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FREE NESTED CUMULANTS
AND AN ANALOGUE OF A FORMULA OF BRILLINGER
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Abstract. We prove a free analogue of Brillinger’s formula (some-
times called “law of total cumulance”) which expresses classical cumulants
in terms of conditioned cumulants. As expected, the formula is obtained
by replacing the lattice of set partitions by the lattice of noncrossing set
partitions and using and an appropriate notion of noncommutative nested
products. As an application we reprove a characterization of freeness due to
Nica, Shlyakhtenko, and Speicher by M&bius inversion techniques, without
recourse to the Fock space model for free random variables.
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1. INTRODUCTION AND DEFINITIONS

Cumulants describe the combinatorial aspects of independence. Various no-
tions of independence give rise to different kinds of cumulants, see [4] for a gen-
eral approach. In the present paper we concentrate on some aspects of classical and
free cumulants.

1.1. Classical cuamulants. Classical cumulants can be introduced essentially in
two different ways, via the Fourier transform or via Mobius inversion on the parti-
tion lattice. For our purposes it will be convenient to use the latter approach. Let us
fix some notation first. Denote by II,, the lattice of set partitions of order n with re-
finement order. For a partition 7 = {7, w2, ..., 7y} € II,, let us denote by || = p
its size. Let (2, A, P) be a probability space with expectation functional E; then
for a finite sequence of random variables X1, X», ..., X, on ) we define the
partitioned moment functional by

M (X1, Xo, ..., Xn) = [E [] X,
7 1ET;
and the cumulants by

fn(X1, Xo, o Xn) = Y me(Xy, Xo, .o, X)) i(m, 1,),
o€ll,,o<m
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where /i is the Mobius function on the partition lattice I1,, (see [11]). Both m, and
Kk are multilinear functionals. For m = 1,, we shall write x,, instead of Kq,,- Then
k. also factorizes along the blocks ; of 7, namely

K:ﬂ—(Xl,XQ, Ce ,Xn) = H/’i|7rj\(Xi NS 7Tj).
J

The fundamental result of cumulant theory states that mixed cumulants vanish.
That is, if we can divide the random variables X1, Xo, . .., X,, into two (nonempty)
independent groups, then the cumulant x,, (X1, Xo, ..., X,,) vanishes.

An analogous construction can be done for conditional expectations with re-
spect to a sub-o-algebra F C A, by defining the partitioned conditional expecta-
tions to be the F-measurable random variables

Er (X1, X2,..., Xo|F) = [TE([] X:|F),
J

1ET;

and accordingly the conditioned cumulants to be the F-measurable random vari-
ables

(X1, Xo, oo, Xn|F) = 3 Eo (X1, Xo, ..o, Xo|F) fi(, 1).

o<

The conditioned cumulants are again multiplicative on blocks and can be used to
detect conditional independence, namely if X, Xo,..., X, can be divided into
two groups which are mutually independent conditionally on F, then the cumu-
lant £, (X7, Xo, ..., X,,) vanishes.

1.2. Free cumulants. In this section we review the noncommutative analogues
of the classical notions of independence and cumulants from the point of view of
Voiculescu’s free probability.

DEFINITION 1.1 (Voiculescu [12]). Let (A, ¢) be a noncommutative B-valued
probability space; i.e., A is a unital complex algebra, 5 C A is a unital subalgebra,
and ¢ : A — B is a conditional expectation. Subalgebras .4; which contain 5 are
called free with amalgamation over B if

(X1 X5...X,) =0

whenever X; € A;;, p(X;) = 0and i; # i;,1 forall j. When B = C, we recover
the definition of freeness.

Freeness with amalgamation is a noncommutative analogue of conditional in-
dependence known from classical probability theory. The corresponding cumulants
are due to Speicher [9] and [10]. Roughly speaking, free cumulants are defined by
replacing the lattice of all partitions in the definition of the classical cumulants by
the lattice of noncrossing partitions. See [4], Proposition 4.17, for an explanation
why noncrossing partitions appear.
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DEFINITION 1.2. A partition 7 is noncrossing if there is no sequence ¢ < j <
k < lsuchthati ~; kand j ~, [ buti ot j. The noncrossing partitions of order n
form a lattice which we denote by NC,.

Equivalently, noncrossing partitions can also be characterized recursively by
the property that there is at least one block which is an interval and after removing
such a block the remaining partition is still noncrossing. This property will be used
in the definitions below.

In the rest of this paper, we use standard poset notation, cf. [11]. The (-
function denotes the order indicator function

1, m<p,
C(ﬂ—)p)_{O’ ﬂ%p,

while by p(7, o) we will denote the Mobius function on the lattice of noncrossing
partitions, i.e., the unique function satisfying for every m < o the identity

Z C(ﬂvp) M(p70) - (S(W,J).

T<pLo
DEFINITION 1.3 (Speicher [10]). Define partitioned moment functionals recur-
sively as follows. For a noncrossing partition 7 € NCy, letm; = {k,k+1,...,(}
be an interval block. Then
SOTI'(X].) X27 e 7X’n)
= or\fm, 3 (X1 Xy oo, X1, (X Xpep1 - X)) Xig1, -+ X))
The free or noncrossing cumulants are defined by Mobius inversion on NC,,:

C;f(Xl,XQ, N ,Xn) = Z (‘OO—(Xl,XQ, N ,Xn) IU(J, 7T).

o<

We will also write C,° for C’f and it follows that the cumulants are also multi-
plicative on blocks, that is, if m; = {k,k + 1,...,l} is an interval block of 7 of

length m, then
Cf (X1, Xo,...,X,)

= Cf\{wj}(Xth, o X1, O (X X1 - - X)) Xis1, -5 Xn).

Moreover, the B-module property holds for expectations
Or(bX1,..., Xpb) =bp.(X1,..., Xp) ¥,
Oon( X1y o oy, Xp—1,0Xpy oo, X)) = 0 (X1, ooy Xio1b, Xiy oo, X))
for all b, b’ € B, as well as for cumulants:
CE(bX1,..., X)) =bC8(Xy,..., X))V,
CP( X1, o, Xpo1,0Xpey ., X)) = CE (X1, ooy X1 by Xpgy oo, X))
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Note that for 5 = C this simply means that
Cf(Xl,XQ, ce ,Xn) = HC|7r]|(Xz 11 € 71']').
J

The starting point of this paper is the following formula for classical cumu-
lants, due to Brillinger [1]:
(1.1) /ﬁn(Xl,Xg, e ,Xn) = Z K\ﬂ (’f|7rj|(Xi NS 7Tj|B) : j = 1, ey |7T‘ ),
well,
where for a partition m = {By, Ba, ..., Bp} € II,, we denote by || = p its size.
We establish an analogue of this formula for free cumulants by adapting a
lattice theoretical proof due to Speed [8]. Noncommutativity prevents a direct gen-
eralization of (1.1), therefore we propose nested cumulants as a replacement for
“cumulants of cumulants”. To illustrate this issue we first consider cumulants of
products from an abstract point of view.

2. CUMULANTS OF NESTED PRODUCTS

We want to define cumulants of products, where the products are not taken in
linear order. To do this, we first give a definition and then discuss its connection to
cumulants of products.

DEFINITION 2.1. Let p < o be two noncrossing partitions of order n and

X1, Xo, ..., X, be noncommutative random variables. Then we define the partial
cumulant
Cp,a(Xla XQ, e ,Xn) = Z QOﬂ-(Xl,XQ, PPN Xn)M(TF, O').
p<T<o

Note that in particular for p = 0,, we obtain the usual cumulant Coo = Cos
while for p = o we get the moment Cy; , = ¢,. For intermediate partitions we get
a generalization of cumulants of products.

DEFINITION 2.2. Let p = {p1,p2,...,pr} and 0 = {01,079, ...,05} be two
set partitions such that p < ¢. Here the blocks are numbered according to their
minimal elements. Then every block of p is contained in some block of ¢ and
by collapsing the blocks of p we can define o/p = {51, ...,55} to be the unique
partition of the set {1,2,...,r} such that o; = Uj cs, Pj for every i.

REMARK 2.1. When p is an interval partition, say p={p1, p2, - .., pr}, where
p=91,2,...,n1},p2={n1+1,2,...,n2},...,pr={nr—1+1,2,...,n, = n},
and o is noncrossing, then o /p is noncrossing as well, and the partial cumulant
coincides with the cumulant of the products

Cro(X1,Xo,...,Xp)
=Co/p(X1Xo .o Xy, Xngp1 o0 Xy oo s Xy 1 -+ X)),
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There is a formula for cumulants of products in terms of simple cumulants,
which is due to Leonov and Shiryaev in the classical case [5] and to Speicher and
Krawczyk in the free case [2]. It immediately generalizes to the partial cumulants
(cf. [7], Proposition 10.11).

PROPOSITION 2.1. For partitions p < o we have

Coro(X1,Xo,...,. Xp) = Y, Cr(X1,Xo,...,Xp).

TVp=0o
Proof. It follows that
Cpo = ;son(Xl,Xm s Xn) C(py ) pu(m, o)
= XWIXT:CT(XhXQ, cos Xn) C(7, ) C(p, ) (i, 0)
=2 Cr(X1, Xoy ., X)) D2 C(TV p,7) (i, )
= XT:CT(Xl,X27 ooy X)) (;(T Vp,0o) =
REMARK 2.2. The procedure presented in this section can also be carried

out for classical cumulants, i.e., on the full partition lattice. However, because of
commutativity it simply leads to a rearrangement of cumulants of products, namely

Fpo (X1, X2, Xn) = Ky 1‘[in :bep).
1€

3. CONDITIONED FREE CUMULANTS

Suppose we are given algebras C C B C A and conditional expectations A ¥,
B %> C. We identify ¢ with ¢ o 9 : A — C and wish to express the C-valued cu-
mulants C'¥ in terms of the B-valued cumulants C'. The next definition is rather
formal and should be read with the examples following it at hand.

DEFINITION 3.1. We define a partitioned moment function ¢ of the parti-
tioned cumulants C¥, namely for ¢ > m we define @, o cY (X1,Xo,...,Xn)
recursively as follows. Let 0; = {k + 1,...,l} be an interval block of ¢ and
T|o; = {Tiys Tiy, - - - Ty, + e the blocks of 7 which are contained in o;. Then
we put

Po © ww(leX% cee 7Xn) = ‘PU\{oj} o wﬂ’\ﬂgj <X17X27 o 7Xk7

gp(¢7r|aj (Xk:-‘rla o 7Xl))Xl+17 Xl+27 cee 7Xn>
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and

Po OC}Tp(XlaXQM . 7X7Z) - Z Lo OwT(XluXQP"’Xn)M(Tyﬂ-)-

T

By multiplicativity we have

Po © C}T/}(X17X27 v 7X’Vl) = (po\{aj} o C;—p\ﬂ—l <X17X27 v 7Xk7

935
So(c;—p‘aj (Xk-i-l) ey Xl))XH-hXH—?a ey Xn)

Moreover, the Mobius inversion principle and the invariance ¢ = ¢ o ¢ imply a
generalized moment-cumulant formula

0o (X1, Xoy .., Xp) = 3 0o 0C¥(X1, Xa, ..., Xp).

7o

Now we apply the cumulant construction in each block of ¢ to define “cumulants
of cumulants” or nested cumulants:

c? oC;f(Xl,Xg,...,Xn) = > cppoC;f(Xl,Xg,...,Xn),u(p,a).
n<p<o

In total this means that

CeoCY(X1,Xa, .., Xn)=Y Y @0 (X1, Xa,..., Xn) u(p, o) u(r, 7).

TT T PO
This function is multiplicative on the blocks and we have by Mobius inversion

0o 0 CY(X1, Xa,..., Xn) = > C¥oC¥(X1,Xa2,...,Xn)

r<p<o

EXAMPLE 3.1. Again, if p is an interval partition as in Remark 2.1, then we
get the analogous formula

(B.1) CZoCY(Xy, Xs,..., Xy) = Cf/p(cm (X1, Xo,..., Xn,),

Crig—rn Xyt 13 Xp)s oy Cr 1 (X 141+ X))

EXAMPLE 3.2. If p is not an interval partition then the nested cumulant
becomes more complicated. As an example consider 7 =11 M M | |l and o =

r771 | |. Then
Yr(X1, Xo, ..., Xg) = (X1 X2 (X3 Xy) (X5 X6) X7 X5),
P00 Un(X1, Xa, ., Xs) = 0 (1(X1 X 0(( X5 Xa) (X5 X)) X7 Xs) )
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9o 0 C¥(X1, Xo, ..., Xg)
= ‘P(CZ)(XlaXQa(P(C;p(X&XD Cy (X5, Xe)) X77X8)>,

C(f o C;f(Xl,X27 e ,Xs)
= (€Y (X1, X2, CF (CF (X, X4), CF (X5, X)) X7, Xs) ).

EXAMPLE 3.3. The previous examples might give the impression that the
conditioned cumulants can always be expressed in terms of the i)-cumulants. The
following is a nontrivial example which shows that this is not the case:

O o (X1, Xa, X3) = o) 0 O (X1, Xa, X3)u(TT1,7m)
+ ¢orm o Cr(X1, Xo, X3) p(rm, )
= ¢(CEA(X1, X2, X3)) — 71 (CEA (X1, X3, X3))
= 4/3(03 (X17¢(X2)X3)> - w(Cf(X1,¢(X2)X3))

= @(Cg} (X1, (v(X2) — 90(X2))X3)>-

EXAMPLE 3.4. Here is an example exhibiting some partial commutativity.
Let (A, ¢) and (B, ) be two noncommutative probability spaces. For the sake of
simplicity assume that both  and 1) are C-valued expectations. Consider the inclu-
sions C C B~ 1 ® B C A ® B and the corresponding expectations ¢ = ¢ ® id :
A® B — Bandy : B— C.Note that if A; are free subalgebras of a noncommu-
tative probability space, then A; ® B are free with amalgamation over 5in A ® B.
Then for any sequence of simple tensors a; ® b1, a2 ® ba, ..., an ® b, the nested
expectations and cumulants as defined above are

Vg 0 Pr(a1®@ by a0 @by, ... a4, @by) = pglar,as,...,an)0r(b1,ba,...,0y),
Yo 0 CE(a1®@ br,az @ ba, ..., an @ by) = @g(ar, as, ..., a,)C¥ (b, ba, ..., by),
C}f o Cf(a1® bi,a9 ba,...,a, @ bn) = Cf(al,ag, .. ,an)CJf(bl,bQ, .. .,bn).

REMARK 3.1. Note that if we apply this definition with classical instead of
free cumulants, the analogue of (3.1) holds for arbitrary partitions. Indeed, de-
note by E” and k7 the conditional expectations and cumulants with respect to
a o-subfield F of the given probability space. Then we define for a pair of set
partitions o > w the partitioned expectations and cumulants as before, replacing
noncrossing partitions by arbitrary partitions and obtain

E,oE” (X1, Xs,...,X,)=[[EJ] E [T Xx:l7],
cEo chr 1€b
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E, ok’ (X1, Xa,...,X,) = Y. By oEX (X1, Xy, ..., X;,) pu(7, )

T
=[[EJ] " (Xi:icb),
ceo  bem

bCe
Koo K2 (X1, X0, ..., X,) = mg/p(ﬁljgl(Xi ti€b):bem),

where o/ p is the partition obtained from o by collapsing each block of T 10 a sin-

gleton as defined in Section 2, which implies that the intervals |7, | and [0,,, o/ p]
are isomorphic as posets.

Here is now the analogue of Brillinger’s formula (1.1) for free cumulants. As
expected, noncrossing partitions appear, but we also have to take care of noncom-
mutativity.

THEOREM 3.1. We have

C(X1,Xa, ..., Xn) = S C¥oC¥(Xy,Xo,...,X,).
ceNC,,

Proof. The proof given in [8] can be repeated literally after replacing the
lattice 11,, by its sublattice NC),:

~

C,,f(Xl,XQ,...,Xn): Z (pﬂ—(Xl,XQ,...,Xn)luOT,ln)
TeNCy,

= Z Z Z CfOC;/)(leX27~-'7Xn)M(7T71n)
TENC, o<m o p<T

= Z Z Z CZOOC;/)(XLXQV"’XH) C(Uap) C(p’ﬂ-) ,LL(T(', 1”)
TENCpn pENCr 0ENC,

= Y ZC;foC}f(Xl,Xg,...,Xn)a(p,in). .
pENCH o<p

4. AN APPLICATION

As an application we reprove a characterization of freeness from [6]. To illus-
trate our approach, let us first give a proof of a more or less trivial formula from
the latter paper.

PROPOSITION 4.1 (Nica et al. [6], Theorem 3.1). Let C C B C A and ) :
A — B, ¢ : A— C be as before. If the 1p-valued cumulants of X1, Xo, ..., X,

satisfy
C;f(XilCl, Xi202, ... aXikflck—la Xlk) eC

for all choices of indices i1, 12, . .., i and elements c1, . . ., cx_1 € C, then actually

CZ&(XnCh Xiyeo, .., Xi cp-1,Xi,)=CF(Xi,01, Xiye0, .., Xip o1, X))
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Proof. By Theorem 3.1 we can expand the ¢-cumulant in terms of the
1-cumulants:

CY (X e1, Xiyea, .o, Xiy o1, Xiy)
= Zc,f o} C;f(XilCl, XZ'2627 e aXik,lck—laXik)-

Now, by definition,

Crf o C;f(XilCl, XiQCQ, e ,Xikflck:—la sz)
=3 e 0 CY(Xie1, Xigea, -, Xiy s cho1, Xi) (o, 1)

o>

and, by assumption,

Yo © C;Z}(Xilcb Xi2027 v 7Xik_1ck717 sz)
= C;{}(X’hcla XiQCQ’ L) X’ikflck‘—b Xlk)

forall 0 > mand Y. _pu(0,1,) = 0 unless 7 = 1,,. Therefore, only the sum-

mand corresponding to 7 = 1,, is nonzero. m

For the final application we need to recall the basic properties of the Kreweras
complement.

DEFINITION 4.1 (Kreweras [3]). Given two set partitions 7 and o of the same
order n, we denote by mUc their interweaved union, i.e., the partition of order 2n
obtained by arranging alternatingly the points of 7 and o.

The Kreweras complement of a partition m € NC,, is defined as the unique
maximal partition o € NC,, such that 7Uo is noncrossing.

The Kreweras complement is in fact an anti-automorphism of NC,,, which
immediately implies the following proposition. Let us, however, give another proof
here by constructing an explicit bijection to which we will refer later.

PROPOSITION 4.2. Let m € NC,,. Then the intervals [r,1,] and [0, K ()]
are anti-isomorphic via the Kreweras complement.

Proof. Draw 7 and all the points of K (7) between the points of 7. Every
o > 7 is obtained from 7 by connecting some of its blocks. To every possible con-
nection there corresponds a unique connection of two points of K (7), as follows.
There are two possible relative positions of two blocks of 7:

e T - LI

2 L
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In both cases, connecting the two blocks of 7 corresponds to connecting the points
marked with x in the Kreweras complement. =

The Kreweras naturally appears in the incidence algebra convolution product
which implements multiplicative free convolution on the level of cumulants.

PROPOSITION 4.3 (Nica and Speicher [7]). Let (A, 1)) be a B-valued proba-
bility space, and a1, ao, . .., a, and b1, ba, . . ., b, be random variables free over B.
Then the cumulants of the product are

C’:Lp(alblaa2b27"'7anbn) = Z CfOK(W)(athaa%va"'7an>bn)-
TeNC,

With these preparations we are able to provide an alternative proof of the fol-
lowing theorem.

THEOREM 4.1 (Nica et al. [6], Theorem 3.6). LetC C BC A, ¢ : A — B,
and o : A — C be as before. Let C C N C A be another subalgebra and assume
in addition that ¢ : B — C is faithful. Then N is free from B over C if and only if
for all finite sequences X; € N and for all b; € B the identity

@.1) CY(X1bi, Xaba, ..., Xno1bn-1, Xp)

= @(Cif (X10(b1), Xap(b2), ..., Xn-19(bn-1), Xn))
holds. By Proposition 4.1 this is equivalent to the statement that for all finite se-
quences X; € N and for all b; € B we have

(42) Cy(X1by, Xoba, ..., Xn_1bn—1,Xn)
= Oy (X19(b1), Xo@(ba), ..., Xp_10(bp-1), Xn).
Proof. Assume the factorization formula holds. Let X1, Xo,...,X,, € N,
bo, b1, ...,b, € B be such that ¢(X;) =0 and ¢(b;) =0 (or by =1 or b, = 1

is also allowed). We must show that ¢ (b X101 X5 ... X,b,) = 0. To this end we
expand the expectation into ¢-cumulants,

= Y o(CY¥boX1b1, Xoba, ..., Xuby)),
TeNC,

and C;f’(bolel,Xng, ..., Xpby) = 0 for each 7 because each 7 has a block
which is an interval, say of length m, starting at some k& and the corresponding
cumulant contributes the factor

C¥ (Xibg, X 1bpt1, -, Xy) = @(Cﬁi (Xkp(br), Xpr10(brs1), - - - ,Xl)),
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which vanishes: if m > 2, then there is a factor ¢(by) = 0, and if m = 1, then the
term is simply Cf’(Xk) = gp(C}b(Xk)) = ¢(X%) = 0. Note that we did not need
faithfulness of ¢ for this implication.

For the converse we could use the same argument as in [6], where a reference
algebra N’ is constructed which is also free from B over C and which satisfies
the cumulant factorization condition and has the same distribution as A. It then
follows that V" satisfies the cumulant factorization condition as well.

Alternatively, here is a sketch of a direct proof using conditioned cumulants.
By faithfulness it suffices to prove that for all finite sequences of random vari-
ables X; € N and b; € B we have the identity

@(CF (X1b1, Xaba, ..., Xn-1bp—1, Xn)bn)
= (C}f (X10(b1), Xo@(b2), . .., Xn_10(bn-1), Xn)bn> ;

and, moreover, this is equal to

Crf (Xl(p(bl), Xg(p(bg), e ,Xn_lgo(bn_l), Xn (bn))

Now, let us proceed by induction and compare the following two formulae for
Cy(X1b1, Xoba, ..., X,,b,). On the one hand, by freeness we may apply the for-
mula for multiplicative convolution from Proposition 4.3 and obtain

C?(X1b1, Xaba, ..., Xpby)
— Z C;fOK(ﬂ.)(XlablyXQawa"7X7L>bn)
TeNC,
:Oi’o (X17b17X27b27 e ,Xnabn)+ Z C:OK(W)(Xl’bl’XZ’bz’ PN ,Xn,bn)a

1,004, :
T<lpn

C?f (X1¢(b1)7 s 7Xn90(bn))

and on the other hand, using Brillinger’s formula from Theorem 3.1, we have

CP(X1by, Xoba, ..., X,by)
= 3 C¥oCY%Xiby, Xobs, ..., Xnby)
TeNCH
= p(C¥(X1b1, Xaba, ..., Xpby)) + Y. CF 0 C¥(X1b1, Xoba, ..., Xnbn).

ﬂ'<in

Comparing the two expressions, it suffices to prove inductively for = < 1,, the
identity

4.3) Cf o C¥(X1b1, Xaba, ..., Xnby)=C%-

WUK(W)(Xl’ bl’X27 ba, ... y Xn,s bn)
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Indeed,

CroCY(X1by, Xaba, ..., Xnbn) = Y 0,0C% (X1b1, Xaba, ..., Xnbn) u(p, 15)

p=m

and some b;’s are replaced by ¢(b;), namely those, which are inside a block of ,
which means that they are singletons in K (7). By induction hypothesis we obtain

CLoCY (X1by, Xoba, ..., Xnbn) = 3 0,0C¢ (X1b1, Xoba, ..., Xubn) p(p, 1n),

p=m

where
P o(b;) ifiis asingleton of K (),

P = .
b; otherwise,

“otherwise” meaning that ¢ is right next to an end point of a block of 7, i.e., it is
marked with x in the proof of Proposition 4.2. It is now easy to see that this is
equal to

C?.

7TUK(7T)<X17 b1, X2, b2,..., Xn, bn)

= Z CfO(pg(Xl,bl,XQ,bg,...,Xn,bn),u(o‘,K(ﬂ‘)),
o< K(m)

where C7Uyp, denotes the interweaved product of the cumulant C¥ with the par-
titioned expectation ¢,. m

Acknowledgments. We are grateful to Roland Speicher for a simplification in
the first part of the proof of Theorem 4.1.
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