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Abstract. We study average case approximation of Euler and Wiener
integrated processes of d variables which are almost surely 7 -times contin-
uously differentiable with respect to the k-th variable and 0 < 7 < rg41.
Let n(e,d) denote the minimal number of continuous linear functionals
which is needed to find an algorithm that uses » such functionals and whose
average case error improves the average case error of the zero algorithm by
a factor ¢. Strong polynomial tractability means that there are nonnegative
numbers C' and p such that

n(e,d) < Ce P foralld € IN = {1,2,...}, ande € (0, 1).
We prove that the Wiener process is much more difficult to approximate

than the Euler process. Namely, strong polynomial tractability holds for the
Euler case iff

whereas it holds for the Wiener case iff
P 1
liminf — >0 forsomes > 5.
k—oo kS

Other types of tractability are also studied.
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1. INTRODUCTION

Tractability of multivariate problems has been recently an active research area.
The reader may see the current progress on tractability in [10]-[12]. Tractability
has been studied in various settings and for various error criteria.

This field deals with problems defined on spaces of d-variate functions. For
many practical computational problems d is large. This holds for problems in math-
ematical finance, statistics and physics. We usually want to solve multivariate prob-
lems to within an error threshold € by algorithms that use finitely many function
values or, more generally, finitely many continuous linear functionals. Let n(e, d)
be the information complexity or, shortly, the complexity, denoting the minimal
number of function values or continuous linear functionals that are needed to find
an algorithm approximating the solution of a multivariate problem to within €.

Many multivariate problems suffer from the curse of dimensionality. That is,
n(e,d) is exponentially large in d. One of the goals of tractability is to determine
under which conditions the curse of dimensionality is not present. Even more, we
would like to have the complexity bounded by some non-exponential function of d
and €1, In particular, we have

« weak tractability if the complexity is not exponential in d or ¢!,

« quasi-polynomial tractability if the complexity is of order

exp (t(l +1Ind)(1+ lnafl)),

 polynomial tractability if the complexity is of order d9¢77,

« strong polynomial tractability if the complexity is of order e 7.

All bounds above hold for all d and all £ € (0, 1) with the parameters ¢, ¢, p
and the factors multiplying the corresponding complexity bounds independent of
dand e~ !,

Strong polynomial tractability is the most challenging property. If this holds,
then the complexity has a bound independent of d. One may think that this property
may hold only for trivial problems. Luckily, the opposite is true.

The curse of dimensionality often holds for multivariate problems for which
all variables and groups of variables play the same role. One way to vanquish
the curse is to shrink the class of functions by introducing weights that monitor
the influence of successive variables and groups of variables. For sufficiently fast
decaying weights we not only vanquish the curse but even obtain strong polynomial
tractability; a survey of such results may be found in [10]-[12].

Another way to vanquish the curse is by increasing the smoothness of func-
tions with respect to successive variables. This approach was taken recently in [13].
It was done for multivariate approximation defined over Korobov spaces in the
worst case setting. The current paper can be viewed as a continuation of [13]. We
consider multivariate approximation but now in the average case setting with the
normalized error criterion. This error criterion is defined as follows. We first take
the zero algorithm and find its average case error for multivariate approximation;
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this is called the initial error. The initial error tells us how the problem scales and
what can be achieved without sampling the functions. The normalized error cri-
terion means that we want to improve the initial error by a factor €. We analyze
algorithms that use arbitrary continuous linear functionals. We stress that the same
results hold for algorithms that use only function values. This is due to general rela-
tions between these two classes of algorithms established in [5] and in Chapter 24
of [12].

In this paper we analyze two multivariate approximation problems defined
for the Euler and Wiener integrated processes, whereas in [7] we consider average
case approximation for general non-homogeneous tensor products. More precisely,
here we take the space of continuous real functions defined on the d-dimensional
unit cube [0, 1]% as a basic space but measure the approximation error in Lo-norm.
We stress that d can be an arbitrary positive integer, however, our emphasis is on
large d. We equip this space with a zero-mean Gaussian measure whose covariance
kernel is denoted by K. We study two such kernels. The first one is K4y = K for
the Euler integrated process, whereas the second one K; = K} is for the Wiener
integrated process. These processes are precisely defined in the next section. Here
we only mention that for both of them we know that almost surely the functions
are 1y, times continuously differentiable with respect to the k-th variable for & =
1,2,...,d.

The information complexity is then denoted by n®(e,d) and n"¥(e, d) for the
Euler and Wiener integrated processes, respectively. Obviously, it depends on the
smoothness parameters {7 }. Our main goal in this paper is to find necessary and
sufficient conditions in terms of {rj} such that the four notions of tractability are
satisfied.

We now briefly describe the results obtained in this paper. For both processes
we prove that weak tractability holds iff limy_, o, 7 = oc.

Otherwise, if 7 = limy_, o, 7 < 00, then we have the curse of dimensionality.
This means that if all 7, < 7 < oo, then both nf(e,d) and n" (e, d) depend ex-
ponentially on d and this holds for all € € (0,1). Hence, the function n*(-,d) is
discontinuous at one. Indeed, n*(1, d) = 0 although for £ pathologically close to
one n*(e, d) depends exponentially on d; here x € {E,W}.

We stress that weak tractability does not depend on the rate of convergence of
7t to infinity. However, if we want to obtain other types of tractability, we must
require a certain convergence rate for the ry, although the rate is different for the
Euler and the Wiener case. For simplicity, let us consider

re=[14+aln(l+kInk)|

for some positive number a. Then for the Euler case we have:
« a < 1/(21n3), no quasi-polynomial tractability;

« a = 1/(21n 3), quasi-polynomial tractability but no polynomial tractability;
« a > 1/(21n3), strong polynomial tractability.
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For the Wiener case we have to assume much more since for r; given above
only weak tractability holds. For

= [K*In*(1+ k)|
we have
e 5 < %, no quasi-polynomial tractability;
o 5= % quasi-polynomial tractability but no polynomial tractability;
« 5> %, strong polynomial tractability.

For general {7}, we prove that quasi-polynomial tractability holds iff

for the Euler case:
d

1
li — > 37k <
msup Z (1+7g) 00;
for the Wiener case:
1 ¢ 9
limsup — > (1 + 7)) max(1,lnrg) < oco.

d—oo ldkl

Furthermore, for both processes polynomial tractability is equivalent to strong
polynomial tractability and holds iff

for the Euler case:

li f > L
a = limn lnk 2In3’
for the Wiener case:
hmlnf — >0 forsome s > %
d—oo ]ﬁ

We also study the exponent p>" 28X of strong polynomial tractability which
is defined as the infimum of p for which the complexity is of order 7. For the
Euler case we have

2 2
str—avg—E _ )
P e <2r1+1’2aEln3—1>

For the Wiener case and r,, = k° for some s > % we have

2 2 2
< str—avg—w< 3.
max(2r1+1’23—1>\p \max(2s—1’ )

Hence, for s € (%, %} we know that

2 .
25— 1"
otherwise, our bounds are too weak to provide the exact value of the exponent.
Our results solve a special case of Open Problem 11 in [10], where 74 1, = 7,
k=1,...,d, and, with slightly modified proofs, they also solve Open Problem 10
in [10].

str—avg—w

p =
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The Euler, Wiener and other univariate integrated processes can be character-
ized as follows. Consider

t tr—l tl
XO(t) = (=1)attor [ [ W(s)dsdty...dt,—y, 0<t<1,
Qr Qp—1 (&3]
r times
where a = (a1, a9,...,q,) is a multi-index with components «; € {0,1} for

i=1,2,...,r, W(s) is the standard Wiener process for 0 < s < 1, and r € IN.
Then X (O9) is the integrated Wiener process and X (1:0:1.0:1-) i the integrated
Euler process. It is an open problem to consider the integrated processes resulting
from different values of the multi-index o and to compare the necessary and suf-
ficient conditions on {r} for weak, quasi-polynomial and polynomial tractability,
respectively, with those obtained for the Euler and Wiener processes. In particular,
it seems to be of interest to verify whether the Euler process is the easiest and the
Wiener process is the most difficult among all of these 2" processes.

The paper is organized as follows. In Section 2 we present the precise defini-
tions of the average case approximation problem, the Euler and Wiener integrated
processes and tractability notions. In Section 3 we present results for the Euler and
in Section 4 for the Wiener integrated processes. The proofs of three theorems are
presented in Sections 5-7.

2. PRELIMINARIES

In this section we precisely define the Euler and Wiener processes, multivari-
ate approximation in the average case setting, and we cite known results that will
be needed for our analysis.

2.1. Euler and Wiener processes. Let I; = C([0,1]?) be the space of real
continuous functions defined on [0, 1] with the max norm,

Iflle, = max |f(z)| forall f € Fy.
z€[0,1]¢

We equip the space Fy; with a zero-mean Gaussian measure pg defined on Borel
sets of F;. The covariance kernel K related to g4 is defined by

Ky(z,t) = [ f(z) f(t) pa(df) forallz,t e [0,1]%
Fq

We refer to [6] for extensive theory of Gaussian measures in linear spaces and their
covariance kernels.
By {71} we mean a sequence of nonnegative non-decreasing integers

0<7“1<7“2<...<T‘d<...
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The Euler and Wiener integrated processes differ in the choice of the covariance
kernel K ;. Our presentation of the Euler integrated processes is based on [1]
and [3]. The Wiener integrated process is more standard and can be found in many
books and papers.

s Euler integrated process. We now have K; = K given by

d
Ki(x,y) = [ K7, (wx,yr) forallz,y € [0, 1%,
k=1

where
Ki . (z,y) = [ min(z,s1) min(sy, s2) ... min(sy,y) dsy ds . .. ds,
[0,1]
for all z,y € [0, 1]. This kernel is equal to
22r

Ki,(z,y) = (-1)" @)

<E2r+1(%|l’ — y|) - E2r+1(%(x + y)))

for all z,y € [0, 1]. Here, E,, is the n-th degree Euler polynomial which can be
defined as the coefficient of the generating function

[e.9] n

ST En(z)— forallz,t € R.
exp(z) + 1 nZO n!

2exp(xt)

In particular, we have Ey = 1, By (z) = 2 — 1 and Es(z) = 2% — =

The process is called Euler due to the fact that the covariance kernel is ex-
pressed by Euler polynomials.

s Wiener integrated process. We now have K, = K given by

d
KY(z,y) = k]‘[ KY, (zp,ys) forallz,y € [0,1]%,
=1

where

m @ ) (g —w)

= (-l h-wl
J | |

r! r!

u =

Ky, (z,y) =

O%»—A

for all z,y € [0, 1] and with the standard notation ¢, = max(¢,0).

Let us stress that the univariate Euler and Wiener processes are close relatives
since they emerge from very similar integration schemes. Indeed, let W (¢),t €
[0,1], be a standard Wiener process, i.e. a Gaussian random process with zero
mean and covariance

Klla,(](sv t) - KKO(& t) = min(sa t)



Tractability of Euler and Wiener integrated processes 137

Consider two sequences of integrated processes X, Y. on [0, 1] defined by X, =
Yo=W,andforr=0,1,2,...

Xrsalt) = [ X,(s)ds
1

Vealt) = J Yils)ds.

Then the covariance kernel of X is K7, while the covariance kernel of ¥, is K7 ,..
Clearly, X, and Y, have the same smoothness properties. That is why different
tractability results are surprising.

On the other hand, there are some differences between the two processes. The
Gaussian measure /iy on Fy corresponding to the covariance kernel K or K}
is concentrated on functions that are almost surely 7-times continuously differ-
entiable with respect to the k-th variable for £ = 1,2,...,d, and satisfy certain
boundary conditions which are different for the Euler and Wiener cases.

For the Euler case, we have

ak1+k2+-..+kd

k1 ko kq
Oxi' 0wy ... 01y

2.1) f(z)=0

if for some ¢ we have z; = 0 and k; is even, or x; = 1 and k; is odd. Here, k; =
0, 1, ceey Ty
For the Wiener case, we have

ak1+k2+---+kd

ki o ko kq
Ozi' 0xy? ... 0w,

(2.2) flx)=0
if one of the components of x is zero. As before, k; = 0,1,...,7;.

To see the difference between (2.1) and (2.2) more explicitly, we take d = 1.
Then for the Euler case for all 0 < k& < 71 we have

F®0)=0ifkiseven and f®)(1) = 0if k is odd,
whereas for the Wiener case we have
f®0)=0 forall k <r.

Finally, note that Nazarov and Nikitin studied in [8] and [9] a slightly different
version WV of the Euler integrated process. The processes WV and W¥ coincide
for even r but W (t) = WE(1 — t) for odd r. The covariance spectra of both
processes are the same but the boundary conditions are different. Since the spectra
are the same, the tractability results for the Nazarov and Nikitin process are the
same as for the Euler process.
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2.2. Multivariate approximation. Multivariate approximation is defined by
the embedding APP, : F; — Lo given by

APPyf = f forall f € Fy.

Here, Ly = Lo([0, 1]9) is the standard L-space with the norm

Il = ( [ f£2e)ae)'>.
[0,1]¢

We approximate functions f from F; by algorithms A,, that use n function values
or arbitrary continuous linear functionals. We only consider the case of arbitrary
continuous functionals since it is known that the results are the same for function
values; see [5] and Chapter 24 of [12]. In the average case setting, without essential
loss of generality (see, e.g., [15] as well as [10]), we can restrict ourselves to linear
algorithms A,, of the form

An(f) = Z Lj(f) gj with Lj € Fd*a g; € Lo.
The average case error of A,, is defined as
av, 1/2
5 (An) = ([ If = Au(DIE, naldf)"",
Fy

where 114 1s a zero-mean Gaussian measure with a covariance kernel K; and

If = An(DIF, = [ (F(t) = Au(£)(8))” dt.

[0,1]

Then v = MCZAPP;1 is a zero-mean Gaussian measure defined on Borel sets
of L. The covariance operator C,, : Ly — Lo of v is given by

Coof = [ Ka(-t) f(t)dt forall f € L.
[0,1]¢

The operator C), is a self-adjoint, nonnegative definite, and has finite trace. Let
(Ad,j»Md,j)j=1,2,... denote its eigenpairs

Clldnd,j = )\d,j 1d, with Ag1 > Ag2 > ...,

and

Yodaj= [ Kalt,t)dt < oo,
Jj=1 [0,1]d
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For a given n, it is well known that the algorithm A,, that minimizes the aver-
age case error is of the form

n
Z fand,j Lo Tld,55
=1

<.

and its average case error is

(2.3) B (A = (Y Aay)
j=n+1

For n = 0 we obtain the zero algorithm Ay = 0. Its average case error is called the
initial error, and is given by the square-root of the trace of the operator C,, i.e.,
by (2.3) with n = 0.

We now define the average case information complexity n(e,d) as the mini-
mal n for which there is an algorithm whose average case error reduces the initial
error by a factor €,

(2.4) n(e,d)=min{n| Y Ag; <Y Ay}
j=1

j=n+1

From (2.4) it is clear that all notions of tractability depend only on the eigen-
values Ay ;. Therefore, the more we know about the eigenvalues A4 ; the more we
can say about various notions of tractability.

2.3. Eigenvalues for the Euler and Wiener integrated processes. For both pro-
cesses the corresponding covariance kernel is of the product form. Therefore, the
eigenvalues for the d-variate case are products of the eigenvalues of the univariate
cases which depend on the smoothness parameters r; for k = 1,2, ..., d. That is,
if we denote by )\X s the eigenvalues of the Euler integrated process, x = E, or
the eigenvalues of the Wiener integrated process, x = W, then

{)‘z,j}jzlyl- {Ajl 1 12 T2 " )\}(dﬂ"d }jl,jQ,...,jdzl,Q,... ’

the A7, . s denoting the eigenvalues of the univariate case with smoothness 7y,.

For the Euler case, the )\5 -, S are the eigenvalues of the operator

(C]F,Tk f K]. T‘k ( )dt

By successive differentiation of this equation with respect to x and using the prop-
erties of the kernel K} > it1s easy to show that the eigenvalues of C r, Satisfy the
Sturm-Liouville problem

(2.5) Af@H2) () = (1) H f(z)  forallz € (0,1),
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with the boundary conditions

flto) = f(t1) = f"(t2) = ... = [ Dty 41) = 0,

where t; = 0 for even ¢ and ¢; = 1 for odd i. For the Euler case, we know the
eigenvalues exactly (see [1] and [3]), and they are equal to

1 2Tk+2
2.6 X = ————— forj=1,2,...
20 = (s m) o
Note that the eigenvalues are well separated. In particular,

E
2,1k 1

AL T g32rpt+2”
Tk

For the Wiener case, )\ym ’s are the eigenvalues of the operator

1
(C () = {Ki’frk(w,t) ft)dt.

The eigenvalues )\‘]’-‘frk also satisfy the Sturm-Liouville problem (2.5) but with dif-
ferent boundary conditions:

F(0) = £(0) = ... = f")(0)
= [O() = fEB) == fE () =0,

The eigenvalues )\‘]’ffrk are not exactly known. It is known [3] that they have the
same asymptotic behavior as in (2.6),

1 2r+2 ( )
2.7 A, =———7= O(j~3rets ' .
( ) 1Tk <7T(j_1/2)> + (] ) asj — 0

For tractability studies the asymptotic behavior is not enough and the two largest
eigenvalues play an essential role. That is why we will prove that

w _ 1 1 _
e = e (@ rm@ey 00

1
Yo _ Q9
o ((Tk!)%‘fi)’

where the factors in the big O and © notations do not depend on 7.

Note that the largest eigenvalues for the Euler case go to zero exponentially
fast with r, whereas for the Wiener case they go to zero super exponentially fast
due to the presence of factorials. However, the ratio of the two largest eigenvalues
for the Wiener case,

5
T 2
5 k= O(r,°),

Ly
is much larger than that for the Euler case.
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2.4. Tractability. We present the precise definitions of four notions of tractabil-
ity. Let n(e, d) denote the average case information complexity defined in (2.4),
and let APP = {APPd}d:Lg’._ denote the sequence of multivariate approxima-
tion problems. We say that

o APP is weakly tractable iff

lim Inn(e,d)

=0
e l4+d—oo e l4d ’

with the convention that In 0 = 0;

» APP is quasi-polynomially tractable iff there are positive numbers C' and ¢
such that

n(e,d) < Cexp(t(l+1Ind)(1+Ine™")) foralld=1,2,..., € (0,1);

o APP is polynomially tractable iff there are nonnegative numbers C, ¢ and
p such that

n(e,d) < Cdl¢™? foralld=1,2,..., € (0,1);

o APP is strongly polynomially tractable iff there are positive numbers C' and
p such that

n(e,d) < Ce™ foralld=1,2,..., € (0,1).

The infimum of p satisfying the last bound is called the exponent of strong polyno-
mial tractability and denoted by p*"* =38, For the Euler and Wiener case, we use
the notation ps" ~#V8~ with x € {E, W}.

Tractability can be fully characterized in terms of the eigenvalues Ay ;. Neces-
sary and sufficient conditions on weak, quasi-polynomial, polynomial and strong
polynomial tractability can be found in Chapter 6 of [10] and Chapter 24 of [12]
as well as in [7] for non-homogeneous tensor products. For the Euler and Wiener
integrated processes we need such conditions that are based on the sums of some
power of the eigenvalues A\ ;. We will cite these conditions when they are needed
for specific tractability results.

3. EULER INTEGRATED PROCESS

We now analyze the Euler integrated process for which the eigenvalues in the
univariate cases are given by (2.6). Our aim is to express tractability conditions in
terms of the smoothness parameters {ry}.

THEOREM 3.1. Consider the approximation problem APP for the Euler in-
tegrated process.
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o APP is weakly tractable iff

(3.1) khm T) = 00.

Furthermore, if (3.1) does not hold, then we have the curse of dimensionality since
nf(e, d) depends exponentially on d for each e < 1.

o APP is quasi-polynomially tractable iff

d
Z (I+7rg)3™ 2T’“<OO

3.2) sup
deEN 111+
where Iny d = max(1,1Ind).

o APP is polynomially tractable iff APP is strongly polynomially tracta-
ble iff

(o]
Y372k < oo forsomeT € (0,1)
k=1
or, equivalently, iff
1
=1 f — .
ae :=limin lnk 213

If so, then the exponent' of strong polynomial tractability is

2 2
str—avg—E _
P max<2r1+1’2aE1n3—1>‘

We briefly comment on Theorem 3.1. First of all, we stress that polynomial
and strong tractability are equivalent. That is, these two notions coincide for the
Euler integrated process: in this case a “weaker” property of polynomial tractability
implies a “stronger” property of strong polynomial tractability. Weak tractability
requires that the smoothness parameters r; go to infinity, however, the speed of
convergence is irrelevant. To obtain at least quasi-polynomial tractability, we need
to assume that ry, increases at least as ag In k with ag > 1/(21n 3). Indeed, assume
for simplicity that

Tk

= lim —
e kgrolo Ink

exists. If ax < 1/(21n 3), then for any positive 5 < 1 — 2 a; In 3 we have

(3.3) n"(e,d) > c1(8) (1 - &%) exp (c2(8) d”)

'Tt may happen that ag = co. Then the second term in the maximum defining p**" 28~ F js

Z€r0.
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for some positive functions ¢; and co of 5. Note that (3.3) contradicts quasi-
polynomial tractability. The proof of (3.3) goes as follows. We will show later
that

d
nf(e,d) > (1 &2) [] (1+3720%+D),
k=1

Then each factor 1 + 3~2("+*1) can be estimated from below by exp (— c(ﬁ)k‘”ﬁ)
for large j. From this we easily obtain (3.3).

If ag = 1/(21n3), then we can have quasi-polynomial tractability as illus-
trated by an example of {ry} in the Introduction. Furthermore, for this exam-
ple we do not have polynomial tractability. However, it may also happen that for
ag = 1/(21n 3) we do not have quasi-polynomial tractability. For example, this is

the case when
. 1I1+ ]ﬂ
"= 9ms |

which can be checked directly from (3.2).

On the other hand, if a; > 1/(21n 3), then we obtain strong polynomial tracta-
bility. This shows that there is a “thin” zone of {ry, } that separates quasi-polynomial
and strong polynomial tractabilities.

We now comment on the exponent of strong polynomial tractability. Note that
for ag > (r1 + 1)/ In 3 we have

2
2r1 +1°

str—avg—E __
p B =

In this case, the result is especially pleasing, hence the complexity for any d is
roughly bounded by the complexity for the univariate case. Furthermore, this hap-
pens for all r;’s that tend to infinity faster than In k. On the other hand, if a; €
(1/(2In3),2(ry + 1)/(21n3)), then we have

str—avg—E __ 2

p ~ 24,31’

and p*"~®&~F can be arbitrarily large when a; is close to 1/(21n 3).

4. WIENER INTEGRATED PROCESS

We now turn to the Wiener integrated process for which the eigenvalues for
the univariate cases )\‘]’ffrk are only known asymptotically, see (2.7). To express
tractability conditions in terms of the smoothness parameters {ry } we will need to
prove the behavior of the two largest eigenvalues for large 7.

THEOREM 4.1. Consider the univariate Wiener process with the smoothness
parameter r, and let /\;’r s denote the eigenvalues of the covariance operator CY' .
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Then

w 1 1 _
Lr = (71)2 <(27"—|—2) 2r+1) + 00 4))’

1
W
=0 (o)

AV T
]23[ ],r]

sup

—_ = O(r’h) for some h > 0 and for all Ty € (%7 1]‘
T€[710,1] [)\2,T]T

Observe that the two largest eigenvalues for the Wiener case are much smaller
than for the Euler case. On the other hand, their ratio for the Wiener case is much
larger than for the Euler case. Therefore, the sequences {\Y, } and {\% } are quite
different although they have the same asymptotic behavior.

The uniform convergence in the last assertion of Theorem 4.1 at the neighbor-
hood of 7 = 1 is needed when we deal with quasi-polynomial tractability. The con-
vergence for a specific 7 is needed for strong polynomial and polynomial tractabil-
ity. The lower bound % for 79 is surely not sharp. A possible improvement of this
lower bound would improve the exponent of strong polynomial tractability.

Based on the estimates presented in Theorem 4.1 we will be able to express
tractability conditions for the Wiener case in terms of {ry}.

THEOREM 4.2. Consider the approximation problem APP for the Wiener in-
tegrated process.

o APP is weakly tractable iff

4.1) lim r; = oc.
k—o0
Furthermore, if (4.1) does not hold, then we have the curse of dimensionality since
n¥ (e, d) depends exponentially on d for each e < 1.
o APP is quasi-polynomially tractable iff

d

4.2) sup S (1 47) "2 Ing 1, < 00,
deN Inpd ;o

where we use In, © = max(1,Inx) forz > 0,andIn; 0 = 1.
o APP is polynomially tractable iff APP is strongly polynomially tracta-
ble iff

r
likniicgf k—]; >0 forsomes > %

We briefly comment on Theorem 4.2. As for the Euler case, strong polynomial
and polynomial tractability are equivalent, and weak tractability holds under the
same condition limy 7, = oo. That ends the similarity between the Wiener and
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Euler cases since the conditions on quasi-polynomial and polynomial tractability
are quite different. For the Wiener case, we must assume that r;’s go to infinity at
least as fast as k£° for some s > % However, the zone between quasi-polynomial
and polynomial tractabilities is again thin, as for the Euler case.

It is worth to add that quasi-polynomial tractability plays a much more im-
portant role in the worst case setting. The difference with the average case setting
is due to the fact that even for the constant sequence r; = const > (0 we have
quasi-polynomial tractability in the worst case setting as shown in [4].

We now discuss the exponent of strong tractability which is not addressed in
Theorem 4.2. For simplicity, let us assume that for some s > % we have

r, = k% forall k € IN.

Then we have strong polynomial tractability and the exponent pS*~2V&~V is given
in (5.3) below as the infimum of 27/(1 — 7) for 7 from (0, 1) which satisfies
condition (5.2) with ¢ = 0. From the proof of Theorem 4.2 we know that 7 >
1/(2r1 + 2). Furthermore, (7.3) below implies that 7 > 1/(2s). These two esti-
mates yield lower bounds on the exponent. On the other hand, our proof of strong
polynomial tractability is valid only for 7 > %, and this effects an upper bound on
the exponent. Hence,

max L,L < PUTVETY L max L,B .
2ri1+12s—1 2s —1

We stress that only for (%, %] we know the exponent exactly, pstF—ave—V —
2/(2s — 1). Note that p**~#8~¥ can be arbitrarily large if s is close to 3.
For s > %, our bounds on the eigenvalues /\;“mc are too weak to get the exact

value of the exponent but sufficient to deduce strong polynomial tractability.

5. PROOF OF THEOREM 3.1

It is convenient to deal first with polynomial tractability. Let PT stand for
polynomial tractability and SPT for strong polynomial tractability. To prove this
point of Theorem 3.1 it is enough to show that

1 o0
1 — 277k PT PT —
(5.1) aE>2ln3:>k§3 <oo = SPT = = 05> o

The firstclaim, az > 1/(2In3) = S, := Y 7 3727" < oo forsome 7 € (0, 1),
is an easy calculus exercise. Indeed, let az > 1/(21n 3). Then for some 6 > 0 and
all k large enough we have r1,/Ink > (1 + 6)/(21n3), hence 3727 < k~(1+0)7
and S; < oo whenever 1/(1+6) <7 < 1.
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Let us recall now the polynomial tractability criteria. We know from Chapter
6 of [10] that APP is polynomially tractable iff there exist ¢ > 0 and 7 € (0, 1)
such that

(2 AL
(5.2) C := sup % d 1< co.
deIN D )\d,j
j=1

If so, then

1—17

7/(1—7)
n(e,d) < (( ¢ > + 1>dq7'/(1—7') o—2r/(1-7)

foralld e INande € (0,1).
Furthermore, APP is strongly polynomially tractable iff the condition (5.2)
holds with ¢ = 0. The exponent of strong polynomial tractability is

s 2
(53) pbtr—avg — inf { - T

’ 7 satisfies (5.2) with ¢ — o}.
-7
Motivated by condition (5.2) and based on the explicit knowledge of the uni-
variate eigenvalues for the Euler integrated process (2.6), we take 7 € (0, 1) and
obtain
o o
() (o))
J: =

?j

o0 P oo E
jgl Ad.j B g Asirk

(5 (25 — 1)~ Crr2m) /T

k=1 § (27 — 1)*(27“1#2)
j=1

(1 + § (2] _ 1)—2T(Tk+1))1/7

d i
=11 =

k=1 1+ ¥ (25 —1)"20%+D)
j=2

Since ry, > r1, note that the expression above is finite for all 7 € (1/(2r1 + 2),1).
Furthermore, for such 7 we have

3—27‘(7"k+l) < i (2] _ 1)—2T(7‘k+1) < 3—2’7’(7k+1) _|_ § j_27(7’k+1)7
=2 j=5
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and
oo [e.e]
Zj—ZT(rk—i-l) < ‘[‘x—QT(rk—ﬁ—l) dx
j=5 4
_ 41—27’(7”k+1) < 3 372T(7‘k+1)'
2r(rp +1)—1 " 27(r1+1)—1
Therefore,
o) 1/
(jgl >\57j) T d (1 + ak3—2’r(7‘k+1))1/7
54) o =11 1+ b 320t
321 Nd.j k=1 k
where aj, > by, and they are uniformly bounded,
27(r1 +1)+2 2r1 +4
5.5 1<y, < —/———mF—— d 1<b< .
-2 SES o1 " ES o 11

Assume now that S < oo for some 7 < 1. By using (5.4) and (5.5) we obtain

(X A7

sup - <

=1
d oo
2 Adj k
i=1

(1 + akS—Zr(rk-&-l))l/r

—13

1

oo
< exp (7'_1 sup ag Y 3_2T(T’“+1)) < exp(t tsupay S;) < co.
k=1 k
Hence, the criterion (5.2) is verified with ¢ = 0, and we infer that S < oo = SPT.
The implication SPT = PT is trivial.
Assume now that PT holds. By (5.2) and (5.4) this implies that

d (1+ak3—27(rk+1))1/7

1

Pl 1+ bk372(rk+1)

< (Cd1

for some C, ¢ > 0 and 7 € (0, 1). Moreover, it is easy to check that
(1 + ak3—27(rk+1))1/7
1+ bk3_2(rk+1)

for cp > agp(1 — 3720 +DA=7)y /(1 4 b, 3720 +1D)) = (1), Taking logarithms
we conclude that

>14+ ck3—27(rk+1)

d
Z 3—27’(7”k+l) < 0.
k=1

M =
P n, d

The sum with respect to k can be lower bounded by d - 3~ 27("a*+1) as done at the
beginning of the proof, and we obtain d - 3=27(ra+1) < M/ In; d, which is equiva-
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lent to
rqg+1 S 1—(Inlny d—1InM)/Ind
Ind ~ 7-2In3 ’
and implies that a; > 1/(271n3) > 1/(21n 3), as claimed. The equivalence of all
statements in (5.1) is therefore verified.

We now consider the exponent p*** =28 =F_Assume that a; > 1/(21n3). Then,
as already shown, Y72 | 3727+ < oo for all 7 > 1/(2a; In3) and (5.2) holds
with ¢ = 0 if 7 > 1/(2r1 + 2). Hence, we obtain strong polynomial tractability.
Furthermore, 7 can be taken in the limit as

1 1
Te T AR <2r1 2 2aE1n3>’

and (5.3) yields that the exponent of strong polynomial tractability is at most

o7, 2 9
= = 1m .
b T 5 T 1 24,3 — 1

Conversely, assume that strong polynomial tractability holds. Then

1+ak3 27‘(7‘k+1))1/’7'
H

sy =%

for some 7 € (0, 1). Clearly, we must take 7 > 1/(2r; +2) and 7 > 1/(2a; In 3).
This implies that the exponent is at least p,. This completes the part of the proof
related to polynomial and strong polynomial tractability.

We now turn to weak tractability. We know from [7] that APP is weakly
tractable if there exists 7 € (0, 1) such that

s6 1d [eS) inrk 7_0
()

1,7

In our case, we have
E

T = (25 - D)7,

1,7y

As before, for 7 € (%, 1) we have

, 2r(re +1)+2 __ 20+7) _
924 2 (Tk-i-l) 3 2T(T}€+1) < 3 2T(T’k+1).
.22(” S 2r(rp+ 1) — 1 S o1

Assume that limg_,~ 7y = 0o. Then for an arbitrarily large M there is an integer
ks such that r, > M for all k > k;s. Hence, for d > kj; we have

2 Zd: i <)\§rk)7< 22(14—;) <I<5C];4+327'(M+1))7
-

k=1 j=2 l Tk

and we obtain (5.6) by letting first d, and then M go to infinity.
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On the other hand, if » = limy_., 7 < o0, then there is an integer kg such
that r, = r for all k£ > ko, and the limit in (5.6) is not zero. In this case, we prove
that n = n®(e, d) is an exponential function of d, and therefore weak tractability
does not hold. Indeed, we have

o0 oo 2 o0
DA AL S Y Ay < ET D Aaygs
j=1 j=n+1 j=1

and therefore

oo)\d ko—1 oo 3 oo )\E d—ko+1
2(1—8) > =(1-¢?) (HZ)\ )(14—2 ]>
1,r

k=1 j=1 17‘

oo )\E d—ko+1
> (1-¢%) ( —I—Z)\g > :
1,r

This bound is an exponential function of d. It contradicts weak tractability and
completes the part of the proof related to this notion.

We finally consider quasi-polynomial tractability. We know from [7] that APP
is quasi-polynomially tractable iff there exists a positive ¢ such that

§ )\1 6/Ingd

(5.7) sup —— < o0,
N (5 )t

where Iny d = max(1,1Ind).
Sufficiency. We first prove that (3.2) implies (5.7) with 6 = % Let

A, k) = (25 — 1) 720D,

We have
% )\1 1/(2In d) 5 A(j, k)= 1/ d)
sup = = sup ﬁ Jj=1
deIN (Z Ay ])1 /@Iy d)  geN gy ( § A(j7k))171/(21n+d)

We split the last product into two products

Hl( H (Z)\ )1/ 2Iny d)
k=1 j=1
and
; g (]’k)l—l/(21n+d)
= —
k=1 X A k)

=1
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In what follows we use C' to denote a positive number which is independent of d
and {ry}, and whose value may change for successive estimates. For II; (d) we
simply have

X:ZAJ,>

k=1j=2

< exp Zd: A(2,k) | =exp ¢ zd: 372t
ln+ k=1 ln+ d k=1

Clearly, (3.2) implies that sup cp 1 (d) < oo.
We now turn to the product IT5(d). We estimate each of its factors by

k=1

> 1/(2Ing d
d) =TI (1+ X AGK) ™D <exp (21 -
]: +
C

Z)\(j E)I-1/@ingd) g4 \(2, )Y/ 2Ined) Z A(j, k)11 2Ing d)

1 7j=3
(5.8) == <
OZO AG, k) 1+ A(2,k)
k=1
1—|—A(2 k)l—l/(21n+ d) oo ‘ 11
< : (G, k /(2Iny d)
VORI R P

Note that if |In A(2, k)| < 3Iny d, then

14 A2, k)i-V/@ned) L+ A2, k) exp ((— A2, k))/(21n, d)>
1+ A(2,k) B 1+ A2, K)
L4+ A2, ) (1+ (ClmA@, k)]) /in d)
<
1+ A2, k)
ON2, k)| In A(2, k)|
Iny d ’

<1+

while if |In A\(2, k)| > 31n4 d, then

1+ )\<27k)171/(21n+d)

STHN2 K YC@ned) <1 4 N2 k)2 <1+ a2

Thus, in any case

1-1/(21n; d)
14 A2, k) D s CARRIIARR)

5. <
(59) 1+ A\2,k) In, d

Next, we have
(5.10)

i )\(], k)l—l/(2ln+ d) < C)\(?), k)l—l/(21n+ d) _ C)\(2,k)(ln5/ln3)(1_1/(21n+ d))
=3
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We now show that (3.2) implies \(2, k) = 372"+*1) < C/k. First of all note
that (3.2) implies limy, r; = o0, so that only finitely many initial r; may be zero.
Assume that d is so large that 7y > 1 and d > 3. Since (1 + 74)372" is non-
increasing, we have

d
Td_S—QTd \ 1 Z 1+7’k 3_27’7@ < Clnd’
d = d
so that 32"¢ > 3%4 /r; > d/(CInd) and
ry s Ind — In(C'lnd) > Oy lnd.

21n3
Hence,
rg- 372 Clnd C
< <
rq rq d Cl d

as claimed. By enlarging the constant, we obtain the same inequality for all d. For
k < d, we then have by (5.10)

)\(27 d) — 3—2(1“d+l) <

5.11) § (G, k)11 @ d) < 0 = (n5/m8)(1-1/2Ins d) < ¢ =I5/ 3,
i=3

Using 1 + x < exp(z), from (5.8), (5.9), and (5.11) we obtain

% A(j, k)11 @0 d)
j=1 < exp (d—3/2 CA2, k)| In A(2, k)| _‘_Ck—ln5/ln3>.

5 AGL k) o d
j=1

Then it follows that

Ty(d) < exp < > < “aj2, OMZH)| A2 F) +Ck_1n5/1n3>)

h’l+ d
d C3 2 (. + 1
< exp < > <d—3/2 + ln(rg) + Ck—ln5/ln3>>,
k=1 +

and (3.2) implies that sup ey H2(d) < oo. Therefore,

sup Iy (d) Is(d) < sup II;(d) sup Iz(d) < oo,
deN deIN deIN

and the required property (5.7) is verified, so that the quasi-polynomial tractability
is proved.
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Necessity. Assume now that quasi-polynomial tractability holds. We prove
in [7] that quasi-polynomial tractability implies

d oo
(5.12) sup >y AU k) <A12§f€13:)> < 00,

deIN ln+d k=1j=1

where A(k) = 3> 7%, A(j, k). Clearly, A(k)/A(j, k) > 1 so that all terms in the
sums over j are pos1t1ve We simplify the last condition by omitting all terms for
j # 2, and obtain

1 A2 k) A(k)
.15 S Ty d 2 AR ln(w,k)) <o

Next, since A(k) > 1, we can also omit In A(k) and obtain

1 & A2,k) ( 1 >
su In < 00.
i kz::l A(K) A2, k)

Furthermore, since { A(k)} is non-increasing, we have
LS @b ( = ><
sup ,k) In
deIN ln+d k=1 )\(2,]{3)

This is equivalent to (3.2), and completes the proof. m

6. PROOF OF THEOREM 4.1

We represent the r-times integrated Wiener process W, through a white-noise
integral representation

1 —
(6.1) By Gl “*dW (u),
)

where the integration is carried over a standard Wiener process W defined over
[0, 1]. Clearly,

1 Lo/t (p )2
62) E|W,|2= Z AY, fK{fT(t,t) dt = [ (f(t(r,)gdu) dt
0 0 :

£2r+1 . 1
t = .
(2r 4+ 1)( ) (2r +2)(2r + 1)(r!)?

O%r—‘

We now supply a lower bound on the sum 7
mate W, by

=2 ]T To do this, we approxi-

Virt) = 7 Wo(1) = — }tr(l —w)" dW(u) forallt € [0, 1].
0
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The process V.1 is of rank one since

Vea(t) = & (w)vn (1),
where

Pi1(t)=t"/rl and & (w) = [(1 —w)"dW (u).

OHH

We now prove the following lemma.

LEMMA 6.1. For any r > 1 we have

1 3
E|W,(t) = Vi1 (H)]? < = ———— 7" 2(1 — t)? It efo,1
Welt) = Ve < 1 5 gys 20— 0 orallt€[0,1)
and
9 1 672
(6.3) E[|W, = Va1l5 <

(rh2 (2r — 2)6

Before we prove the lemma, we stress that the order of the right-hand side in
(6.3) is smaller than that of E||W,.||3. This means that V;. ; incorporates the essential
part of W,. for large 7.

Proof of Lemma 6.1. Let 115¢,«;) be the characteristic function of the

interval [0, 1], i.e., 1{ocucsy = 1 foru € [0,¢] and 1jpcygqy = 0 for u ¢ [0,¢]. We
have

E[W,(t) = Ve (1)

1
R0 L R e
t2'r t t—u rq2 t2T 1
— (7»[)2 {(1 _ 'LL)2T |:1 — (t(l — u)) :| du + (7‘!)2 {(1 _ u)?r du
or t 1—Hu\" 2 2r 1
— (i!)Q {(1 —u)?r [1 - (1 - i(1 _%) ] du + (i!)Q {(1 — ) du
= (fj;Q [Il +IQ].

For I, we use an elementary bound

0<1—(1—h)"<rh
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and get
t 1— t)2U2
! {( W e e
t
=r2(1 —t)%t2 Ja- w)? 2u? du
0
(o]
<r?(1—1)%t2 [exp (- (2r — 2)u)u’ du
0
272 2,9
On the other hand,
Iz _ 1]t /UQT o — (1 _ t)?’r‘-i—l
0 2r+1
r’ 2,2
By summing up we obtain
1 3r?
E|W, () - Vi (O] < ot -1,

(rh)2 (2r —2)3

as claimed in the first estimate of the lemma. The second claim is obtained by a
simple integration:

1
E|W, — Vyall3 = [E[W,(t) — V;1 ()| dt
0

1 3r2 ! o9
< [t —t)dt
(rh2 (2r —2)3 {
1 3r? ;
= — [ -0)F2%at
(r1)2 (2r — 2)3 «Of
1 32 %
< s [exp (= (2r —2)t)t% dt
(rh2 (2r —2)3 {
1 6

(rh2 (2r — 2)8°
as claimed. m

From Lemma 6.1 we conclude that

o C
Y, = inf E|W, - V|3 <E|W, = V|3 < ——.
]2 BT Vis oflrrlank one H " ||2 = ” " THZ = (T‘!)2 7“4
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This fact and (6.2) yield

v 1 1 -
M = G ((2r+2)(2r+1) row 4)>’

as claimed in Theorem 4.1.

We now proceed to estimates on the second largest eigenvalue )\VQ‘ir for
large r. Obviously,

s 1
. 5 < = — ]
(6.4) A2 ]22 Ajr = O <(r')2 r4>

We now show that the last bound is essentially sharp. To do this we approximate
W, by

Via(t) := l' }[tr(l —u)" —rt" (1 = t)u(l —u) ) dW (u) forallt € [0,1].
!

The process V. is of rank two since

Via(t) = & (w)hi(t) — r&2(w)a(t),

where
1 r
f1(w) = {(1 _ ) dW(u) and  i(t) = %
E() = [u(l—uy W) and () = LU0
0 Tl

Note that the term £;101 coming from the rank one approximation is dominating in
the rank two approximation, since

1 1 L 1 1 1
E&lva]l3 = [(1—w)?* du- — - [t*dt = ~ -2
&l llz Lof( u)™ du ()2 { (rDZ (2r + 1) (r])2 ro

while for the correction term €212 we have

1 1 1 1
2m #2 2_ 27,2 2r—2 2r—2 2 —4
r“E&||va|l5 =7 {u (1 —u) du - )2 -{t (1—1) dtN—(r!)Qr )

A careful analysis shows that the second eigenvalue of the covariance operator of
Vs, is also of order (r!)~2r~%. In other words, there exists a positive C' indepen-
dent of r such that

C
(rh2 et

We now estimate how well V;. o approximates W,..

(6.5) inf  E[|V,o - V5>

V is of rank one
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LEMMA 6.2. For any r > 2 we have

1 14r2(r — 1)
(r)? (2r —4)

(6.6) E|W,.(t) — V;o(t)]*< =41 =)t forallt €0,1],

and

1 24-14-72(r —1)2 1
S L ()

The proofs of (6.6) and (6.7) repeat (mostly, but not entirely) line by line those
of Lemma 6.1 but we provide them for the sake of completeness. These proofs also
clearly indicate how higher order approximations can be handled. As in Lemma 6.1
we again stress that the order of the right-hand side in (6.7) is smaller than the rank
one approximation error computed in (6.3). Therefore, the rank two approximation
V2 performs much better than the rank one approximation V;.; for approximation
of W, when r is large.

©.7)  E[W, = Vs

Proof of Lemma 6.2. Leta := E|W,(t) — V;.2(t)|?. We have

1
a= (;)2 {[tr(l —w)" =t N1 = tu(l —w)" = (- u)rl{ogugt}]Q du
ot , r(l—t)u t—u \"?
~ - -5 - ) | o

For I, we use an elementary bound

—1
0>1—rh—(1—h)r>—r(r2 )2
and get
¢ —1) (1-1)2u®\?
< _ 2r T(r .
< fumwr (M )
r?(r —1)° dp—a | 2r—4, 4
= T et (L= )
1 (1—1t)% {( w)* " du
r(r —1)° 44 1 6r?(r—1)* 4,-4
< T ke —(2r— S S R
1 (1—1t)% {exp( (2r—4)u)u* du 1)y (1—1t)%
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On the other hand, we can give the following, rather crude, estimate for /5. Note
that for 4 > ¢ and » > 1 we have

r(1 ; t)u(1

Therefore,

2(1 _ )4 1
< r ( = ) {u2(1 _u)2r—4 du

(1_t4oo

<t7fu exp (— (2r — 4)u) du

21—t
C(2r —4)3t4

8r2(r —1)32 _
By summing up, we obtain

1 14r2(r —1)2
(rh?  (2r —4)5

E[W,(t) = Via(®)* < (1=,

as claimed in the first estimate of the lemma. The second claim is obtained by a
simple integration:

1
E|[W, = Vial3 = [ EW,(t) - Vi2(t)]* dt
0

1 14r%(r—1)% | Aor—d
< (1—t)*t*dt
T2 (2r —4)5 {

1 1472 f1 21
== re(r [a £)2r=444 gt
(rh?  (2r — s

1 14r?(r — 1)2 >
S @ oap el
1 24-14r%(r —1)2
(rh)2  (2r—4)10

— (2r — 4)t)t* dt

as claimed. m
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From Lemma 6.2 we easily estimate Ay .. Let (11 := ((w)n1(t) be the first
term of the Karhunen—-Loeve expansion for W,.. Then

C by (6.5)
(T!)Q A < E ||Vr,2 - Cn1||3

=E|(Vpa — W,) + (Wy — ()3
<2E Voo — W3+ 2E [W, — ¢m) I3

o0
=2E Voo — Wy |3+ 203, +2 3 AY,.

j=3
Since V;. 2 is a process of rank two, we also have
(o]
68 S A,= i E[W,~V[3<E|W, -Vl
=3 ’ V of rank two
For future use, we combine this with (6.7) and get
& C
6.9 A< ——
6.9) ;) YT ()26
Furthermore, (6.8) immediately yields
C ) by 6.7 () N
W < 4E”‘/;~72 - WT||2 + 2)\2,1” < W + 2)\277..

This provides a lower bound for )\‘QVJ and together with (6.4) proves that

W 1
(610) 27 - ®<W>,

as claimed.

We are ready to prove the last assertion of Theorem 4.1. To simplify notation,
let Aj» = A},. We split the series Z]Oig Aj into two pieces — a long but finite
initial part and a tail. Let M > 2 and 7 € [r, 1] with 79 € (%, 1}. Consider the
initial part including j = 3,4, ..., [r™]. Using Holder’s inequality we obtain

[ [P [P

YA < (X N (S )T
j=3 j=3 =3

by (6.9) Ch i M(1—7) —27 Gy ’ M(1-7)
S <(7’!)2r6> " - <(7’!)27’4> '

by (6.10)

<

C)\E’TT_QTJFM(I_T) < C>\72"TT—27'0+M(1—TO) )
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Since C can be taken independent of 7, for some h > 0 we have

as long as

6.11) M < 200

1—719

For the tail estimation of the eigenvalue series Z;’i (MY 41 Ajr WE Use ap-
proximation numbers (or linear widths, in other terminology).

We need to recall the definition and few basic properties which we will use
in the sequel. Let A : By — B be a bounded linear operator acting between two
Banach spaces. The approximation number a,(A) for n > 1 is defined as

an(A) :==inf{||]A — A,|| | An, : By — Bg withrank(A,,) < n}.

The following properties of a,,(A) are well known (see [14]):
« the sequence {a,(A)},eN is non-increasing;
« for the adjoint operator A* we have

(6.12) an(A) = an(A*);
 multiplicative property: for A; : B; — By and A : By — B3 we have
(6.13) Aptm—1(A241) < an(A2) am (A1) forall n,m € IN;

« if A: H — H is a self-adjoint compact operator acting for a Hilbert space
H with the non-increasing eigenvalues {\,, }, then

(6.14) an(A) = .

We will study approximation numbers for integration operators.
Let I : L»[0,1] — L2[0, 1] be the conventional integration operator

(Iz)(t) := jm(s) ds forallt € [0,1].
0

Let I" denote the r-th iteration of I for r > 1. It is easy to check by induction that

r ‘ (t — S)T_l
(I"z)(t ):fﬁm(s)ds forall ¢t € [0,1],
_ ST__t)lr " i(s)ds forallt € [0.1],

(I [

0]
0=

min(s,t) (S u):_ 1 (t—u):_ 1
du ds, , 1.
(] G e el
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This shows that
CY — IrJrl (IrJrl)*
7T :

We are interested in the approximation numbers of I”. For r = 0, it is well known
that for some positive C' we have

(6.15) an(I) < Cn~t foralln € IN,

see [2], pp. 118-119. We will extend this estimate for I with an arbitrary r. Al-
though the constant we get is certainly not optimal, it suffices for our needs.

LEMMA 6.3. We have
(6.16) an(I") < C"(2r)*" 0" foralln,r € IN,
where C'is the constant from (6.15).

Proof of Lemma 6.3. Let
B, :=2P% forallp=0,1,2,...
We will first prove by induction on p that for any integer p > 0 we have
(6.17) an(I") < C" Byn™" foralln > 1andr € [2P71 2P].

For p = 0 this fact is equivalent to (6.15). Assume that (6.17) holds for some in-
teger p. Take any integer r € [2P, 2PF1] and write it as 7 = ¢/ + 7" with 2P~! <
r1,72 < 2P. By using I" = I" [ and the multiplicative property (6.13), we get
for an odd index 2n — 1
aon—1(I") = agn—1(I" 1) < an(I™) an(1™)
<C"Byn™ " -C"™Byn " =C" B; n-"
=C"B2- 2" (2n) " < C"[B2- 2] (20) "
— . 22p-21’+2p+1 (Qn)—r —Ccr 2(10-i-1)2erl (2n)—r
=C"Bpt1 2n)" < C"Bpy1 2n—1)7".

For an even index 2n we simply have
agn(IT) < agn_l(I’”) < CTBP_H (277,)_T.

Therefore, (6.17) is proved by induction.
For r and p as in (6.17), we have B, = (27)%" < (2r)?". Hence, (6.16) follows
from (6.17). =
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We now relate approximation numbers a,,(I") to the eigenvalues \;, of the
operator CY,, = I"*1(I"*1)*. We have

by (6.14 .
Agjr S Agj-1p v & )a2j—1(fr+1(—7r+1) )
by (6.13)
< (I e (1)) P& gy

by (216) CQ(T+1) (2(,,,, + 1))4(r+1)j—2(7"+1)‘

This can be written as
Ajr < CY pArHD 22040 forall 7, j € IN.

Take a (small) positive o. Consider an integer r so large that r > 011 /* and
2(r 4+ 1)7 > 1. Then again for 7 € |79, 1] we can sum up

§ )‘;'—,r < Cl’I’T r4(r+1)7— io: j72(r+1)7—
j=Ir141 j=Ir41

o
< r(4+a)r7+47’ j‘ w—?(r-{—l)r dr

rM
rr‘r(4+a72M) 7,.4T+M(172T)
B 2r+1)7 — 1

We relate the last estimate to Ao, = ©(1/((r!)?r?)). Since by Stirling’s formula
rl=r"1/2e7\/21(1 + o(1)), we have

627“

Ao = Dy T (1+0(1)) asr— oo.

Therefore,
00 T*TT(QM*G*OL) 7,97'+M(1727') )
2 A= O< 2 20r+ )7 — 1 ¢ TT>
j=[rM1+1 T

_ O()\gﬂn T—rr(2M—6—a)),

where the factors in the big O notation are independent of r, 7 and a.
Assume that M > 3. Then we can take a positive « such that2M —6 —a > 0
and get

S AT
j=lr41 "
sup ————— =
T€[70,1] AQ,T
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Hence,

sup = (’)(r_h) as T — 00,

g
relod] Ay

assuming (6.11) holds for some M > 3. It is easy to see that such a number M
exists since 7 > % This completes the proof. m

7. PROOF OF THEOREM 4.2

As in the Euler case, we begin with polynomial tractability. We now need to
show that r
PT = lim nf ki >0 = SPT = PT.

Observe that, for A\ ; = )\Zli jand T € (0,1), the expression in (5.2) is now

Ry T T X ~1/7
(El )" (1+ (A2 /ALy +j§3(>\j,m//\1,rk) )Y
(1.1) ag:=—F%——=1]] —
'Zl )\d,j k=1 1+ >\2,rk/)\1,rk + '23 )\j,rk/Al,rk
j= j=

Since \; ., = O(j 72"+ as j — oo, with the factors in the © notation depend-
ing on 7, then ay is finite iff 2(r; + 1)7 > 1 for all . Then 7, > r; implies that
we need to consider 7 € (1/(2ry +2),1).
Assume that we have polynomial tractability. Then a; < C' d 4. Each ratio in
the product (7.1) is strictly larger than one. This implies that limg_, o, 7 = c0.
Note that we can estimate a4 from below by dropping the sums over j. Then
d

1/7

H (1 + ()‘Q,T’k/Al,Tk)T)
k=1 1+ 2/\2#1@/)‘177’1@

Taking logarithms and using the asymptotic formulas for Ay ,, and A2 ,, from The-
orem 4.1 yield

< Cdi.

d

—27
Tk < o0.

sup
d ln+d k=1

Since dr;% < Zzzl r,;%, we get r;QT = O(d~'In, d) and there exists § > 0
such that
g \ Ve
rd>5< > for all d € IN.
hl+ d
Letting s € (1/2,1/(27)) we obtain

(7.2) liminf ~% > 0,

k—oo kS

as claimed.
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Assume now that (7.2) holds for some s > 3. For T € (max (3/5,1/(2s)),1]
we can use the last assertion of Theorem 4.1 to conclude that

0o —27\\1/7
(7.3) sgp ag=]] (1+00:7)) <exp{O( Z T_QT)}

k=1 1+O(k2) k=1

— exp {0 kil F2T)) < o

By criterion (5.2) this implies strong polynomial and, obviously, polynomial tracta-
bility.

We turn to weak tractability. Assume that limy_.., 7 = co. We verify the
analogue of (5.6) for 7 € (%, 1). From Theorem 4.1 we have

1 4 Ayrk T 1 4d 727 1 4 o
dgz(w%) “az o O(mk )

Clearly, limy rk = 0 implies limg by = 0, which yields weak tractability.

Let r = limy_.o 7 < 00. Then proceeding exactly as for the Euler case, we
can show that n%(e,d) is an exponential function of d, which contradicts weak
tractability and completes this part of the proof.

We finally consider quasi-polynomial tractability. The proof is similar to the
proof for the Euler case and we only sketch it. We need to study (5.7) and (5.12) for
the Wiener eigenvalues. For (5.7) we take § = 3 Land ry € ( = 1). Let us choose
dp such that 1 — 1/(21ndp) € [0, 1]. Then for all such d > dy we have 7,4 :=
1—-1/(2In d) € [19,1] and we can use the result on the uniform convergence
presented in the last assertion of Theorem 4.1 with respect now to d. Let us put
Qk = A2, /A1, - We obtain

OZO )\1 §/Iny d 1+Q1 1/(21Ind) n % (Aj,’r‘k/)\lﬂ'k)lil/(2lnd)
=3
=11 J

( .Zl Advj)l_é/ el ke (1 + Qk + ,Z Aij/)‘lﬂ“k
= -

)1—1/(21nd)

k=do (1+Q )1 1/( 2lnd)

with absolute constants as pre-factors in the O(+) notation.
Suppose that (4.2) holds. Then limg, r; = oo and

Hd 14 Qp)/2md) 2 Zd 0 ¢ Zd -2
nd) <
( k) P (111 d k=dop k> P <1n d k=dop K >

k=do

<

O(1)

—~

9

is uniformly bounded in d. The factor

d 1+Q1 1/(2lnd)(1+0(7"’;h))

I1

k=dy 1 + Qk




164

M. A. Lifshits et al.

can be analyzed exactly as for the Euler case. By using Qr = @(r,;z), we have

1+Q, (1 —|—o(r,;h

1-1/(2Ind)

D crsat i oqeny (B o).

1+ Qg

Recall that the assumption (4.2) yields 7,2 = O(Ink/k), hence

o1+ (1 o)

[

k=do 14+ Qx

a -3/2 o |Ing 7 —h
<exp( > (d +C(1+mr) g Tk

k=do

is also uniformly bounded in d. This means that (4.2) implies quasi-polynomial
tractability.

Suppose now that quasi-polynomial tractability holds. Then we use (5.12) and

its consequence (5.13), which is equivalent to (4.2). This completes the proof. =
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