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Abstract. For a sequence of random elements {V,, n > 1} taking
values in a real separable Rademacher type p (1 < p < 2) Banach space
and positive constants b, T oo, conditions are provided for the strong

law of large numbers ZL . Vi/by — 0 almost surely. We treat the fol-

lowing cases: (i) {V;, n > 1} is blockwise independent with EV, = 0,
n =1, and (ii) {¥;, n > 1} is blockwise p-orthogonal. The conditions
for case (i) are shown to provide an exact characterization of Radema-
cher type p Banach spaces. The current work extends results of Moricz
[12], Moricz et al. [13], and Gaposhkin [8]. Special cases of the main
results are presented as corollaries and illustrative examples or coun-
terexamples are provided.
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1. INTRODUCTION

Moricz [12] introduced the concept of blockwise independence for a se-
quence of (real-valued) random variables and extended a classical strong law of
large numbers (SLLN) of Kolmogorov (see, e.g., Chow and Teicher [6], p. 124)
to the blockwise independent case. (Technical definitions needed in this paper
will be discussed in Section 2.) Gaposhkin [7] and [8] also studied the SLLN
problem for sequences of blockwise independent random variables; in those
papers he also proved SLLNs for sequences of blockwise orthogonal random
variables.

In the present paper, we consider a sequence of random elements
{V,, n > 1} defined on a probability space (2, %, P) and taking values in a real
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separable Banach space & with norm || We provide conditions for the

"1_ l i
li Zl— 1

n— oo n

= ( almost surely (a.s.),

where {b,, n > 1} is a sequence of positive constants with b, { co. The Banach
space & is assumed to be of Rademacher type p (1 < p < 2). The main findings
are Theorems 3.1, 3.2, and 3.3. In Theorem 3.1 the random elements {¥,, n > 1}
are assumed to be blockwise independent with EV, =0, n > 1, whereas in
Theorem 3.3 the random elements are assumed to be blockwise p-orthogonal. In
Theorem 3.2, it is shown that the implication (3.2)=(3.3) in Theorem 3.1
indeed provides an exact characterization of Rademacher type p Banach
spaces. Theorems 3.1 and 3.3 are very general results in that they are new when
the Banach space Z is the real line R. Of course, special cases of Theorems 3.1
and 3.3 are known to hold when & = R.

The present work extends results of Moricz [12], Moéricz et al. [13], and
Gaposhkin [8]. Our proofs are substantially different from those of the earlier
counterparts due to a recent and elementary result of Chobanyan et al. [5]
(Lemma 2.5 below) and these differences will be discussed in Remark 3.2.

The plan of the paper is as follows. Technical definitions, notation, lemmas
and other results used in the proofs of the main results or their corollaries are
given in Section 2. The main results are stated and proved in Section 3. In
Section 4, some corollaries and interesting examples or counterexamples are
presented.

2. PRELIMINARIES

Some definitions, notation, and preliminary results will be presented prior
to establishing the main results. Let & be a real separable Banach space with
norm [||. A random element in & will be denoted by V or V,, etc.

The expected value or mean of a random element V, denoted by EV, is
defined to be the Pettis integral provided it exists. That is, ¥ has an expected
value EVeXZ if f(EV) = E(f(V))for every f e %*, where Z* denotes the (dual)
space of all continuous linear functionals on Z. If E||V]| < oo, then (see, e.g.,
Taylor [18], p. 40) V has an expected value. But the expected value can exist
when E ||V}l = co. For an example, see Taylor [18], p. 41.

Let {Y,, n> 1} be a symmetric Bernoulli sequence; that is, {Y,, n > 1}
is a sequence of independent and identically distributed (i.i.d.) random varia-
bles with P{Y; =1} =P{Y; = —1} =12 Let Z° = X x X x X % ... and de-
fine

€ (&) = {(vy, v2,..)EX™: ), Y,v, converges in probability}.
=1

n
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Let 1 <p<2 Then % is said to be of Rademacher type p if there exists
a constant 0 < C < oo such that

E[|Y, Lu|'<C Y lwllF  for all (vg, v5,..)€4(Z).
n=1 n=1
Hoffmann-Jergensen and Pisier [9] proved for 1 < p < 2 that a real separable

Banach space is of Rademacher type p if and only if there exists a constant
0 < C < oo such that

M =

2.1) E|

i

P <cs B
i=1

1 i

for every finite collection {V/, ..., V;} of independent mean 0 random elements.

If a real separable Banach space is of Rademacher type p for some
1 < p <2, then it is of Rademacher type g for all 1 < g < p. Every real separa-
ble Banach space is of Rademacher type (at least) 1 while the %,-spaces and
l,-spaces are of Rademacher type 2 A p for p > 1. Every real separable Hilbert
space and real separable finite-dimensional Banach space is of Rademacher
type 2. In particular, the real line R is of Rademacher type 2.

A finite collection of random elements {V;, ..., Py} (N > 2) is said to be
p-orthogonal (1 < p < o) if E||V,||? < co for all 1 <n< N and

n m
E|| Y uiy Vao||” S E|| Y ey Vao|”
i=1 i=1

for all choices of 1 <n <m <N, for all constants {a, ..., a,}, and for all
permutations n of the integers {1, ..., m}. A sequence of random elements
{V,, n > 1} is said to be p-orthogonal (1 < p < o0) if {V;, ..., Vy} is p-orthogo-
nal for all N > 2. The notion of p-orthogonality was introduced by Howell and
Taylor [10]; we refer to Howell and Taylor [10] and Mobricz et al. [13] for
a detailed discussion of p-orthogonality.

Let {f;, k > 1} be a strictly increasing sequence of positive integers with
p1 =1 and set B, =[f, fr+1), k=1. A sequence of random elements
{V,, n =1} is said to be blockwise independent (resp., blockwise p-orthogonal
(1 < p < o)) with respect to the blocks {B;, k > 1} if for each k > 1 the ran-
dom elements {V;, i€ B} are independent (resp., p-orthogonal). Thus the ran-
dom elements with indices in each block are independent (resp., p-orthogonal)
but there are no independence (resp., p-orthogonality) requirements between
the random elements with indices in different blocks; even repetitions are per-
mitted.

The following notation will be used throughout this paper. For x > 0, let
| x | denote the greatest integer less than or equal to x and let [ x] denote
the smallest integer greater than or equal to x. We use Log to denote the
logarithm to base 2. The symbol C denotes a generic constant (0 < C < o0)
which is not necessarily the same in each appearance.
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For {fi, k> 1} and {B,, k> 1} as above, we introduce the following
notation:

B = B,n[2",2"*Y, k=1, m>0,
In=1{k>1:B{" #Q}, m>0,
™ = min B™, kel,, m>0,

¢y, =cardl,,, m>=0,

@

(P(n) = Z CmI[Zm’2m+1)(n), n > 1,
m=0
where Ijym,m+1y denotes the indicator function of the set [2™, 2"*1), m > 0.
It is easy to verify that the following relations are satisfied:
@) If By=2¥"1 k=1, then

(2.2) cm=1,m=20, and oemn=1,n>=1.
@) If pr= | ¢! ] for all large k, where g > 1, then
(2.3) A Cn=0(1) and o@@mn=0(Q1).
(iii) If B, = | 2M™°#0™ | for all large k, where a« > 0, then
(2.4) cmw=0(Logm)*) and ¢(n) = 0O((LogLogn)).
@iv) If B, = [2¥] for all large k, where 0 < o < 1, then
(2.5) Cn=0m'"% and ¢@(n) = O(Logn)' ~2").
W) If = | k*], k=1, where a > 1, then
(2.6) Cn=0@2™) and ¢@(n) = On).
i) If B, =k, k> 1, then
2.7 cmn=2" m=20, and om<n nzl

The following result is well known when & =R and p = 2.

LEMMA 2.1. Let {V,, n > 1} be a sequence of independent mean O random
elements in a real separable Rademacher type p (1 < p < 2) Banach space. Then

(2.8) E(( max ||Z V)< ¢ 2 E|ViP, n>1,
i=1

1sjsn ;=

where the constant C does not depend on n.

Proof. Let#, =06(X;, 1 <i<n),n=1 Nowitis Well known but seems
to have been first observed by Scalora [17] that {“Z , Fuy n = 1} is areal
submartingale. In the case 1 <p <2, by Doob’s submartlngale maximal
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inequality (see, e.g, Chow and Teicher [6], p. 255), for n > 1 we have

(s | 70> (2 ) B

1<jsn ;=

< c__ilEnVinp (by (2.1)),

establishing (2.8). In the case p = 1, note that for n>1

n

E( max ||z Vi) < E(max z Vi) = E(Y IV) = 3, ENVil

1sjsn =1 1sjsni= i=1 i=1

again establishing (2.8). =

ProrosiTioN 2.1 (Hoffmann-Jergensen and Pisier [9]). Let 1 < p <2 and
let & be a real separable Banach space. Then the following two statements are
equivalent:

(i) & is of Rademacher type p.

(ii) For every sequence {V,, n > 1} of independent mean O random elements
in Z, the condition

< EVilIP
——— <

n=1 np

Z;:]_ I/J

—0 a.s.
n

Lemma 2.2 (Howell and Taylor [101). If & is a real separable Rademacher
type p (1 < p < 2) Banach space, then there exists a constant C < oo such that

implies

n n
E|X VP <CY EIVIPE, n>1,
i=1 i=1

for all p-orthogonal sequences of ¥ -valued random elements.

LEmMMA 2.3 (Moricz et al. [13]). Let {V,,n>1} be a p-orthogonal
(1 < p < ) sequence of random elements in a real separable Banach space and
suppose that there exists a sequence of nonnegative numbers {u,, n > 1} such
that

Ms

E|IYVI<Yuwu foralmznx1,
Then o o
((nriljaxmﬂz V|)") < (Log(2m—n+ 1)))p Z u, m=nxl.
An immediate consequence of Lemmas 2.2 and 2.3 is that if {V;, ..., Vy} is

a p-orthogonal (1 < p < 2) collection of N > 2 random elements in a real
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separable Rademacher type p Banach space, then

(29) E(max H}jj 2

nsjsm -,

< C(Log2m—n+1)) Y EIVIP, 1<n<m<N,

where the constant C does not depend on n, m, or N.

The next lemma is most probably known but we are unable to locate
a reference. It follows immediately from Holder’s inequality writing a; = a;- 1,
as was so kindly pointed out to us by the referee.

LEmMA 24. If ;2 0, 1 <i<n, and p>=1, then

The following elementary result was recently obtained by Chobanyan et
al. [5] and it will play a key role in the proofs of Theorems 3.1 and 3.3. Lem-
ma 2.5 is closely related to a classical result of Prokhorov [14] and [15] when
Z =R, the {V,,n> 1} are independent symmetric random variables, and
b,=n%* n>=1, with a > 0.

LemMMa 2.5 (Chobanyan et al. [5]). Let {V,, n > 1} be a sequence of ran-
dom elements in a real separable Banach space %, let {b,, n > 1} be a non-

decreasing sequence of positive constants, and let {k,, n > 0} be a sequence of
positive integers such that

b
(2.10) inf 21> 1  and sup% < 0.
nz0 O, 120 Dkn
Then
"V
(2.11) lim Z‘l‘)l ‘=0 as.

if and only if

MaXy, <k<kn+1 “Zi‘;k" V,”

nmoo br...— by

(2.12) =0 as.

n

Remark 2.1. (i) Note that the first inequality of (2.10) ensures that
{k,, n > 0} is strictly increasing and lim,_ b, = co.

(ii) It follows that if (2.12) holds for some sequence of positive integers
{k,, n > 0} satisfying (2.10), then (2.12) holds for every sequence of positive
integers {k,, n > 0} satisfying (2.10). Thus, in order to prove the SLLN (2.11),
nothing is lost in working with a convenient sequence such as k, = 2", n = 0.
This remark was made by Chobanyan et al. [5].
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(iii) If the random elements {V;, n > 1} are independent and symmetric,
then by the random element version of Lévy’s inequality (see, e.g., Araujo and
Giné [3], p. 102) and the Borel-Cantelli lemma, (2.12) is equivalent to the
structurally simpler and apparently weaker condition

D

=0 as
nsw by, —

kn+1 1
i= k,.

by,

n

3. THE MAIN RESULTS

With the preliminaries accounted for, the main results may now be estab-
lished. When & = R and b, = n, a version of Theorem 3.1 was obtained by
Gaposhkin [8] using a substantially more complicated argument. Gaposhkin’s
[8] condition is slightly different from (3.2) specialized to Z =R and b, = n
and is at least as strong. Gaposhkin’s [8] result is an extension of an earlier
result of Moéricz [12] which was apparently the first SLLN for a sequence of
blockwise independent random variables.

THEOREM 3.1. Let {V,, n > 1} be a sequence of mean 0 random elements in
a real separable Rademacher type p (1 < p <2) Banach space ¥ and let

{b,, n =1} be a nondecreasing sequence of positive constants such that
b n+1 n+1
3.1) inf2—~>1 and supb2 < 0.
n20 byn w0 Dan
If {V,, n > 1} is blockwise independent with respect to the blocks {By, k > 1}
and if
< EWIP, -
(3.2) ;1 5 (@) " < oo,
then
(3.3) lim Li-s =0 as
Proof Set
J
™ = Vi, kel,, m=>0,
maxll 2, Vil keln m
and
1
Tm = Z ];‘(m), m = 0.
b2m+1kelm

Note that, for m = 0,

ET! <

cp—l Z E(H‘m))p

kelm

(by Lemma 2.4)

b2m+1
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< o7 c&”tC Y > E|VIP (by Lemma 2.1)
2m+1 kel ieB{™
- E|VIP, o=
= 'C Y EP<C Y = T (e6)f
2m+1 j=2m j=2m i

It thus follows from (3.2) that z:z o ET¥ < o0, and so by the Markov inequali-
ty and the Borel-Cantelli lemma

lim T, =0 as.
Now it follows from the first inequality of (3.1) that

k
maXngk<2m+1 ||Zi=2"‘ I/!

| _ Cmasamchczn [T
~

<CT, -0 as.
bymes—bom Dymrs oY as

The conclusion (3.3) follows immediately from Lemma 2.5. &

Remark 3.1. (i) The slower b, 1 oo, the stronger is the assumption (3.2),
but so is the conclusion (3.3).

(i) Theorem 3.1 is an analogue of an SLLN of Adler et al. [2] obtained
for a sequence of independent random elements in a Rademacher type
p (1 < p <2) Banach space. The Adler et al. [2] result, which extends the
implication (i) = (ii) in Proposition 2.1 to more general norming constants
0 < b, 1 o0, is a random element analogue of a classical result of Kolmogorov
(see, e.g., Loéve [11], p. 250). It should be pointed out that this SLLN of Adler
et al. [2] does indeed follow immediately from Theorem V.7.5 (or Corollary
V.7.5) of Woyczynski [19] and the Kronecker lemma.

(iii) When p = 1, Theorem 3.1 is not of interest since the mean 0 assump-
tion, the blockwise independence assumption, and (3.1) are not needed. Indeed,
for a sequence of random elements {V,, n > 1} in a real separable Banach space
and constants 0 < b, T oo, Cantrell and Rosalsky [4] recently proved that if

141 )
E <
1 <|1Vi|l+bi

(which is a weaker assumption than Zf‘_’__ L ElIVill/b; < oo), then

Ms

I

i

lim ) V/b,=0 as.

R0 j=1

irrespective of the joint distributions of the {V,, n > 1}.
(@iv) If (3.1) holds where 0 < b, 1 and

(3.4) cw=o0(@" for all a >1,
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then a sufficient condition for (3.2) to hold is that
< EHVII”
i=1

To see this, it follows from the first inequality of (3.1) that byn+1/byn = 1+6
for some & >0 and all n > 0. Thus for all m > 1 we have

(-5

< oo for some 0 < g <p.

mip .
(3.6) bym =by [] === by (1+0)™.
j=0 sz
Hence
E|[Vj)lP @ TRV (e ()

Lo Oy T

2 USRI et

< 1 m
h mgo Z b Bt

o meTt  E|PT

S mgo igm b? blli—q (1 + 5)(P—q)m (by (36))

2 M STHE|VIP

<cy ¥

q
m=0 i=2m bi

(by (3.4) with a = (1 + )P~ 2/(r=1)

E|VIIP

—c zl (by (3.9),

thereby establishing (3.2).

In the next theorem, we will show that the implication (3.2) = (3.3) holding
indeed completely characterizes Rademacher type p Banach spaces.

THEOREM 3.2. Let & be a real separable Banach space and let 1 < p < 2.
Then the following two statements are equivalent:

(i) & is of Rademacher type p.

(ii) For every sequence of mean O random elements {V,, n > 1}, which is
blockwise independent with respect to some sequence of blocks {B, k > 1} and

every nondecreasing sequence of positive constants {b,, n = 1} satisfying (3.1),
the implication (3.2)=>(3.3) holds.

Proof. The implication (i) = (ii) is precisely Theorem 3.1. To verify the
implication (ii) = (i), assume that (ii) holds. Let {V,, n > 1} be a sequence of
independent mean 0 random elements in & such that

o E||VIIP
AT

nP

(3.7)

n=1
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In view of Proposition 2.1, it suffices to verify that

(3.8) Z——-——"? i

—0 as.

Note that {V,, n>1} is blockwise independent with respect to the blocks
{[2*71, 2%, k = 1}. Set b, =n, n = 1. Then (3.1) holds and, recalling (2.2), we
see that (3.7) and (3.2) are the same. Thus, by (ii), we see that (3.8) holds. =

The next theorem, when specialized to {V,, n > 1} being p-orthogonal and
b, = n* n = 1, where o > 0, reduces to a result of Méricz et al. [13] by taking
By = [2"_1 2%, k> 1, and recalling (2.2).

THEOREM 3.3. Let {V,, n > 1} be a sequence of random elements in a real
separable Rademacher type p (1 < p < 2) Banach space and let {b,, n > 1} be
a nondecreasing sequence of positive constants satisfying (3.1). If {V,, n > 1} is
blockwise p-orthogonal with respect to the blocks {By, k> 1} and if

2 EWVIP. e
(3.9) I;)"” (Logi)? (¢ ()~ < oo
i=1  bi

then
i Vi
(3.10) lim Li-i =0 as.

oo by

Proof Define "™, kel,,, m = 0, and T,,, m > 0, as in the proof of Theo-
rem 3.1. Note that, for m > 0,

ET? < 2™t Y E(T™)P  (by Lemma 2.4)

b2m+ 1 kelm

<

&71C Y (Log(2card B Y, E|VIIP  (by (2.9)
Bt kel ieB{™
am+1_1

i1 C(Log2"* Y Y EIVAIP

b2m+1 j=2m

2mtioq
&t C(Log2™? Y E|VIP

2m+ i=2m

W TLEVIP . N
<C ) o (Logi) (¢ (z))p
i=2m i

<

It thus follows from (3.9) that Z::: o ET% < co. The rest of the argument is
exactly the same as that at the end of the proof of Theorem 3.1. =m

Remark 3.2. We close this section with discussion of the main difference
between the structure of the proofs of Theorems 3.1 and 3.3 and that of the
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earlier results by Moricz [12], Moricz et al. [13], and Gaposhkin [8]. As in
Moricz [12] and Gaposhkin [8], let us now take b,=n, n>1, and & =R
(although Moricz et al. [13] took b, = n% n = 1, where a > 0, and they as-
sumed that the Banach space 2 is of Rademacher type p (1 < p < 2)). Moéricz
[12], Moricz et al. [13], and Gaposhkin [8] bounded Z , Vi/n (where
ML n< 2"t by

Y Y

S

(3.11)

2m—1
le 1

2m

1
+3m |ZV|

2 2m<k<2m+1

They then argued that each of the two terms on the right-hand side of (3.11)
converges to 0 a.s. as m — c0. Their arguments that the first term on the
right-hand side of (3.11) converges to 0 a.s. as m — oo did not use any (type of)
independence hypothesis; only (a type of) orthogonality was used. However, in
our proof of Theorems 3.1 and 3.3, we only need to argue that the second term
on the right-hand side of (3.11) converges to 0 a.s. as m — oo. This is the case
because we then apply Lemma 2.5, and so we are in effect bounding Z

(where 2" < n < 2'"“) by -1t

Ledi=1 Y

MaXyr<p<ar+ |Zl >V
< LT

1 m max2r<k<2r+1’zl ar ,‘
27 7

which via the Toeplitz lemma converges to 0 a.s. as m — oo (see Proposition 3.1
and Theorem 9.1 of Chobanyan et al. [5]).

4. COROLLARIES AND EXAMPLES

In this section, some particular cases of Theorems 3.1 and 3.3 are pre-
sented as corollaries. Some illustrative examples or counterexamples are also
provided.

When the underlying Banach space is the real line, p =2, and b, = n,
Corollaries 4.1, 4.3, 44 (take «, = 1), and 4.5 reduce to results of Gaposh-
kin [8]. This special case of Corollary 4.1 is also the SLLN for a sequence of
blockwise independent random variables obtained by Moricz [12]. In view of
Remark 3.1 (iii), we formulate Corollaries 4.1-4.5 assuming that p > 1.

COROLLARY 4.1. Let {V,, n > 1} be a sequence of mean 0 random elements
in a real separable Rademacher type p (1 <p < 2) Banach space and let
{b,, n > 1} be a nondecreasing sequence of positive constants such that (3.1)
holds. If {V,,n>1} is blockwise independent with respect to the blocks
{[2¥71, 2%), k > 1} (or, more generally, with respect to the blocks {[Bi, Bi+1)s
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> 1}, where B, =|4¢""* | for all large k and q > 1) and if

© B r
@1) IIVII o,

i=1

then (3.3) holds.

Proof. Recalling (2.2) and (2.3), we infer that the assumption (4.1) ensures
that (3.2) holds. The conclusion follows directly from Theorem 3.1. m

CoROLLARY 4.2. Let {V,, n > 1} be a sequence of mean O random elements
in a real separable Rademacher type p (1 <p < 2) Banach space and let
{b,, n = 1} be a nondecreasing sequence of positive constants such that (3.1)
holds. If {V,,n>1} is blockwise independent with respect to the blocks
{[Bi> Bi+1)s k = 1}, where B = | 2K®=" | for all large k and o >0, and if

o ElViIP

p
i=2 bi

4.2) (LogLogi)*®~ 1 < oo,

then (3.3) holds.

Proof. Recalling (2.4), we see that the assumption (4.2) ensures that (3.2)
holds. The conclusion follows directly from Theorem 3.1. m

CoROLLARY 4.3. Let {V,, n > 1} be a sequence of mean 0 random elements
in a real separable Rademacher type p (1 <p < 2) Banach space and let
{b,, n = 1} be a nondecreasing sequence of positive constants such that (3.1)
holds. If {V,, n>1} is blockwise independent with respect to the blocks
{[Bx> Bx+1)> k = 1}, where B, =|2¥ | for all large k and 0 <« <1, and if

o E|IVIIP

4.3) o

(Log i)(a'l—l)(p~1) < 00,

i=1
then (3.3) holds.

Proof. By (2.5) the assumption (4.3) ensures that (3.2) holds. The con-
clusion follows directly from Theorem 3.1. =

COROLLARY 4.4. Let {V,, n > 1} be a sequence of mean 0 random elements
in a real separable Rademacher type p (1 < p < 2) Banach space and suppose
that {V,,n>1} is blockwise independent with respect to the blocks
{[LEk™ |, [ (k+1)™]), k> 1}, where oy > 1. Let a, >art. If

o EIViIP

TR

(4.4)

i=1

where q = (p (g ot —1)+1)/ay, then
iV
lim

— =0 as.
n—co n*?
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Proof. Recalling (2.6), we obtain

o ElVIIP < ENVIIP o= 1y
j*2p ( ) ; i%2P (p v

i=

IVH”

oy Al <o by e

and the conclusion follows from Theorem 3.1. =

Remark 4.1. Apropos of the constant g in Corollary 4.4, it may be noted
that a, < g < ayp.

Counterparts to Corollaries 4.1-4.4 can easily be given when {V,, n > 1} is
blockwise p-orthogonal with respect to a sequence of blocks. We content our-
selves with only presenting the counterpart to Corollary 4.1. Corollary 4.5 is an
extension of the classical SLLN resulting from the celebrated Rademacher—
MenSov fundamental convergence theorem for sums of orthogonal random
variables (see, e.g., Révész [16], pp. 86-87).

CoroLLARY 4.5. Let {V,, n = 1} be a sequence of mean O random elements
in a real separable Rademacher type p (1 <p < 2) Banach space and let
{by, n> 1} be a nondecreasing sequence of positive constants such that (3.1)
holds. If {V,,n>1} is blockwise p-orthogonal with respect to the blocks
{[2¥7%, 29, k > 1} (or, more generally, with respect to the blocks {[B, Pr+1),
k> 1}, where By = | ¢“"'| for all large k and q > 1) and if

¢ EllVll

4.5) (Logi)? < o0,

i=1

then (3.10) holds.

Proof. Recalling (2.2) and (2.3), we infer that the assumption (4.5) ensures
that (3.9) holds. The conclusion follows directly from Theorem 3.3. ®

We close by presenting four examples. The first example illustrates Theo-
rem 3.1 and Corollary 4.1.

ExampLE 4.1. Let {W,, n > 1} be a sequence of independent mean 0 ran-
dom elements in a real separable Rademacher type p (1 < p < 2) Banach space
and suppose that

E||W)*
” “ for some a > 0.

(4.6) ;i

Let V,=W,_gmiq1, 2"<n<2"' m>=0. Then EV,=0, n>1, and
{V., n = 1} is blockwise independent with respect to the blocks {[2¥~1, 2¥),

5 — PAMS 272




218 A. Rosalsky and Le Van Thanh

k > 1}. Now, using (4.6), we obtain
i EHVIIP & ST E Wi gl

)Y

i=1 m=0 i=2m iacp
w 2m
E||\WilP o v E|WiP
Z (l+2m___ l)ap = Z Z (l+2m_1)mp
m=0i=1 i=1 m=[Logi’

|| P 1|1P a0 p
E Wil <Cy E|WIP _ EIIWH
2apm = 2apLog1

28] =9}
<X X
i=1

m=[Logi]
Thus, by (2.2) and Theorem 3.1 (or by Corollary 4.1),

Yiei Vi

o

lim =0 as.

Finally, we note that, by Theorem 1 of Adler et al. [2], we also have

Xi Wi

. i
lim —— =0 as.
n

The second example shows that Theorem 3.1 can fail if the series in (3.2)
diverges. More specifically, Example 4.2 shows that we cannot replace (3.2) by
the weaker condition E||V,|P (¢ ()"~ Lbe = o(1).

ExaMPLE 4.2. Let {W,, n > 1} be a sequence of independent mean 0 ran-
dom elements in a real separable Rademacher type p (1 < p < 2) Banach space
where

1 1

P{IWll =2n—1} =m, P{W, =0} = l*m,

Let V,= Wy_omi1,2"<n<2""1 m>0,and let b, = n,n > 1. Then EV, = 0,
n>=1, and {V,, n>1} is blockwise 1ndependent with respect to the blocks
{[2¥71, 29, k = 1}. Now Vym+i_g = Wym, m =0, and s0 {Vym+1_y, m = 0} is
a sequence of independent random elements with

1
P{”V2m+1_1”=2m+1—1}=m—_|_1, P{V2m+1_1=0}=m—_+1, m>0

Then, recalling (2.2), we obtain

© EIVIP, oot & EVamerol?
L O > 2 ey

_y ey e 1
= T L=t L
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and so (3.2) fails. Moreover, since

hd 1
P{||Vame1_q]| =2"F1 1) = —
mgo {“ 2 1” } = 0m+1 = 00,

by the Borel-Cantelli lemma we have

P{[Vame1_y]l = 271 —1 io0. (m)} = 1.

Thus,
WVomes ol _ . IVl
l—hmsupz—ﬁ—;<hrnn_'s;)1p "
NN ) V) 7 I ) v/
<llﬁsgp—7—+llﬁs§p7_—r a.s
implying
LV Vi
i Z DM

Thus (3.3) fails. We also note that for all large n, writing 2" < n < 2™*! and
again recalling (2.2), we get

E||V.IIP

p
bp ((p(n))p’"l =E}|I/Vrl—2m+1”

nP
(2(n—2"+1)—1)
n?(1+Log(n—2"+1))
Q@™ =124 1)—1)
T 2™ (14 Log(2mtt—1—2"+1)
21—7
Sm+1

-0 as n—- 0.

The third example shows that the Rademacher type p hypothesis in Theo-
rem 3.1 cannot in general be dispensed with. Example 4.3 concerns the
real separable Banach space [; of absolutely summable real sequences
v = {v;, j = 1} with norm ||v|| = ZJ [v;. The element of /; having 1 in its nth
position and O elsewhere will be denoted by v, n> 1.

ExampLE 4.3. Consider the real separable Banach space [;. It is well
known (see, e.g., Adler et al. [1]) that I, is not of Rademacher type p for any
1 < p < 2. Define a sequence of random elements {W,, n > 1} in /; by requiring

the {W,, n > 1} to be independent with

P{W, =" =P (W=~} =4, n>1.
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LetV, =W, mmi1,2"<n<2"1 m>0.Letl <p<2andleth,=n%n>1,
wherep ! <a < 1. Then EV,=0,n>1,and {V,, n > 1} is blockwise indepen-
dent with respect to the blocks {[2"_1, 29, k = 1}. Now, by (2.2),

o ElVil

i NP1 o1
Z b? ((p(l))p = ZIE<
i=1 b i=11

since ap > 1, and so (3.2) holds. Next, for MeN,

2M+1_1 M 2m+i_—1 M 2m+ti-.1
Z V.= Z Z Vi= Z Z Wioamiy
i=1 m=0 i=2m m=0 i=2m
M 2m 2M M 2M
=X X W=3 XY W=3M-[Logil+)W,
m=0i= i=1 m=[Logi i=1
and so
M+1q M .
52 W5, (=T Logi T+ D W]
borr1q QMTI 1y
Yo (M—[Logil+1) oM 1

= QM 1y ZoM+1 5 a.s.

Consequently, (3.3) fails.

The final example, which is a modification of an example of Moricz [12],
shows apropos of Corollary 4.1 that under its hypotheses the series ZL Vi/bi
can diverge a.s. Consequently, the conclusion of Corollary 4.1 (or Theorem 3.1)
cannot in general be reached through the well-known Kronecker lemma
approach for proving SLLNG.

ExaMPLE 4.4. Let the underlying Banach space be the real line and let
p = 2. Let {X,, n > 1} be a sequence of independent mean 0 random variables
such that P{X; #0} =1 and ) ~_ EX? < oo. Define for n>1

V< nX;/(1+Logn), LogneN,
"\ nX,, Logné¢N,

and let b, =n, n > 1. Then EV, =0, n> 1, and {V,, n > 1} is blockwise in-
dependent with respect to the blocks {[2" 1,29, k > 1}. Now

© 2 ® 2
ngl_bf—: g 1+ )2+ Z EX; < o,
Logn¢N
and so, by Corollary 4.1, (3.3) holds. However,
Y om LL§M — di
& 1+Logi ! o 14+m verges a.s. as n— oo,

LogieN
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and by the Khintchine—-Kolmogorov convergence theorem (see, ¢.g., Chow and
Teicher [6], p. 113)

n

Y. X, converges a.s. as n— o0.

i=3
Logi¢N

Consequently, for n = 3

n X n
= Y 1 4+ ¥ X, diverges as. as n— .
=1 1+Logi /=

LogieN Logi¢N

> | =

i
S
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