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KIEFER’S LAW OF THE ITERATED LOGARITHM
FOR THE VECTOR OF UPPER ORDER STATISTICS
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Abstract. Let {X,,} be a sequence of independent identically dis-
tributed random variables with a common continuous distribution function
and let M , denote the jth upper order statistic among X1, X2, ..., Xn,
n > j. For a large class of distributions, we obtain the law of the iterated
logarithm for { M1, M2 }, properly normalized. As a consequence, we
establish a law of the iterated logarithm for the spacings { M1,n — M2, }.
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1. INTRODUCTION

Let { X, } be a sequence of independent identically distributed (i.i.d.) random
variables (r.v.s) defined over a common probability space (€2, F, P). Suppose that
the common distribution function (d.f.) F' is continuous. Denote the right extrem-
ity of ' by r(F") and note that r(F') = oo if F/(z) < 1 for all  real. On the same
space, define a sequence {U,,} of uniform (0,1) r.v.s. Let M}, stand for the jth

largest observation among (X7, Xo,...,X,,) and M ., for the jth largest obser-
vation among (Uy,Us,...,Uy), 1 < j < n,n > 1. Then Mj,, is called the jth
upper order statistic among X1, Xa, ..., Xy, and M;n the jth upper order statis-

ticof Uy, Us, ..., U,.

Kiefer [8] has established a law of the iterated logarithm (l.i.1.) for the or-
der statistics, which gives a precise almost sure (a.s.) upper bound for {M]*n}
Barndorff-Nielsen [1] has obtained an Li.l. for { M7, }, which in turn gives an a.s.
lower bound. From the results in [1] one can easily obtain a similar 1.i.1. for { M ;n},
j > 1. Under certain conditions on the d.f. F', which are in spirit close to von Mises
type conditions, de Haan and Hordijk [6] have established 1.i.1. for {/; ,,}. For the
setup of [6], the set of a.s. limit points has been given in [5]. Hall [7] has extended
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Kiefer’s 1.i.1. to a class of distributions, which includes exponential, normal, Gum-
bel and so on. To be precise, Hall [7] has considered the class of d.f.s F' with
— log F(z) regularly varying, as x — oo, where F(x) = 1 — F(z). Vasudeva and
Savitha [11] have given the Li.l. for { M ,,}, assuming that F'(x) is regularly vary-
ing, as x — oo. In this paper, we obtain the a.s. limit set of {M1,n, M27n} properly
normalized, which extends the results in [7], [8] and [11]. Also, for a class of d.f.s
with 7(F') < oo, we give the Li.l. for {MLn, MQ’n}. As a corollary, we obtain the
Lil. for the spacing {M; , — M>,}. One may note that Devroye [3] has estab-
lished an 1.i.1. for the maximum of spacings between consecutive order statistics in
the uniform case.

In the next section, we present the Li.l. results that are established in this paper
along with some remarks. Section 3 contains some lemmas and their proofs for
{M;F,,, M3, }. The proofs of all the theorems presented in Section 2 are given in
a separate section at the end.

Throughout the paper, for any positive x, [z] stands for the greatest integer
less than or equal to x. We assume also that ¢ and k (integer), with or without a
suffix, denote positive constants. A point (01, 62) of real components will be called
an a.s. limit point of a random sequence {Zn} = {Zl,n, Zgyn}, n = 1, if for any
given €,,€, > 0,

P(Zn € (bh—€,01+€)x (02 —¢,,02+¢,)i0.) =1.
2. MAIN RESULTS

In this section, we present l.i.l. for {MLn, Mgm}, properly normalized, for
d.f.s F' which belong to three major classes in extreme value theory, denoted for
convenience by Cy, Cz and Cs. The class Cj is that of all F' with — log F'(z) reg-
ularly varying, as ¢ — oo. This class contains the Gumbel d.f. and the exponential
and normal distributions which belong to the domain of attraction of Gumbel law.
Further, by [9], p. 1102, one may note that all d.f.s with — log F' regularly varying
with index 7, 0 < v < 1, belong to the domain of attraction of a Gumbel law. The
class Cg is that of d.f.s with F'(x) regularly varying, as z — oo. It is well known
that Cag is the class of all d.f.s which belong to the domain of attraction of Fréchet
law (see, for example, [4]). Cg is the class of all d.f.s F' (with finite right extremity)
belonging to the domain of attraction of a Weibull law.

2.1. Law of the iterated logarithm when F' € C;. Let U(z) = —log F(z)
and suppose that it has a unique inverse V' (x). Assuming that V' (x) satisfies the
condition

V(z(1+a(x)-V(z)) 1

=y ST ev@

where 7 > 0 is some constant and a(z) is a real-valued function with a(z) — 0 as
x — 00, Hall [7] has extended the Kiefer’s 1.i.1. (to this class). He also notes that
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all d.f.s F with —log F'(z) regularly varying (as  — 00) belong to this class. To
be precise, for d.f.s F' satisfying (2.1) he has established the following

THEOREM A (Hall [7]). Let M, ,, denote the rth upper order statistic. Then

1 M, 1
(2.2) lim sup Toen 1) == as
n—oo loglogn \ V(logn) r

Our theorem below generalizes Theorem A. Let

1 M;
— Josn M 1), j=1,2
loglogn \ V(logn)

j’n
Then we have the following
THEOREM 2.1. The set of all a.s. limit points of {W,} = {W1 n, Wa,} is
given by
L= {(m,y):Oéwé 1,0<y<1l/2,y<z,xz+y< 1}.
REMARK 2.1. In particular, for unit exponential and Gumbel d.f.s, one can

see that v = 1 and V' (log n) = log n. As such, Theorem 2.1 establishes that the set
of all a.s. limit points of

M, —logn M, —logn
loglogn ~ loglogn
is L.
When F is standard normal, ~y is 2 and V (logn) = v/2logn, n > 1. Hence
the set of a.s. limit points of

{\/2log n(Min, —+2logn) /2logn(Ms, —+/2log n)}

loglogn ’ loglogn

is L.

As a corollary to Theorem 2.1, one can get the Li.l. for {M;, — My}, as
given below.

COROLLARY 2.1. Let

VIOgn Ml,n - M2,n

= > 3.
" loglogn V(logn) ’ "
Then
liminfn, =0 as., limsupn, =1 as.
n—oo

n—oo

and all points in (0, 1) are a.s. limit points of {nn}
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2.2. Law of the iterated logarithm when F' € C,. Here, we assume that f(x)
is regularly varying with index (—«), a > 0. Let B,, be a solution of the equa-
tion n(1 — F(By)) =1, n > 1. It is well known that (B, * M ;,) converges to a
Fréchet law with parameter a. We have the following laws of the iterated loga-
rithm.

THEOREM 2.2. Forany r > 1,

M 1/loglogn
(2.3) lim sup (m) = l/(re) a.s.,
n—oo Bn
M 1/loglogn
(2.4) lim inf ( ’"’”) =1 as.
n—oo Bn

REMARK 2.2. For {X,,} a sequence of i.i.d. symmetric stable r.v.s with index
a, Chover [2] has established an 1.i.1. for the partial sum sequence {Sn}, by taking

(loglog n)~! in the power, as in the statement of Theorem 2.2. When F is symmet-
ric stable, it is well known that F'(x) is regularly varying and, as a consequence,
F' belongs to the domain of attraction of Fréchet law. As such, Theorem 2.2 holds
when F'is symmetric stable. Hence the L.i.1. in Theorem 2.2 will be called Chover’s
form of the Li.l. for extreme order statistics.

In order to obtain the l.i.l. for the sequence {Ml,m Mg,n}, we define &; ,, =

(Mi7n/Bn)1/10g10g", i=1,2,and {&,} = {gl,n,gm}, n > 3. Then we have the
following

THEOREM 2.3. The set of all a.s. limit points of {&,} is
Li={(zy) 1<z <" 1<y <) y<aay<el/}.

REMARK 2.3. Let F' be a Pareto d.f. with 1 — F(z) = 1/z if x > 1 and
1 - F(z)=1ifz <1,a > 0. Here B,, = n'/*. Hence

6 B Ml,n 1/loglogn M2,n 1/loglogn s
n— nl/a T\ pl/a ’ Z

has the a.s. limit set L.

The following corollary gives the Li.l. for the spacing { M, — M2, }.

COROLLARY 2.2. Let

R (MLn - Mz,n>1/logbgn

Tn = B, , n > 3.
Then

liminfA, =1, limsupf, = e'/®
n—00 n—00

and all points in (1, /%) are a.s. limit points of {ﬁn}
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2.3. Law of the iterated logarithm when F' € C3. Here we consider d.f.s F
with r(F) finite and further assume that F' belongs to the domain of attraction of
a Weibull law. Let {X,,} be a sequence of i.i.d. r.v.s with d.f. F" and with the jth
upper order statistics M) ,, j = 1, 2. Define

and let ]\ij,n denote the jth upper order statisticsof Y1, Ys, ..., Y,, 7 =1,2,n > 2.
Then the relation !
Mjp=—————— j=1,2
J,m T(F) _ Mj7n’ .] » <
is immediate. It is well known that if {M j,n}, properly normalized, converges to

a Weibull law with parameter «, then {ijn}, properly normalized, converges
to a Fréchet law with the same parameter o, « > 0. We now have the following
theorem:

THEOREM 2.4. Let F' belong to the domain of attraction of a Weibull law with
parameter . Then the set of all a.s. limit points of

{(Bn (r(F) — Ml,n)) : (Bn (r(F) - Mz,n))

is Lo = {(z,y) : el <e<l, e V) <y <l o<y, oy > e_l/a}, where
B,, is a solution of the equation n(l - F(T(F) — 1/Bn)) =1

1/loglogn l/loglogn}

COROLLARY 2.3. Let &, = {(Bn(My, — My,,)) 8 '%8™) 1 > 3. Then

liminf ¢, = e /% limsup¢, =1

n—oo n—o00
and all points in (e=/?®) 1) are a.s. limit points of {Cn}

REMARK 2.4. Suppose that F' is uniform (0, 1). Then 7(F") = 1. One can see
that B,, = n. Theorem 2.4 implies that the a.s. limit set of

{(Tl(l _ ]\Ilm))l/loglogn7 (n(l . MQ,n))l/loglogn}

is{(z,y):e'<z<1,e V2 <y<1,z<y,zy > e '} Also, the above corol-
lary shows that (n (M, — Mgm))l/log 27 has an a.s. limit set (e=1/2,1).

3. LEMMAS WITH PROOFS

In this section, we confine ourselves to a sequence {U,} of i.i.d. uniform
(0,1) r.v.s with M, denoting the rth upper order statistic and prove some lemmas
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needed in establishing the limit theorems presented in the previous section. How-
ever, the last lemma in this section is on slowly varying (s.v.) function, needed in
proving Theorem 2.3. Define

T log(1 — M;:,,) +logn
e log log n

>, rz1ln>3.
LEMMA 3.1. Foranyr > 1,

. 1 ..
limsup7;., = —as. and liminfT7,, =0a.s.
n—oo T n—oo

Proof. Letm;, denote the rth lower extreme among Uy, Us, . . ., U,. Then,
by Theorem 6 of [8], we have

logmy,, +logn

(3.1) lim sup =0as.,
n—00 log log n
loem?. +logn 1
(3.2) lim inf —o o TIO8T L
n—00 loglogn r
Since U, is uniform (0, 1), so is 1 — U,, and one can see that My, of Uy, Us, ..., Uy

and my,, of 1 —Uy,1 —Us,...,1 — U, arerelated by m;.,, =1 — M7, ,r > 1.
By (3.1) and (3.2), the proof is immediate. =

From the above lemma one can see that the a.s. limit set of {77 ,, Tgm} is
included in the rectangle [0, 1] x [0, 3]. Further, My, > M;,, implies that T} ,, >
Ty, n > 1. Consequently, the limit set of {7 ,,, T5 5, } is contained in the set S =
{(x,y) :0<x<1,0<y< %,x > y} The following lemmas show that the
limit set is a subset of S.

LEMMA 3.2. Given any point (z,y) € S with x +y > 1, one can find an
e > 0with x + y — 2e > 1 such that

(3.3) PTyp>z—€Tpy, >y—e€ io)=0.
Proof. Define
Apy=Tp>c—€Toy >y—e¢)

1 1
(M >1-——— M, >1— ).
< Ln n(logn)z—e’ " 2" n(log n)y_5>

For nj, = [e¥], define

1 1

S S
HLk ni(logng)*—¢’ 2k ny(log ng)y=<’
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By, = (My,, > a1k, M5, > agy; for atleast one nin ny <n < ngyq)

and
CL = (Mink+l > Osz,MQ*’nk_‘_l > a27k).

Observe that (A4, i.0.) C (Byi.0.) = (Cf i.0.). Hence the lemma is established,
once we show that P(CY i.0.) = 0. We have

1 =
P(Ck) = np1(nig1 — 1) f f ng+172d22dzl

.k Q2 k
-1 _ O[nk+1 . Nk+1 npy1—1
Lk nk(log nk)mfe 2,k

. -1
Expanding both o and ;5™ ™ up to second order, one can find a k1 > 0 such

that for all k > k;
2e

P <————.
(Cr) (log ng )= Hv—2¢

Recalling that 2 + y — 2¢ > 1, one can see that >, P(C)) < co. The Borel-
Cantelli lemma implies that P(CY i.0.) = 0, which completes the proof. =

LEMMA 3.3. For any point (x,y) € S with x + y < 1 and for any constants
€, ¢ with) <e<é <1,

3.4) P(T\pm, >x—€,Tom, >y —e€io.) =1,
3.5) P(Tim, >z —€,Tom, >y+€io)=0,
(3.6) P(Tim, >z +€,Tom, >y —c€io.)=0,

where my, = [exp(kY/ @), k > 1.

Proof. In order to establish (3.4), define

M{,mk = max(ka_IH, ka_1+2, e ,ka),
Mj,,,,, = second max(Xom, 41, Xmy_ 142, -+ Ximy)
and /
log (1 — M}, )+ logmy .
TJ/}mk = _< Tk >7 J=172.

log log my

Note that M, > M/

+my» Which in turn implies that T}, > T}
Consequently,

J,m’

j=1,2.

(Timy > —€,Tom, >y—¢€) 2 (Tllmk > a:—e,Timk >y —e€).
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In order to prove (3.4), it is enough to show that
P(T7,, >z—¢Ty,, >y—eio)=1
The condition x+y < 1 implies my, /my_1 — oo, and hence (my—mg_1)/mi—1
as k — oo. Define
1 1

and fop=1———"—"7""—k>2.

—1_
Pk my(logmy)v—¢’

my,(log my, )¢

Then

P(T{,mk > T — E?Té,mk >y - 6) = P(M{,mk > ﬁl,k? Mé,mk > 52,]6)

1 =z

= [ [ (ms—my_1)(my — mp—y — 1)z?k_mk’l_2d22dzl
B1,k B2,k
—1_ MEp—Mmg—1 mg — mg—1 me—mpg_1—1
Lk my(log my,) ¢ 2k
Again, by expanding 3]F """ and 3, f ~M=1=1 4 to second order, one can find
a ko > 0 and ¢; > 0 such that for all £ > ko,
1
/ /
P(T,, >7— €Ty, >y—¢€> 3log 1y )TV 2
2
S ,  where § = <.
k(1=9) Tty

Consequently, Y, P(T{,, >z —¢Ty,, >y —¢€) = oo. From the fact that
{Mi,,,> M3, } is a mutually independent sequence of r.v.s one can immediately
see that {T{mk , Témk} is a mutually independent sequence. By the Borel-Cantelli
lemma, (3.4) follows.

In order to establish (3.5), recall that

1
= 1 _—_—  ————— —
Pr myg (logmy)*—¢
and define
=1—- ; k>1
T2k = my (log my, )y +e"’ Z =
Then

P(T > 2 — €, Tom, >y +€)=P(Mim, > Bk Mom, > Vo)

1 =z
— f f my(my — l)zgn“dedel.
B,k Y2,k
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Proceeding on the lines of arguments used in getting a bound for P(C%) in Lem-
ma 3.2, one can find a ¢ > 0 and a k3 > 0 such that for all £ > k3,

/
’ C2 _6—6
P(TLmk>$—€,T2’mk>y+€)<m, whereél—x+y.

From the choice of ¢ > € > 0 we get §; > 0. By the Borel-Cantelli lemma,
(3.5) follows. The assertion (3.6) can be established similarly and the details are
omitted. m

The next lemma is a property of slowly varying (s.v.) functions, which is
needed in obtaining 1.i.l. for F' € Ca.

LEMMA 3.4. Let L(x) be a function s.v. at oo and let (xy,) and (yy,) be se-
quences of positive constants tending to oo as n — oo. Then for any o > 0,

. _ L(xnyn) . L(xnyn)
o g
nhm Yn, 7( 3 =0 and nhm Yy 7( N

For the proof see [10].

4. PROOFS OF THEOREMS

In this section, we give the proofs of all the theorems and corollaries stated in
Section 2.

Proof of Theorem 2.1. Recall that

vlogn M;, .
g T 1), =1,2.
Wi loglogn (V(log n) > J

Since M1, > M, we have Wy, > W ,,. Given that X1, Xo,..., X, are i.i.d.
with a common d.f. F' € Cy, observe that F'(X1), F'(X2),...,F(X,) are i.i.d.
with a common d.f., uniform over (0, 1). By putting U; = F(X;),j =1,2,...,n,
one can see that M, = F(M;y), j = 1,2. First we show that the limit set of
{W,} is contained in S = {(z,y) : 0 < 2 < 1,0 <y < &,y < z}. Using Lem-
ma 3.1, we have for any € > 0

1
(4.1 P<Tm S 1Fe i.o.> —0,
T
and

(4.2) P(Ty, < —€i.0.) =0.
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Observe that

1 1
<Tm> Jre):(—log(l—]\ﬁvn)>logn—i— +6loglogn)

T T

1
= ( —log (1 — F(Mrn)) > logn + te loglogn>
r

1 log 1
= (U(Mnn) > logn(l + teloglogn ogn>>
r logn

- (Mm > V(logn<1+ HE]OglOg")))
’ r logn

1 log 1
= (Mr’n — V(logn) > V(logn(l + * eogogn)) — V(log n))
r logn

Consequently, from (2.1) (by putting a,, = [(1 + €) loglog n]/[r log n]) we have

1+e€ i0.) = P( M., — Vogn) > V(logn) (1 + €)loglogn (o,
’ gl r(logn)

1 M, 1
p( =28 ) s 2.
loglogn \ V(logn) r

1
P<Wm >t i.o.).

r

P (Tm >

From (4.1) we get

1
(4.3) P(Wm 5 2Te i.o.) _

r

Similarly, for any given ¢ > 0,
(Trn < —€) = ( —log (1 — F(M,y)) <logn — eloglog n)
—elogl
- (U(Mm) < logn(l + Wgog”))

logn

- (Mm < V(logn<1 + _Eloglog”»)
’ logn

In (2.1), taking a,, = (—elog log n)/log n and proceeding on lines similar to those
used in obtaining (4.3), one can show that

. ~vlogn M, ., .
P(T,, < —€io0.)=P — —1 —ei.o. |.
(Trn < —€io.) <10glogn<V(logn) )< 610)

Consequently, from (4.2) we have

(4.4) P(Wyp < —ci0.) = 0.
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Note that M ,, > Ms,, implies W7 ;, > W ,,. From (4.3), (4.4) and the inequality
Wi, > Wa,, we infer that the set of a.s. limit points of {W},} is contained in the
set $={(z,y):0<2<1,0<y<},y<a}

The remaining proof consists of two parts. In part 1, we show that points
(xz,y) € S — L fail to be a.s. limit points of {IW,,} and in part 2 we establish that
each (z,y) € L is an a.s. limit point, and hence complete the proof.

Part 1. (z,y) € S — L. For any point (x,y) € S — L note that = > y with
x 4+ y > 1. Choose ¢ > 0 such that z + y — 2¢ > 1. For such a point (x,y), by
Lemma 3.2 we get

4.5) P(Typ>z—e6Th,>y—cio)=0.

Proceeding on the lines of arguments used in establishing (4.3) from (4.1), one can
show that

PThp>z—eTyy>y—eio)=PW,>z—¢ Wy, >y—eio.).

Consequently, (4.5) implies that points (z,y) € S — L fail to be a.s. limit points of
{Wn}.

Part 2. We now show that all points (z,y) € L with z + y < 1 are a.s. limit
points of {Wy,, Wa,,}. Define my, = [exp k'/(@+¥)], k > 1. For any constants,
eand € > 0 with € > €, we show that

4.6) P({Wim,,Wom,}€(@—€ez+€)x(y—ey+e)io) =1

and complete the proof. Note that (4.6) follows, once we show that

4.7) PWim, >z —€,Wapm, >y—e€io.) =1,
(4.8) P(Wim, >x— €W, >y+€io)=0,
4.9) PWim, >z +€,Wap,, >y—eio.)=0.

Proceeding as in part 1, one can show that

PWim, > —€Wam, >y —e€io.) =P, >c—€Tsy,, >y—e€io.),
PWim, >x—6,Wom, >y+€10)=PTim>1—€Tom >y+¢eio.),
PWim, >x+€,Wapm, >y—€i0.)=P(Tim,>x+€,Tom, >y —€io.).

Therefore, (4.7), (4.8) and (4.9) follow from Lemma 3.3, which in turn establishes
(4.6). Points (z,y) € L with x + y = 1, being the boundary points, will be a.s.
limit points of {W7 ,,, W2, }. =

We now obtain an Li.l. for {M; , — My, } for F' € Cj.
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Proof of Corollary 2.1. Recall that

_ vlogn My, — Moy,
n = , n>=3.
loglogn  V(logn)

From (4.6) observe that for any (z,y) € L withx +y < 1 and for ¢’ > € > 0,
(4.10) P({len, Wont€(@—ez+é)x(y—ey+e) i.o.) =1.

Assume that (z,y) € L with > y and for such a point suppose that €', € > 0
satisfy the further condition z — ¢ > y + ¢’. Then from (4.10) one can see that

ylogn Ml,n — MQyn
loglogn  V(logn)

6(myee’,1:y+e+e')i.o.> =1,

which in turn implies that for each (z,y) € L with x > y the point (z — y) is an
a.s. limit point of {n,, }. For = and y close to each other, one may see that (z — y)
will be close to zero. Also, for = close to one and y close to zero, one can note
that (x — y) is close to one. Similarly, by choice of (x,y) one can get any point
0 = (x —y) € (0,1). Thus the proof is complete. m

The next two theorems are for F' € Cs. We assume that there exists an o > 0
such that F'(x) is regularly varying with exponent (—a), as © — co. One may
recall that F' belongs to the domain of attraction of a Fréchet law if and only if

F(x) is regularly varying, as x — oo.

Proof of Theorem 2.2. Given that {X,,} is an i.i.d. sequence with a
d.f. F, we know that {U,, = F'(X,,)} is a sequence of i.i.d. uniform (0, 1) r.v.s and
that MY, = F'(M,), r > 1. By Lemma 3.1, for any given € € (0, 1) we have

1
@.11) P(Tm s 2 te i.o.> — 0,
r
1—e€,
(4.12) P(Tm > 1.o.> =1,
r
where log(1— M*,) 41
og(l— M}, )+ logn
7. — o8 rn) +10g -
’ loglogn
For any ¢ > 0, observe that
log 1
(Tm > ;) - (1og<1 - M2, < —logn - gg)

- <1 = F(Myp) < n(logln)/>
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Let Uy(z) = 1 — F(X) and Vi (-) be its inverse. Then

(1> ) = (w00 > S ) = (0 4 ()

Let Uy (x) =2~ *L(x) with L an s.v. function, as z — co. Then V; =z~ /(z~1),
where [ is an s.v. function (for details, see [10]). Hence

(4.13) P(Tr,n > ¢ i.0.> = P(Mnn > nl/a(log n)c/(m)l(n(log n)C/T) i.o.).
T

By Lemma 3.4, taking x,, = n, y,, = (log n)c/’” with ¢ = 1 4 ¢, one can show that

for n large, I (n(log n)(1+9/7) < (logn)</(")i(n) by choosing § = €/((1 + €)a).

Consequently, from (4.13) one can infer that

1+e€
r

(4.14) P<Tm > i.o.> > P (M, > n'/?l(n)(logn) 1429/ i0.).
Since F belongs to the domain of attraction of a Fréchet law, {A; ,,/B,} con-
verges to a Fréchet r.v., where B,, is a solution of the equation n(l — F(Bn)) =1.
Also, it is well known that B,, = n!/®I(n). From (4.14) we get

1
P(Tm > -te i.o.> > P(M,,, > By(logn)29/0) o ).
T
Now (4.11) implies that
M, 1/loglogn
415 P((g’) > 1420/ () i.o.) 0.

Similarly, by Lemma 3.4, taking x,, = n, y, = (logn)¥" with ¢ = 1 — ¢, one
can show that for n large, [ (n(logn)!=9/") > (log n)~¢/ ()] (z). Consequently,
from (4.13) we get

P<Tm > i.o.> = P(M,,, > By(logn)=29/) i o).

r

Now (4.12) implies that

(4.16) P(Myp > Ba(logn)1=29/09 i0) =1 or
1/loglogn

In view of (4.15) and (4.16) the proof of (2.3) is complete. In order to prove (2.4),
one can proceed on similar lines and show that liminf, . 7, = 0 a.s. Then
Lemma 3.1 implies the required result. m
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Proof of Theorem 2.3. From Theorem 2.2 we can readily see that the
a.s. limit set of {&,} is included in [1, el/o‘] X [1, el/(%‘)]. Further, since M, ,, >
My ,,, one can see that &1 ,, > §2,,. Hence the limit set is included in
Si={(z,y): 1<z <’ 1<y </, y<a}
We now proceed to show that the a.s. limit set is
Ly={(z,y):1<w<e/? 1<y <e/P y<a, oy <o)

First we show that (x,y) € S — L fail to be a.s. limit points. Put x = ey =
eb/o‘, O<a<l,0<b< % The condition zy < el/eig equivalent to a + b < 1.
Hence for (z,y) € S1 — L1 one will have a + b > 1. Choose ¢ > 0 such that
a+ b — 2¢ > 1. In order to show that (z,y) € S1 — Ly is not a limit point of {&, }
one need establish that

P& > el g, > 090 =0
or, equivalently, that when 0 < a < 1,0 < b < % witha + b > 1,
@.17)  P(Mi,, > B,(logn) 9% My, > B,(logn)®=9/*i0.) = 0.
Arguing as in (4.13), one can show that
P(My,, > Bn(logn)@=9/ My, > By, (logn)®=9/%i.0.)
SPTyp>z—06,Ta, >y—dio.),

where © = %/, y = ¢¥% and § > 0 is such that z + y — 26 > 1. By Lemma 3.2,
(4.17) is immediate.

A point (z = ¥/ y = ¢¥/®) € L; will be an a.s. limit point of {£,} if for
any €, € > 0 with ¢’ > ¢,

4.18)  P(&1, € (ela9/a elatelfay ¢ e (elb=a/a obte)/ay o) = 1.

We now establish that any point (x,y) € Ly with a + b < 1 will be an a.s. limit
point of {&,, }. Note that (4.18) holds whenever

P(&1n > e 6 > e/ i0) = 1,
P(El’n > e(a_e)/a752,n > e(b+€/)/a 10) = 07
P(é‘l’n > e(a+€l)/a7€2,n > e(b—s)/a i.O.) -0

or, equivalently, if

4.19)  P(M, > By(logn)@=9/% My, > B,(logn)=9/*i.0.)
4.20)  P(M, > B,(logn)@=9/% My, > B,(logn) <)/« i0.)
4.21) P(Mlm > By (log n)(a“l)/a, Ms ,, > By (log n)(bfe)/o‘ i.o.)

)

1
0,
0
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The equalities (4.19)—(4.21) can be established by proceeding on the lines of the
proof of Theorem 2.1 and the details are omitted. Points (x,y) € Lj with zy =
e/ (or a + b = 1) are limit points of {&, }, being boundary points of L;. m

Proof of Corollary 2.3. Using Theorem 2.3 and proceeding as in the
proof of Corollary 2.1 one can establish the corollary. =

The following results are for F' € Cg. Note that such distribution functions
belong to the domain of attraction of a Weibull law.

Proof of Theorem 2.4. For F' € Cg, note that (F') < oo.Leth,n:
(r(F) — Mjy) -1 j = 1,2, and let B,, be a solution of the equation

(ool 4

Then it is known that {M 1,n/Bn} converges in distribution to a Fréchet law (see
Galambos [4]). Hence by Theorem 2.3 the sequence

~

Ml,n 1/loglogn MQ,n 1/loglogn
B, "\ B,

has L as the set of its a.s. limit points. In other words, the sequence

{(Bn (T(F) o Ml”)) _l/loglogny <Bn (T(F) — M27n)>_1/10g10gn}

has L as the set of its a.s. limit points. Consequently, the a.s. limit set of

7= {(Balr(F) - Ml,n))l/loglogn, (Ba(r(F) - Mz,n))l/loglog"}

is Ly ={(z,y) e/ <<l eI <y <1, 2 <y, ay>e /) u

Proof of Corollary 2.3. Assume that (z = e~%/ y = ¢ /(%)) s a
point with z < y and 2y > e~'/®. Then from Theorem 2.4 we know that (z, ) is
an a.s. limit point of {7, }. Consequently, for any ¢ > 0,

1 1
Pl—— <B,(r(F)—M,) < ——
< (1Og n) (ate€)/a (T( ) 1, ) (log n) (a—e€)/
1 1

< Bn (T(F) - M2,n) <

(log n)(®+9/(2a) (log 1) (&—9/(2a) 1“") =1
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which in turn implies that

1 1
(log n) (b+e)/(2c) N (]Qg n) (a—e)/a

(4.22) P( < By (M — M)

1 1
< — io. | =1.
(]Og n) (b—e€)/(2c) (log n) (at+e)/a 10 )

Consider an arbitrary point (x,y) € Lo with z < y or a > b/2 and choose € > 0
such that @ — € > (b + €)/2. Then one can see that as n — o0,
1 1 1

()

(10g n)(b+€)/(2a) B (log n)(a—e)/a (10g n)(b+e)/(2a)

and
1 1 1

(log n)(b—ﬁ)/@a) (log n)(a+e)/a - (log n)(b—e)/(2a) .
Now from (4.22) it follows that

1 1 -
P((log n)(bt+e)/(2) < Bu(Mijn = Mo ) < (log ) 0=/ (2) 1.0.> =1

or

P(e—(b—l—e)/(Qa) < (Bo(Myp — MQ’n))l/loglogn < o~ (-9/(20) i.o.) —1

Hence, we have shown that any point ¢~/ (20) with 0 < b < 1is an a.s. limit point
of {¢,}. Consequently, liminf,, .o, ¢, = e~/ as. and limsup,, . ¢ = 1
a.s. and that all points in (e=1/(2®) 1) are a.s. limit points of {C,}. =
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