (x, ) = 1 —Wr(x, I). The equations have
the form (let us recall that G is defined by (3.1))

(3.19)

Eexp {— [Ny, Pr(, s))ds} =exp{<{i, —vr>+V jw A, G(Vr(, 9))) ds},
0 0
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and

1
(3.20) Ve(x, 1) = Tiop(0) =V [ Ti-, G (Ve (, 8) () ds,

Wy is defined by (1.2) with ¢ (x) = —Inwy(x) (wr€[0, 17, hence ¢ is positive).
One can easily see that the definition implies that W;e[0, 1]. Consequently,
Vre[0, 1], which together with Fact 3.2 yields G (V7) = 0. Hence we obtain the
inequality

(3.21) Ve(x, ) < Jyvor(x) for all xeR?, 1>0.
Combining (3.17) and (3.19) we obtain

Eexp{—<(Xr, ®)} = exp {f fY’T(x, t)drdx}exp {— | vr(x)dx}
R4

xexp (V| | G(Ve(x, 0)dxde} — A(T)-B(T),
where .

A(T) =exp{| }‘I’T(x, t)dtdx}exp{— [ vy (x)dx},

B(T) =exp{V | | G(Vy(x, 0)dxde}.
0 R4

Let us note that A4 is the same as (3.11) in the first proof, hence we know that its
limit is given by (3.15).

3.2.3. Limit of B. To complete the proof, the limit limy, . , B(T) has to
be calculated. It suffices to consider

(322) 1 G, ) dd.

0 R4

Using Fact 3.1, property 4, we split it in the following way:

+ o

| [ G(Vr(, v)dxde =%(Bl(T)+B2(T)+B3(T))+B4(T),

0 R4

where
+ o

By(T)= | [ Vilx, 1 —(Zivr(v)” dxd,

0

BTy = | [ (Zr0n ) —(Zonr (o) s,

R4

(=]
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+ oo

By(T)= [ [ (Zinr(x)) dxdt,

0 R4

B,(T) = joo { g(Ve(x, ) Ve (x, ©)*dxdt.
0 R4

We will prove the following limits (let us recall that we assume (3.2) for sim-
plicity):
B{(T)—>0, B,(T)-0,

B3(T)— % (s @2 g g {—u]—ul+u, + 1)} W (uq) Y (up) duy dus,

B4(T)_)Oa
as T —» 4+o00.
Limit of B;. By (3.21) we obtain

+ o0

[ (] (Zeor ) =V (x, 0% dx)de

0 R4

0< —B(T)

= j [ (Fivr ()= Vr(x, O)(Tivr(x)+ Ve (x, 1) dxdt.
0 R4

Combining this with inequality (3.21) and equation (3.20), we see that the last

equality is not greater than

+ o

t
[ J(V§Tiee G(Vi(, ) (%) dt) (2T vr (x)) dxdt.
0 R4 0
Taking into account the form of G (Fact 3.1, property 4) we infer that this
expression is equal to
By (T)+ By (T),
where
+ M
B11 (T) = I I(V7

0 R4

T o Vil £ (%) dt >( vy (%)) dxdt,

O ey =

By, (T) = (j) j(V(j) e g (Ve C, ) Ve (-, £)2 (x) dt) (27, vr (x)) dxdt.

da

Once again we use inequality (3.21) and obtain

+ 0

B (T)S VM 5 f(f./t o (Toor ()’ (x) dt') (7 vr (%)) dxdt

R4 0

=VM | 5f,wt;(ﬂ}vT(-))z(x).%vT(x)dxdt’dt.

0 O R4
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Applying (3.9) twice we see that the last expression is not greater than

4ot
VM [ | [ Fiep (e nr () () Ting (x) dxdt dt
0 OR?
+o0 t
=MV [ [ | Tong(x) Tong(x) Top—p np(x) dxdt dt.
0 OR4

—_

Using the Plancherel formula and (1.4) we infer that the last form is equal to

MV + o0 t PN PN s
W I f f Ty (21) Ty (23) Tar-vir (21 +22)dzy dzy di'dt
0 0R2

= é\i;:d f .g R,Ed exp { —1t'|z4|*} Ar (z1) exp { —t'|z2]"} fir (22)

X exp{—(Zt—t’) 121 “*“Zzla}ﬁ_T(Zl +22)d21 dZZ dt’dt

MV . +oo t
=ﬁ f fir (z1) i (22) fir (21 + 22) f jexp{—t’|z1|°‘}

(2m)*° gaa 0 0

x exp { —t'|z,]*} exp { — (2t — 1) |21 + 2,|*} dt' dtdz, dz,
MV 1

(21)*? g2a2 |21 + 22" (124" + |22|* + 121 + 2%

X fip (21) g (22) fir (21 +25) dzy dz, = (%),

Before proceeding further we will estimate 7iy:

t N
iz (2, , O = || Tims Pr (s 1+t —5) ds(2)
0

= FLICXP{_@—SHZI“}(f)(Z)xT(r+t—s)ds
To

<=2 16 ) fexp {=(t—s))z*} ds.

Hence

(323) fira, 1 D < < 'q,’ ﬁ‘?'

and this immediately implies (see (3.7))

—exp {—t|z["}]

(3.24) lfir (2)] < [1 exp {—TlzI"}].

C
Frlaf
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Here, and in what follows, C denotes a generic constant. Coming back to (x)
and using the last inequality we obtain

<< | !
Nz Rzmzl + 25| (124" + 2, + |21 + 2,/ 1z11

[1—exp{—T|z|"}]

1
| |a£[1 exp{—T |z,|* }] |a[1—exp{—T|zl+zz|“}]dzldzz,

which after substituting T'*z, = y, and T”"‘zz y, yields
CcT3 j 1

F3 T?" g2 |J’1 + yal*(yal* +1y2l* +y1 + 2% |.V1|a

x —[1—exp {—I|y,[*}]
|}’2|

11(T)" Biy,

[1—exp{—lys}]

1
——[1—exp{—|y;+y,*}]1dy.d
gyt P It yalldys dys

where
; C'T
ll(T)=W=
= ! —exp (=Y
n = VO F o+ e 72l P !

1
X ——[1—exp{—|y,|* —[1—exp{—|yi+y.I"}1dy. dy,.
|)’2|[ p{—lyal }]|y1+y2|[ p{—Iyi+y.l}1dy; dy,

The integral BY, is finite, which will be proved in the Appendix. The expression
B{(T) can be evaluated as follows:

"4 (T) = THO-3G—da)=4dje2 — T —dje)2
As 1—dfo <0, we get By, (T)— 0; hence also By (T)— 0.

From Fact 3.6 and inequalities (3.9) and (3.21) we know that V;(x, ) -» 0
uniformly as T — 0, and so g(Vr(x, l)) <& for T sufficiently large. Hence

B,,(T)<e To | (Vgg't_t, Ve, ) (x)dt)) (27, v7 (x)) dxdt < %Bll (7).
0 R4

Thus B;,(T)— 0 and also B;(T)— 0.

Limit of B,. Let us first estimate the expression ny—uv; using (3.8)
and (3.3):

nr(x)—vr(x) = fg_T—u Yr(, T—u)(x)du

—ff/’T_,, [¥r(, T—w)(1—vr(, T—u, w)—VG(vr(, T—u, w)](x)du,

0
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= fﬂ}w [¥r(, T—wor(, T—u, )+ VG (vr(, T —u, w)] (x)du.
4]

Applying Fact 3.3 we see that the last expression is not greater than

T

jg_T—u [ng(-, T—M)DT(', T_u9 U)+VC(‘UT(‘, T_u’ u))?-] (x)du,
0

where ¢ is a constant. By inequality (3.9) we get

(3.25)  nr(x)—vr(x)

< }vto/—T—u ['PT(" T_u)nT(.a T_u’ u)+VC(nT(" T"'ua u))z] (x)du.

We have

0< —B,(T) = T( [ (Zunr ()’ —(Zror (x)” dx) dt

+

= | [ (Zi(nr =02 O)@)(Fe(or ) +n20) () dxd.

0 R4
Applying (3.9) and (3.25) we infer that the last form is not greater than

+ o0
2 [ [ 7:b(x) T np(x)dxdt,
0 R4
where

br(x) = fﬂ—r_u [P C, T—wnr(, T—u, wy+Ve(ng(, T—u, u))2:| du.

Now, applying the Plancherel formula, then interchanging the order of inte-
gration and integrating with respect to ¢, we get

@ny ) by (2) g (2) dzdt
0
(2 )d | — |a brir(z)dz =c '(B21 (T)+ B,,(T)),
where
T A~
B, (T {j ~u[¥Yr(, T—wns(, T—u, u)](z)du} fir(2)dz,

ralzl® o

B, (T) = fl ]a{jﬁ} LVe(nr(, T u, u)) V] (z) du} iy (2) dz.
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First we shall compute limy, 4, By1 (T). We have

P
B, (T) = jlla{jexp{ (T —u)|zI*} P, T wxnp(, T—u, u)(z)} Air(z)dz.

The inner convolution can be estimated using the inequality (3.23) and sim-
plification (3.2):

W0 (o Tz T, 0)(2)] = e (T—1) 93 () w g (o Tty 1) 2)

= xr(T—w) | ¢r(z—x)fiz(x, T—u, u)dx|

c(x) . ) 1 C
< === T—u zZ—X X < —.
Fa xr(T=1) [ 10GE—x) g () 5dx <

In the last inequality we use the fact that ¢ is bounded and ¢ (x)/|x|* is inte-
grable. Hence we have

(3.26) [P (, T w)=nr(, T u, w)(z)| < %

Thus B,; satisfies

T

[B,1(T) < %j'd — [ exp {—(T—u)|2*} du-fir(z) dz.

0

Using (3.24) and integrating with respect to u we see that the right-hand side of
this inequality is not greater than

3 Il Ial |a Xp{ lela}]

TRd

o [1—exp{—T|z|"}] dz.

Substituting zT'/* = y we infer that this expression equals

T3 1 1
C/_-____-E e a l [ - 1—ex —v®¥\1d < / T): B! ,
F3 T ILM byl P{ ¥l }Jl | L P{ Iyl }] y 21(T) B34
where
T3
2(1) = C' g

—a—a[ — exp {—|yI" ] .
fIyl Iyl (bl |yl
It is clear that the integral By, in the last expression is finite since in a neigh-
borhood of 0 the integrated expression is proportional to 1/|y|* and it is
O(1/]yP*% as |y} —» + oo (recall that « < d < 2«). Now only Bj; needs to be

[1—exp {—DyI"}1dy.
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evaluated
/21 (T) C// T[6 3(3 —dja)—2d[a]/2 __ C// T( 3+d/a)/2

Hence it is obvious that B, (T)—0 as T — 0, and so limy_,B,;(T) =0
Before proceeding to B,, we will make the following estimation using the
inequality (3.23):

nT(-,/?r;u, W)’ (z) = ﬁT(x, T—u, u)hr(z—x, T—u, u)dx
(

%jal |a[1 exp {— ulxla}] I"‘[l exp { —ulz—x|*}] dx.

Substitution xu'/* =y yields that the last expression is not greater than

'

C -
e S 72 jﬁ[l exp {— Iyl"'}] l“[l exp { —|zu'’* LA
T

since the integral can be regarded as a convolution of #? functions, so it is
bounded. This clearly implies

1B, (T)| < zfll,,!exp{ (T —w) |21} u?~ %% du - i (2)| dz
TRd
T2 dfax
<SC—3— | Aexp{ (T —u)|z|} du- iz (2)| dz.
F2 izl

y (3.24) the last expression is not greater than

"TZ-d/a 1 1 .
F% l{dW| ]a p{ TIZI })

Ila —exp{—le]“})dz

which after substituting zT'/* = y can be rewritten in the form

5—d
Y S L |

1 o _ o
F% Td/az I |y|az ly|az p{ |y| }) (1 CXP{ [.Y| }) dy

7
The integral is finite (the same proof as for Bj;) and
T5-d/oz
F3T% ™
which yields B,,(T)—>0 as T — + 0.
Limit of B;. Applying the Plancherel formula to B;(T) we get

[10~2d/a—3(3 —d/a)—2d[al/2 _ T(l —dja)/2
2

B5(T) = 5 [ exp{—2t|z|"} (nT(z)) dzdt

(2m) dond

2 1 1 .
= Wﬁfd (ﬂT (Z)) (3; eXp{——Zt |z|°‘} dtdz = WILW(”T (z))z Iz
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2(2n)dn iT““ exp {—(T —w)|2l} 1 (2) xr (T —w)du) dz

z,t)a Fz I la,(I exp { —ulzl"} ¢ (2) xr (u) du)” dz.
SUbStitUting u' = u/T we obtain the last expression in the form

2n)"F2 f " |m(jexp{ Tu' |z} ¢ z)x(u)du) dz

TRalZ

1 211 2 ’
2(2,“:)«117;2 jj jl |az Xp{—T(u1+u2) lzla} ((ﬁ(z)) X(ul)X(uZ)dul du2d2~

TooR4IZ

Let z = [T (uy +u,)]”Y*y. Then the last expression takes the form

1 T3 djae 11 2
202n)? F3 (1] @ 1+“2)| z -exp { — [y} (& ([T (uy +uz)] ™1 y))

00R4
X (g 4 uz) ™ x (uy) y (uz) duy duy dy.

Therefore, by the Lebesgue dominated convergence theorem and integration
by parts, we obtain the limit of B;(T):

i By(1) = 55 ] -+t Lexp (b} (6 O) 100 20

T+ 00 R4

I'(dja—1
= #;/2),34/—2" Ay 902 (j; g (g +uz)' =% g (ug) 1 (1) duy du2.

11
- %Q‘L, ¢>2jj\{_u}i_ug+(u1+u2)h}‘p(ul)‘//(uz)dth duz.
00

Limit of B,. Firstly, let us notice that
+

By (T)+B,(T)+ B, (T) = j jVT(x £)2 dxdt,

and hence
+ 0

[ [ Velx,t)?dxdt>C as T— +o0.
0 R4

Secondly, by Fact 3.6 and the inequalities (3.21) and (3.9) we know that
Vr(x) = 0 uniformly as T — 0. Hence g (Wr (x)) ¢ for T sufficiently large, so

+

B,(T) <& | jd Vr(x, 1),

0O R

which clearly implies that B,(T)—0 as T — + c0.
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Putting the results together. Combining the previous results we
conclude that

T-+©

lim B(Ty—exp{ﬁf—<z >2}}{—u2—uz+@h4ﬂMV}w(uowmugdulwu}

and finally, by (3.15),

. MK 11
TEI}}OO A(T)B(T)= exp {T A, >? g gch (uy, ua) Y (ug) ¥ (uy) duy duz}:

where ¢, is the covariance function of the fractional Brownian motion defined
by (1.9). This Laplace functional defines a process X, corresponding to the
Gaussian process X with the covariance (2.2), and hence Theorem 2.2 is
proved.

4. APPENDIX

The appendix contains a technical fact used in the main proof.
Fact 4.1. We have

1
Rj;d 1+ y2l* (yal* 1yl +1ys +y2l*) !J’1|a

—exp {—|y:l"}]

[v2

Proof. Substituting x = y;+y, and z =y, we get

1
w2a [X[* (] + 217+ |x — 2I) x —2|*

1
X—‘Ig[l“eXP{“lJ’ﬂa}] N [1—exp{—I|y;+y."}1dys dy, < + 0.

1
[yi+y

[1—exp{—|x—z]*}]

Ha[l exp{—|z* }]7[1—eXp{ x|"}] dxdz

1 1
el + |2+ |x — 2[* [x — 2|

= f———-[ —exp {—x|"}]

x [1—exp{—|x—z|*}] I—IE [1—exp {—|z|"}] dzdx = (¥).

Let us investigate now

[ 1

ma X%+ 2"+ | x — 2|* |x — 2[*

[1—exp {— jx—2l7}] L [1—exp {—|z1] dz

|zl

4 — PAMS 272
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S

1
Ll exp(— 1

a d
Rd

—|x—z*}]dz

IWHJ~%M el dz.

The last integral is finite since in the neighborhood of 0 the integrated
function is O (1/|z|*) and for big |z| is O (1/|z|**). Going back to (x) we obtain

QR I [1—exp {—x|] < cs,

alx I"‘l I"‘
by the same reason as above. m
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