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Abstract. We prove a new sharp correlation inequality for sums of
i.i.d. square integrable lattice distributed random variables. We also apply it
to establish an almost sure version of the local limit theorem for i.i.d. square
integrable random variables taking values in an arbitrary lattice. This ex-
tends a recent similar result jointly obtained with Giuliano-Antonini under
a slightly stronger absolute moment assumption (of order 2 + u with u > 0).
The approach used to treat the case v > 0 breaks down when v = 0. Mac-
Donald’s concept of the Bernoulli part of a random variable is used in a
crucial way to remedy this.
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1. INTRODUCTION

Throughout this work, we are concerned with i.i.d. square integrable ran-
dom variables having lattice distribution. Let vy and D > 0 be some reals and
let L£(vg, D) be the lattice defined by the sequence vy, = vy + Dk, k € Z. Con-
sider a random variable X such that P{X € L(vo, D)} = 1. We assume that D
(the span of X) is maximal, i.e. there is no integer multiple D’ of D for which
P{X € L(vy, D)} = 1. We further assume

(1.1) EX and EX? are finite.

Let u = EX and 02 = EX? — (EX)2, which we assume to be positive (otherwise
X is degenerated). Under these assumptions, the local limit theorem holds. Let
{Xk,k > 1} be independent copies of X, and consider their partial sums .S,, =

* The author thanks an anonymous referee for a very careful reading, and for having suggested
to use a finer local limit theorem for Rademacher sums. This allowed to slightly improve upon
Theorem 1.
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X1+ ...+ X, n > 1. To be precise, we have ([5], §43)

(12) lim  sup |VaP{S,=N}— exp (—(N_W>':O.

n—00 N—yon+Dk 2mo 2no?
Now, let x,, € L(nvo, D), n = 1,2,..., be a sequence of reals satisfying
e T
(1.3) nh—{go Tn K.

The central result of the paper is the following correlation inequality which we
believe to be hardly improvable.

THEOREM 1.1. Assume that
(1.4) P{X =k} \NP{X =Fk+1} >0 forsomek € Z.

Then there exists a constant C' depending on the sequence {ky,,n > 1} such that
foralll <m<mn

Vm |P{Sy, = kn, Sm = km} — P{Sn = kn}P{Sm = km}|

gC{JW%—l + (nflﬁ)g/z}.

COROLLARY 1.1. Let 0 < ¢ < 1. Under the assumption (1.4), there exists a
constant C, such that forall 1 < m < ¢n

Vim |P{S, = kn, Sm = Em} — P{Sn = kn }P{Sm = km}| < Cc /m/n.

REMARK 1.1. Condition (1.4) seems to be somehow artificial. It is, for in-
stance, clearly not satisfied if P{X € N'} = 1, where N’ = {v},j > 1} is an in-
creasing sequence of integers such that ;1 — v > 1forall j. This already defines
a large class of examples. However, condition (1.4) is natural in our setting. By the
local limit theorem (1.2), under condition (1.3),

;2
exp<—2) (by = kporly, =k, +1).

lim /nP{S, = 0,} = 5
n— oo g

D
Varo
Then, for some n, < oo, P{S,, = kp} AP{S,, = £, + 1} > 0if n > n,. Chang-
ing X for X’ = S,,,_, we see that X' satisfies (1.4).

When X has a stronger integrability property, to be precise, if E|X|?>T¢ < oo
for some positive £, we proved in [4] (Proposition 6) a similar result:

(1.5) /nm|P{S, = kn, Sm = km} — P{Sp, = kn}P{Sm = Em}|

“(WT;—N o )
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with (here and below) o = ¢/2. Condition (1.4) was not needed. The second in-
equality of Theorem 1.1 follows in that case directly from (1.5). The proof uses
crucially a local limit theorem with remainder term.

THEOREM 1.2 ([6], Theorem 4.5.3). Let F' denote the distribution function
of X. In order that the property

(16)  sup | VAP{S, = N} - — eXp((N_W)‘

N=an+dk V2o 2no?
=0(n™),0<a<1/2,

holds, it is necessary and sufficient that the following conditions be satisfied:
(i) d=D;

(i) asu — oo, fl 22 F(dz) = O(u=2%).

z|>u

When e = 0, this can obviously no longer be applied, and another approach
has to be implemented. Notice that even when € > 0, our result is stronger than
inequality (1.5).

An application of Theorem 1.1 is given in Section 4. We obtain an almost sure
local limit theorem for i.i.d. square integrable lattice distributed random variables
taking values in arbitrary lattices. By proceeding as in [3] or [1], Theorem 1.1 can
be also used to prove much more, notably very general versions of the almost sure
local limit theorem where the partial sums are replaced by nonlinear functional,
typical examples are maxima of partial sums. This will be investigated elsewhere.

2. PRELIMINARY RESULTS

Here we follow an important approach due to MacDonald ([8], see also [9]).
Let 0 < ¥ < 1 be fixed. Put

Ffk)=P{X =v,}, keZ

We assume that there exists a sequence T = {7, k € Z} of non-negative reals such
that
Tk71+Tk<2f(k), Vk € Z, ZTkZﬁ.
keZ
If we choose ¥ = Ux = >, ., f(k) A f(k + 1), then this is realized with 75, =
f(k) A f(k + 1). Notice that ¥x < 1. Indeed, let ky be some integer such that
f(ko) > 0. Then

> fRAFRE)< Y S = 3 f(h)
k=ko k=ko k=ko+1
and, consequently,

Ix < Y f(k)+ io: f(k) < 1.

k<kg k=ko+1
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Notice also that ¥x > 0. This follows from assumption (1.4), and is further
necessary in order to make this approach efficient. MacDonald’s construction ap-
plies to the slightly more general case we consider, and is even easier to present.
We define a pair of random variables (V, ) as follows. For k € Z,

21 P{(V,e) = (vg, 1)} = 7,
(2.1 P{(V7€):(Uk,0)}:f(k)_7-k%w'

This is well defined by assumption. Observe that

Z [P{(V75) - (vka 1>} +P{(V7 6) = (T}k,O)}]

keZ
= S 0 4y Sl =1
keZ keZ
LEMMA 2.1. We have for k € Z
— Tk—1

PV = v} = f(k) +

andP{e =1} =1 —-P{e =0} = 9.
Proof. Plainly,
P{V =uv} =P{(Vie) = (v, D} + P{(V, ) = (vg, 0)}
= f(k)+ %[Tk — Th—1].

Further

Ple=1}= S P{(Vie) = (s, )} = S mp = 0. m

kEZ keZ
LEMMA 2.2. Assume that L is a Bernoulli random variable (P{L = 0} =
P{L = 1} = 1/2) which is independent of (V,¢), and put Z =V + eDL.
We have Z 2 X.

Proof. Indeed,
P{Z =vi} =P{V +eDL =vy,e =1} + P{V +eDL = vi,c = 0}

P{V = v_ =1 P{V = =1
_ MV =v.e }; V=vwe=1} | pry — o e—0}
Th—1 + Tk

2

Tk—1+ Tk

= LTk 4 f(k) -
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Now let {X};,j > 1} be independent copies of X. According to the previ-
ous construction, we may associate with them a sequence {(V},¢;, L;),j > 1} of
independent copies of (V, ¢, L) such that

(Vi +&;DL;,j > 1} 2 {X;,j > 1}.
Further {(V},€;),7 > 1} and {L;,j > 1} are independent sequences. Moreover,
{L;,j > 1} is a sequence of independent Bernoulli random variables. Set

n n n n
(22) Sn: ZX]‘, Wn: Z‘/J’ Mn: ZEij7 Bn: ZEJ'.
j=1 j=1 7=1 j=1

We notice that M, is a sum of exactly B,, Bernoulli random variables. The
following lemma is now immediate.

LEMMA 2.3. We have the representation
{Sp,n > 1} 2 {W, + DM,,,n > 1}.
Moreover, M,, 2 Zfznl L;.
We need an extra lemma.

LEMMA 2.4. Let 0 < 6 < 9. For any positive integer n, we have

1_19 n(l—@) 19 n6’
< < | —— — .
e < (1) (7)

Let1 — 19 < p < 1. There exists 0 < 0 < ¥, 0 = 0(p, V), such that for any positive

integer n
P{B, < fn} < p".

The proof is a simple exercise in large deviation bounds of Cramér—Chernoff
type, so we omit it.
We choose

and let 0 < 6 < ¥ be such that, by the preceding lemma, P{B,, < fn} < p" and
P{B,, — By, < 0(n—m)} < p"~ ™ for all integers n > m > 1.

3. PROOF OF THEOREM 1.1

Let us put

(3.1) Yn = \/ﬁ(l{sn:,{n} - ]P’{Sn = H,n})
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We have to establish that there exists a constant C such that forall1 <m < n

1 1/2
(3.2) Y, Yo < C{ + = }

Vapm =1 " =)

and, given 0 < ¢ < 1, that there exists a constant C,. such that forall 1 < m < ¢cn

(3.3) IEY,, Y| < C. 4 /%.

We denote by E(y,.), Py, (resp. E, Pp) the expectation and probability sym-
bols relatively to the o-algebra generated by the sequence {(V},¢;),7 =1,...,n}
(resp. {L;,j =1,...,n}). We know that these algebras are independent. Let n >
m > 1. Then

(3.4) EY, Y, = VmP{Sm = kim} VA(P{Sn_m = kin — km} — P{Sp = kn}).
Further, when n = m, by (1.2) we have
(3.5) EY? = nlP{S,, = kn}(1 = P{S,, = k,}) = O(V/n).
Let
A= /n(P{S, — Sy = kn — km} — P{Sp = kn})
= VnE(1(B,<noy + 1{B,>n0)) (1 (8, —Sm=rn—rm} — L{Sn=rn})-

By Lemma 2.4 we obtain

7

VEL B, <ny|11{S,—Sm=rn—rm} = L{Sn=rn}| < VNP
Thus
3.6)  |A=VnELlp, ooy (1(s,—Sp=rn—rm} — L{su=rn})| < V"
In view of Lemma 2.3 we can write
BT VnELp, noy(14s,—Sm=rn—rm} — 1{Sn=rn})

- \/,EE(V’e)l{B">n9} (PL{D Z 5ij = En — hm — (Wn - Wm)}
Jj=m+1

—P{D > e;L; = rn — Wy }).
Jj=1

Observe that if B,, = B,,, then 2?21 gL = Z;nzl e;L;. Thus

n
{D Y eiLj=rn—tm—Wy—Wp)}={Wn— Wy =kn—km}
j=m+1
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Consequently, (3.7) may be written as

(3.8) \/E{E(V,a)l{Bn>n9,Bn:Bm}(l{Wn—Wm:mn—nm}

—IP’L{D éstj = Kp — Wn})}

n
+ \/E{E(V,e)l{Bn>n9,Bn>Bm} []P)L{D Z 8ij = Kn — Km—
j=m+1

Wy — W)} =P {D égij = Kp — Wn}]}

= A+ A
We bound A’ as follows:

(3.9) |A'| < VaP{B, = B} = y/n2~ "™,

D B D B
" n . P n . n . R n .
As to A”, we have ) =1 g;L; =5 i1 Lj,> j=me1 g;L; =5 e Bt 1 L;. We

now need a local limit theorem for Bernoulli sums. By applying Theorem 13 in
Chapter 7 of [10], we obtain

(3.10) sup \/Np{é Lj=z}- \/% exp<—(z_]5772/2))2>‘ = o<;>
Therefore

Bn
P{D Y Lj=ky— Wy}

j=1
~2exp {[ = (kn— Wa — (Ba/2))"]/D*(Bn/2)} | _ O( 1 >
21 B, BY?)
Moreover, on the set { B,, > By, } we have
Bn—Bm
]P)L{D Z Lj = Rnp — RKm — (Wn — Wm)}—
j=1

2exp { [ = (Kn — fm — (Wn — Win) = (By — Bn)/2)*] /IDX(B, — Bm)/2]} ‘

27(By — By)
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It follows that
(3.11) A" <

2
<Vn IE(V,s)1{Bn>no,Bn>Bm}{2 GXP<— (Kn _EQ?B_JS;Q)) )/\/ﬁ
(Kn—Fm—(Wn—Wy) = (Bn—Bm)/2)?
~20m(- s wm}‘

1 1
+Covn E<v7a>1{Bn>n9,Bn>Bm}{ g " ((Bn — Bm)3/2>}

= Al + CoAl.
Moreover, the constant Cjy comes from the Landau symbol o in (3.10). The second
term is easily estimated. Indeed,

1 1
3.12 A = E 1
(3.12) 5 =VnEy,) {Bn>n9,Bn>Bm}<Bz/2 + (B — Bm)3/2>
< 2vnP{B, — B, < (n—m)0}
1 1
+VEW,e)1(B,- B >(n-m)o} < (n0)3/2 + (B — Bm)3/2>

n—m 1 1
<OV g+ (<n—m>0)3/2}'

We now estimate A7, which we bound as follows:
(3.13)

1/2
A< CEwalip >no B.>B = / i_l
1 ( 78) { n>nb,bn> m} B?’l Bn_Bm

o (_ (o — o — (lv)VQn(anij)g m)(/fn - Bm)/2)2>}

1/2 (kn — Wy — (B /2))2
n Kn, n n
+C E(M€)1{3n>ne,3n>3m}{<3n) eXp(‘ D2(B,/2) )

oo (Lot e oo )

B
< Ce{ E(V,S)]'{Bn>nean>B7"} [\/E — 1:|
n m

o (-2 Bl

e O ) (B B 207 )

+ E(V,E) 1{Bn>n9,Bn>Bm}

= Co{ A1} + AL }.



A sharp correlation inequality 87

On the one hand, on the set {B,, > B,,} we have

_Bi | _VBui=VBi-Bu__ VBu
Fn = B VB By VBi-Ba
Thus
(3.14) Al =
=Ew,e)1{B,>n0,B,>Bm} [ an_;"&n _ 1} < E(V,s)1{3n>3m}\/f7m%
VB

= Ewe) (LBu-Bnstrmo) + L(Ba— B> (om)o)) 1 B> B} 7p—5—

1 1
SCps PV M+ ——= < Cypyp" "+ — ¢,
9{/3 \/n/m—l} o{p «/n/m—l}
since /x — /Yy < yJx —yifa >y >0.

Now we turn to AY,. Put k), = Kk, — W, — (B, /2). Then

Aly = Ew,e)1{B,>n0,B,> B}

(-t

G e e

K (K —Fim)®
:E(V,a)]-{Bn>n9,Bn>Bm} eXp —m —eXp —DQ(Bn_Bm)/2 .

We have

(3.15) E(V,E){1{Bn>n9,o<Bn—Bm<9(n—m)}

exp <— _DQ(l{éi/2)> —P <_ D2((%n_ﬂg; /2 ) ) }

<2P{B, — By, <f(n—m)} <2p"7 ™.

X

It remains to bound

;2

exp <— Dg(/jgm>_ P <_ DQ((%H_—KEZ /2 )‘ '

Ew,e)1{B,>n0,B,—Bm>0(n—m)}
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Let b, = !, /v/B,,. Using the inequality |e™* — ™| < |u — | valid for all reals
u 2 0,v > 0, we have

D2 K/ 2 (FL, — K )2
3.16) — - ) - - n___m
G103 eXp( D?(Bn/m) eXp( D*(B, - Bm>/2) ‘
o - = m)? ]| (VBaba = VBuwbn)®
Bn - Bm Bn Bn - Bm "
| =Bnb? — BpbZ, + 2v/ByBimbnby, + Bpb? — B b2
B Bn - Bm
| = (bn = bim)? + 2bymby (/B /Bm — 1)
N B,/Bm —1
_ 2003 + %) + 2lbm|lbn| (v/Bn/Bm — 1)
h B,/B, — 1 ‘
Hence

(B17) Ewe) (B, >n,Bn—Bm>0(n—m)}

! 2 (,{/ — )2
eXp(‘D%Bn/z)) ) exP(‘ D2(B, — Bm>/2> ‘
by, + by, b [
< CE(V,E)]-{Bn>n9,BnBm>9(nm)}{Bn/Bm 1 \/W 1 }

X

We notice that on the set { B,, > nf, B,, — By, > 6(n —m)} we have

I VBy  _VBu(Bi+VBy)
\/Bn/Bm_1 E_m\ Q(n—m) .

We also observe that

m DB,
ESm = Eve)BL (Wi + D 3 1) = Eqvy) <Wm " 2> -
j=1

Thus W,,, + (DB,,/2) — mpu = W,,, + (DB,,/2) — E(Vﬁ)(Wm + DB,,/2).
Besides,
ki — g — (W + (Bj/2) — jp)|
vV Bj

(Vi + 185 = Eqe)Sjl,

|bj] =

C

VB;

<
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where we have put S, = W,,, + (B,,,/2). We have
|bn || b1 | < C  VBn(VBn+VBn)
\/Bn/Bm —1 BpBp O(n —m)
< [Vn+ 18, —Ewe SulllvVm + 15y, — Eqve Sl
_ Oy + ym)
= O(n —m)
<o 1Sy, — Ee) Sl 14 17, — Ew,e)Shl
vn vm
_ C [1 |Sqlz_]E(V,€)S;z|:| [HlSQZ—E(v,a)S%l}
0(y/n/m —1) Vv vm
By the Cauchy—Schwarz inequality, we get
g 15~ Ewe Sl [Sm — B Sul
Ve vm
157 — E(V,E)SZP] 1/2 [E S0 — E(V,E)SMT Y2
(Ve

< By <C

n m
Moreover, we also have
|55 — Eve) Sl

E(V’E)T < [ (Vie)

2
5B

Since
SN 1]
VS /BB — 1
C S’;l_E ES’IIl S;n_E 857171
0 E(V,e)[ +\ (Ve) \HlJr\ (Ve) \]’
Vn/m—1 vn vm

<

we deduce
| bn, | ‘ bin | < CG

E < .
Ve /B B —1  /njm—1

(3.18)

Now

an C
bl” o O m 418~ By SLIP

B, /B, —1 B,
S — EveySnl1?
<C nbB, 14 ‘ n (Vye) n|
BTZ(B’rL _Bm> \/ﬁ
I /172
< C |:1 + |Sn E(V,6)5n|:| < Cy
6%2(n/m —1) vn vn/m—1

Bm
B, — B,

1S, — Eve)Sil1?
7 .

{1+
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Therefore

|bn [
(3.19) Ev,e)1(B,>n6,B,—Bpn>0(n—m)} m

Sl —E Sl 2
< LE(V&) |:1 + ‘n(\/,a)n‘:|
vn/m—1 "7 Vn
Cy [ 1 ’ / 2} Cy
K—— 1+ -EwylS, —EvaS, | < ——.
w1 ntwe woShl| < TE
Next |by,| < (C/vBm)[vm + Sy, — Eq2) S, ] Thus
|bm|2 C / ] 2 Bm
PR S S < - _ - -
BBy 1 < BV 1 = B Sull 5 =5
S —EnSh |12 St — EweySml]?
<C m |:1+’ m (Vie) m’:| < 09 |:1+‘ m (Ve) m‘:| .
O(n —m) vm vn/m—1 vm
Therefore
b |?
(3.20) E(V@)1{Bn>n9,Bn—Bm>9(n—m)}m
Co Co

1
[1 + EE(ME)\S;I — E(V7a)5jn\2] <

S Vvn/m—1 Vnjm—1

Inserting the estimates (3.18), (3.19), (3.20) into (3.17), we get

(321 Ewe)l{B,>n0,B,—Bm>0(n—m)}

X

12 I \2 C
exp<—2 T ) — exp (‘ Q(Kn i) ) ’ <—
D?(B,/2) D?*(B,, — Bn,)/2 vn/m—1
This estimate along with (3.15) yields, in view of (3.13),
Chy

Vnjm—1

(3.22) Al <20 4+

Moreover, using (3.11)—(3.14), we obtain

1

Vin/m—1
Vit )

(3.23) |A"| < C@{pn_m +
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Consequently, by (3.9) we have

1

Vn/m—1
v gy L
(gt )

(n —m)3/2

(3.24) |4+ 4" < Co{ﬂ”_m +

Finally, by (3.6),

1
(3.25) |A| < ce{p”m e
Vvn/m—1
1 1
- n—m —(n—m) s
+\/H(n3/2+p +2 +(n_m)3/2>}.

Moreover, using (3.4), we obtain

(3.26) |[EY, Y|
1

vn/m—1

<o

o { 1 n1/2 }
S + .
[4 T/m 1 (TL _ m)3/2

This proves (3.2).
Now, let 0 < ¢ < 1. Let m < cn. Then

1 < 1 m
Jnm—1 1—ye\n’
Further

NG n 1 1 1 11

= - < 7 —.
(n —m)3/2 n—-mn—m (1-m/n)32n " (1-c)32n

Incorporating these estimates into (3.20), we get

(3.27) IEY, Y| < Cy

BE

This establishes (3.3). The proof is now complete. =
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4. APPLICATION

In this section, we deduce from Theorem 1.1 an almost sure local limit theo-
rem for i.i.d. square integrable random variables taking values in an arbitrary lattice
L(vg, D). In [2] (Sections 1 and 2), the notion of almost sure local limit theorem
is introduced by analogy with the usual almost sure central limit theorem:

“A stationary sequence of random variables { X,,,n > 1} taking values in R
or Z with partial sums S, = X1 + ... + X, satisfies an almost sure local limit
theorem if there exist sequences {a,,n > 1}inR and {b,,n > 1} in R™ satisfying
b,, — oo, such that

N bn

4.1 li NI, € ky + IV E I
4.1) NgnoologNngl TLX{ n € Kn + } g(r)I| as b, — K,

kn_an

where g denotes some density and I C R is some bounded interval. Further ||
denotes the length of the interval [ in the case where X is real valued and the
counting measure of I otherwise.”

In what follows, we restrict our consideration to the i.i.d. case. We assume that
P{X; € L(vy, D)} = 1, L(vg, D) C Z. We also assume that 0> = EX? < oo and
let p = EX;.

Let us first observe that even in this restricted case the above definition is
incomplete, since the span of X is missing. Indeed, let vg = 0 for simplicity. As
g is a density, there are reals « such that g(k) # 0. Clearly, if {k,,,n > 1} is such
that

kn — an

bn

then any sequence {x,,n > 1}, k, = k, + u,, where u,, are uniformly bounded,
also has this property. But we can arrange the u,, so that x,, ¢ £(0, D) for all n.
Therefore P{S,, = kn} = 0. If I = [—6,0] with § < 1/2, then |I| = 1 and we
see that, no matter the sequences {a,,n > 1} and {b,,n > 1} are, property (4.1)
cannot hold for the sequence {k,,n > 1}, since
N bn

li NS, €k, +IYEDQ 1|.
NgnoologNngl nx{ n € ko + 1} 7 9]

It thus appears necessary (also when vy is arbitrary) to complete the above defini-
tion by introducing the additional requirement:

4.2) kn € L(nvg, D), n=1,2...

Then ky, + I C L(nvg, D) if and only if I C L(0, D). Itis also necessary to change
|I| for #{I N L(0, D)}. Then (4.1) is modified as follows:

(4.3)

N bn a.s kn -
1i LS, € ky+IVE I .D
Jim 1OgNn§ S XUSh € ka + 1} = g(R)#{I N L0, D)} as ™
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where [ is a bounded interval. This is coherent with the local limit theorem which
relies upon the three parameters: 1, o and the (maximal) span of X;. It is obvious,
by invoking a simple additivity argument, that (4.3) holds for any bounded interval
I if and only if

44)  lim %bﬁ (S = hn} 2 g(k) as im0
’ N—>oologNn:1nX n=Pny =9 by, ’

As mentioned by the authors in [2], p. 146, the existence of almost sure local
limit theorems is of fundamental interest. A recent application to a problem of
representation of integers is given in [12]. It seems reasonable to expect many
other applications. By (1.2), the local limit theorem holds, and if ,, € L(nvg, D)
is a sequence which satisfies condition (1.3), namely

. Kp— Ny
lim ———— =

n— oo \/ﬁ

K,y

then

202

. D K2
4.5) lim /nP{S, = k,} = Toro exp< >
n—oo ives

We deduce from Theorem 1.1 an almost sure local limit theorem for i.i.d.
square integrable random variables taking values in an arbitrary lattice £(vg, D).

THEOREM 4.1. Let X be a square integrable lattice distributed random vari-
able with maximal span D. Let y = EX, 0? = EX? — (EX)2 Let also {Xy,
k > 1} be independent copies of X, and put Sp, = X1 + ...+ Xy, n > 1. Then

i 1 > L as. K2
1m — — = ex -5
N—oolog N ‘= \/n {Sn=rn} oo P\ 207

for any sequence of integers {ky,n > 1} such that (1.3) holds.

REMARK 4.1. In [2], Corollary 2 (see also pp. 148—149), the authors show that
“the almost sure local limit theorem holds for i.i.d. sequences of square integrable
Z-valued random variables, that is:

. 1 1 a.s. 1 K2 o kn —np
1 71 _ [ — S, f . '77
Nlir(l)o log N ngN \/ﬁ {Snfﬁn} 2o eXp< 20.2> 1 \/,ﬁ - R

By the remarks made before (4.1), this statement needs a correction. The proof
is sketched as follows. Let ¢ denote the characteristic function of X . By the Fourier
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inversion formula, P{S,, = k} = [} e~ 2"k ¢" (t)dt. Thus
VmP{Sy, = kn, Sm = km} = vVnmP{S,, = kn}P{S, — S = kn — ki }

1 1
= v/nm [ exp(—2imkmt)¢™ (t)dt [ exp (—2im(ky — kp)t) " " (t)dt
0 0

Jm
n km u
= —2im—— " —= |d
o [ ew(-am o (e
=27 | —/— M —— | dv.
X { exp( m( F_m>u>¢ ( F—m) v
By the central limit theorem,
) u exp(—r2/2) ) _ ( v > exp(—k2/2)
| m — ) 1 e = :
L <\/rn> N piim ¢ Vn—m

Next, it is claimed that it implies that

VmP{S,, = kn, Sm = km} — V/n/(n — m)% exp(—£2).

We presume that this should rather be

1
VrmP{S, = kn, Sm = km} — o exp(—k2).
7r
However, we have not been able to check this. From our main result, we only get

n?lv%ll}oo M‘P{Sn = Kn, Sm = /fm} - P{Sn = ’in}P{S’m = Hm}| = 0.

n/m—oo

The authors argue that the proof could be continued as in the Bernoulli case where a
theorem of Mori is invoked. This requires to have at disposal a correlation bound.
For having tried to apply Mori’s result with our correlation inequality in Theo-
rem 1.1, we could only treat subsequences n = ny with ng_;/nx > V2. We
believe that the proof needs some complementary explanations.

The notion of quasi-orthogonal system is used in the proof of Theorem 4.1.
We recall it briefly. A sequence f = {f,,n > 1} in a Hilbert space H is called
(see[7]or[11],p.22)a quasi-ort%gonal system if the quadratic form on ¢5 defined
by {z1,h > 1} — || >, znfal|* is bounded. A necessary and sufficient condition
for f to be quasi-orthogonal is that the series » _ ¢, f, converges in H for any
sequence {c,,n > 1} such that Y ¢2 < ooc. This follows from the fact that f is
quasi-orthogonal if and only if there exists a constant L depending on f only, such

that
| @ifil| < L(XC |ail?)

i<n i<n

1/2
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Further, as observed in [7]: “Every theorem on orthogonal systems whose
proof depends only on Bessel’s inequality holds for quasi-orthogonal systems.”
In particular, for H = L?(X, A, i), (X, A, 1) a probability space, Rademacher—
Menchov’s theorem applies. We recall it (see [11], p. 363, for instance).

LEMMA 4.1. Let {f,,n > 1} C H be an orthogonal sequence. The series
> e fn converges almost everywhere provided that c2 log?n < co.

Proof. We first give the proof under the additional assumption (1.4). Next
we establish the result without this one. Assume thus, at first, that assumption (1.4)
is fulfilled; the proof is then identical to the one of Theorem 1 in [4]. Put for any
positive integer j
Y,
Zj= > =

2ign<2i+l T

By (1.2), we have
EY? = nP{S,, = kn}(1 = P{S,, = k,}) = O(V/n).

This and the second inequality of Theorem 1.1 imply that {Z;, j > 1} is a quasi-
orthogonal system. As the Rademacher—Menchov theorem applies to quasi-ortho-
gonal systems, the series

pPp——

7 J1/*(log 5)P

thus converges almost surely if b > 3/2. By Kronecker’s lemma we have

1 g: p 1 > Yo,
_— = e—m—m—m— —_— _— >
]\71/2(log]\f)bj:1 7 N1/2(log N)b L<naNt1 T

as NN tends to infinity, almost surely. It is then a routine calculation to derive from

this that
1

. 1 a.s.
lim —— —1c _ = .
% logt = vn (Su=rn) = 9(8)

Now we pass to the general case. By Remark 1.1, we may ‘“change” X for
X' = S,,.. But this is not so simple as it looks, some extra work is necessary in or-
der to make this step precise. Let X, X}, ... be independent copies of X', which
we assume to be also independent of the sequence X1, Xo, ..., and put similarly
S), = X{+...+X,,,m > 1. Let us observe first that, given 0 < a < n,, the
sequence {Sg+mn,,m > 1} has the same law as the sequence {S, + S,,,m > 1}.
It is indeed immediate if we write that Sy, = So + (Satn, — Sa) + ... +
(Satmn. = Sat(m—1)n,) @A N0t Soirn, = S, + -+« + (Smn, — Stm—1)n,.) +
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(Satmn,. — Smn,)!). Like this, we are thus preliminarily led to consider the se-
quence {S, + S/,,,m > 1}. But this one is a bit outside from our framework and
we have to understand more the role played by the additional independent term .S,.
Let k,, € L(nvy, D), n =1,2,..., be a sequence of integers such that

. Rp — N

lim —— =&.

n—oo \/ﬁ

Then, for any 0 < a < ny,

. "Qa-l—mn,i - (a + mnﬁ),uf .
Tr}gloo NG = Ky/Ng.

Further, not only

. Ra4+mn, — MNgl
lim = = KNy,

m—00 \/TT’L

but also, for any 0 < a < ny,

. Ra+mn, — Sa — MmNl a.s.
lim =" KMy

m—oo \/m
Noticing that {S],,m > 1} has the same law as {Sy,,,.,m > 1}, next applying
(1.2) to X and specifying it for the subsequence {mn,, m > 1}, we get
(4.6)
. ) D
lim sup vVmP{S,, = N} — ———exp | —
o/ 2mn,

M—=00 N—yomn+Dk

(N~ mnw?)‘ o

2mn,02
Let Ry = Katmn, — Sa» 0 < a < ny being fixed. Since

Katmn, € L((a + mnﬁ)vo,D), Sq € L(avg, D),
we have &,, € L(mnyvg, D). Thus,

as . D (_ (Rm — mnnu)2>

2mo?

Instead of considering Y;,, = v/m(1ys: —u,.} — P{S}, = km}), we rather work
with
Vi = V(L5 ) — P{Sh = o},

This amounts to the same, apart from the constant factor ,/n.. By the first step,

1 N Y/
(4.7) —m =
N—oologN ‘= m



A sharp correlation inequality 97

Thus
S (v I P = = Sub ) s
N—>oo log —1 m=tm—Sa} m '
But
vmng P{S], -5, D 2
lim Z i Py ba =3 exp )
N—oo 10gN m oV 2 202
Therefore,
N Jmn, as. D K2
1 T -
NHOO logN mZ::1 m {Sa+5,=km} oo exp< 202)
We deduce that

im v Vs as. D K2
N1—>OO log N m<N m {Sa+mn,€—f$a+mnn} o/ exp 20_2

Now divide both sides by n,. We get

I 1 5 1 1 as. D K2
1m — = ————¢€X -5 |-
N—oo log N N /mnﬁ {Sa+mnﬁfﬁa+mnn} Nyko /27'(' p 20.2

But this in turn also implies

a.s.
lim

1 > 1 L D K2
— = —F=¢€X - .
N—oco log N m<N Va -+ mng {Satmne=Katmny } neo /27'1' P 202

Now log N ~ log(N + 1)n,, and by summing the latter over 0 < a < n,, we get

1 1

>

lim —— —1 —
N 08IV 4 T 22, iy v s S

i 1 > L as. D ( K2 >
= jim —FF E— — = €ex - .
N—oo IOg(N + 1)715 n<(N+1)ne \/’Tl {Sn=rn} oV 2 P 202
Hence Theorem 4.1 is proved. m
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