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Abstract. Various functional limit theorems for partial sum processes
of strictly stationary sequences of regularly varying random variables in the
space of cadlag functions D[0, 1] with one of the Skorokhod topologies have
already been obtained. The mostly used Skorokhod J; topology is inappro-
priate when clustering of large values of the partial sum processes occurs.
When all extremes within each cluster of high-threshold excesses do not
have the same sign, Skorokhod M7 topology also becomes inappropriate.
In this paper we alter the definition of the partial sum process in order to
shrink all extremes within each cluster to a single one, which allows us to
obtain the functional J; convergence. We also show that this result can be
applied to some standard time series models, including the GARCH(1, 1)
process and its squares, the stochastic volatility models and m-dependent
sequences.
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1. INTRODUCTION

Let (X,,)n>1 be a strictly stationary sequence of real-valued random variables
and define by S,, = X; + ... + X, n > 1, its accompanying sequence of par-
tial sums. If the sequence (X,,) is i.i.d. then it is well known (see, for example,
Gnedenko and Kolmogorov [IT], Rvaceva [I8], Feller [IU]) that there exist real
sequences (ay) and (by,) such that

Sp—0
(1.1) 2T 4G asn — oo
%9
for some non-degenerate a-stable random variable S with « € (0, 2) if and only if
X is regularly varying with index « € (0, 2), that is,

P(|X1| > z) = 27 “L(z),
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where L( -) is a slowly varying function at infinity and
P(X1 > 33) P(Xl < —x)
P(|X1| > z) P(|X1| > z)
as x — oo, with p € [0,1] and ¢ = 1 — p. As « is less than 2, the variance of X
is infinite.

The functional generalization of (IT) has been studied extensively in proba-
bility literature. Define the partial sum processes

1 [nt]

Vo) = — S (X — bn),  te0,1],
In =1

(1.2) —p and —q

where the sequences (a,,) and (b,,) are chosen so that
TLP(’Xﬂ > an) —1 and b, = E(X1 1{|X1|<an})'

Here | x| represents the integer part of the real number . In functional limit theory
one investigates the asymptotic behavior of the processes V;,( - ) as n — oc. Since
the sample paths of V,,( - ) are elements of the space D|0, 1] of all right-continuous
real-valued functions on [0, 1] with left limits, it is natural to consider the weak
convergence of distributions of V,,(-) with the one of Skorokhod topologies on
DJ0, 1] introduced in Skorokhod [21].

Skorokhod [22] established a functional limit theorem for the processes V,, ( - )
for infinite variance i.i.d. regularly varying sequences (X,). Under some weak de-
pendence conditions, weak convergence of partial sum processes was obtained by
Durrett and Resnick [J], Leadbetter and Rootzén [13] and Tyran-Kamiriska [23].
Their functional limit theorems hold in Skorokhod .J; topology, which is appropri-
ate when large values of the partial sum processes do not cluster. When clustering
of large values occurs then J; convergence fails to hold, but the functional limit
theorem might still hold in the weaker Skorokhod M topology. Avram and Taqqu
[0] obtained a functional limit theorem with Skorokhod M topology for sums
of moving averages with nonnegative coefficients. Recently Basrak et al. [3] gave
sufficient conditions for functional limit theorem with M; topology to hold for sta-
tionary, regularly varying sequences for which all extremes within each cluster of
high-threshold excesses have the same sign.

In this paper we alter the definition of the partial sum process in the manner
that all extremes within each cluster shrink to a single one, which allows us to
recover the J; convergence. Note that the process V,,(t) jumps at every t = k/n
(k < n) with (Xj, — by,)/ay, being the size of the jump. Now we reduce the number
of jumps (or, alternatively, increase the intervals between jumps) by introducing a
sequence of positive integers () such that r, — oo and k,, := [n/r,| — oo as
n — o0, and defining new partial sum processes

1 Lkat

Wi(t) = — (SF —¢,), telo,1],
n k=1
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where S,’fn = Xk—1yrp41+ -+ Xip, (B, n € N), and ¢,, are centering constants
which will be specified later. The process W,,(¢) jumps at every t = k/k,, with
(Sk — ¢n)/ay being the size of the jump. In other words, we break X1, Xo, ...
into blocks of 7, consecutive random variables and treat the sums of random vari-
ables within each block as we treated single random variables X; in the process
V(). One jump of the process W,,( - ) corresponds to 7, consecutive jumps of the
process V,,(-). In this way we have partially smoothed the trajectories of partial
sum processes such that each cluster can consist of only one excess. Our method is
in fact closely related to the scheme of summing triangular arrays with stationary
rows (see Samur [19]).

Functional limit theorems for the processes V;,( - ) base on the regular variation
property of X;. Therefore, to obtain the functional limit theorem for the processes
Wi,(+) we need to impose a similar condition on S, . For this purpose we will
assume S, satisfies a certain large deviation condition (see relation (Z3) in the
sequel).

The paper is organized as follows. In Section @ we introduce some basic re-
sults on point processes and regular variation. We also describe precisely the large
deviation condition that we impose on S;,,. In Section B we state and prove the
functional limit theorem for the processes W, (- ) in the J; topology. Here we also
discuss several examples of stationary sequences covered by our theorem. Finally,
in Section B (Appendix) we prove that the mixing conditions used in our main the-
orem are implied by some conditions which are given in terms of the standardly
used a-mixing and p-mixing conditions.

2. PRELIMINARIES

At the beginning we introduce here some basic notions and results on point
processes which will be used later on. For more background on the theory of point

processes we refer to Kallenberg [I2]. Let E = R \ {0}, where R = [—00, cc]. For
x,y € E define

1 1|, . .
(2.1 p(x,y) = max B , |sign(z) — sign(y)| ¢,

where sign(z) = z/|z|. With the metric p, E becomes a locally compact, complete
and separable metric space. A set B C E is relatively compact if it is bounded away
from the origin, that is, if there exists u > 0 such that B C E \ [—u, u]. Denote by
B(E) the o-algebra generated by p-open sets. Let M (IE) be the class of all Radon
measures on E, i.e., all nonnegative measures that are finite on relatively compact
subsets of E. A useful topology for M, (E) is the vague topology which renders
M (E) a complete separable metric space. If pu,, € M4 (E), n > 0, then p,, con-
verges vaguely to pig (written ji,, — po) if f fdu, — f fdug forall f € CL(E),
where C’} (E) denotes the class of all nonnegative continuous real functions on E
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with compact support. One metric that induces the vague topology is given by
(2.2)
o0

dy(p1, p2) = Z; (% ) p (d)— éfk(x)ﬂz(dw)‘/\l)v 1, p2 € My (E),

for some sequence of functions f, € Cj-(E), where a A b = min{a,b}. We call
dy the vague metric.

A Radon point measure is an element of M (E) of the form m =) . 0,,,
where 0, is the Dirac measure. Denote by M, (E) the class of all Radon point
measures. Since M,,(E) is a subset of M (E), we endow it with the relative topol-
ogy. Let M,,(E) be the Borel o-field of subsets of M, () generated by open sets.
A point process on E is a measurable map from a given probability space to the
measurable space (M, (E), Mp(E)). A standard example of point process is the
Poisson process. Suppose p is a given Radon measure on E. Then N is a Pois-
son process with mean (intensity) measure p or, synonymously, a Poisson random
measure (PRM(p)) if for all A € B(E)

exp (= p(A)) (1(A))" /! for p(A4) <

P(N(A) = k) = o

0 for u(A) = oo,
and if Ay, ..., Ax € B(E) are mutually disjoint, then N(A;),..., N(Ag) are in-
dependent random variables.

A sequence of point processes (Ny,) on E converges in distribution to a point

process N on E (written N, 4, N)if Ef(N,) — Ef(N) for every bounded con-
tinuous function f: M,(E) — R. The point processes convergence is character-
ized by convergence of Laplace functionals. Denote by 5 the set of bounded
measurable functions f: E — [0,00). For a point process N on E the Laplace
functional of N is the nonnegative function on By given by

Un(f)=Ee M), feBy,

where N (f fE N (dz). Then it follows that given point processes N, n. >0,

(2.3) N, L Ny iff U, (f) — Uy (f) forall f € Cf(E)

(see Kallenberg [I], Theorem 4.2).

Let (X,,) be a strictly stationary sequence of regularly varying random vari-
ables with index a € (0,2), and let (a,) be a sequence of positive real numbers
such that nP(]X;| > a,,) — 1 as n — oo. Regular variation can be expressed in
terms of vague convergence of measures on [E:

nP(a,' X1 €-) 5 u(-) asn — oo,
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the Radon measure p on [E being given by

p(dz) = (paa™" 1 (g,00) (@) + qa(—2) " (oo 0)(2)) da,

where p and ¢ are as in ().
Using standard regular variation arguments it can be shown that for every
A > 0 it follows that a|y,|/an — A/ as n — oco. Therefore, a,, can be repre-
sented as a,, = n*/“L'(n), where L'( - ) is a slowly varying function at infinity.
Throughout the whole paper we will assume the sequence (X,,) satisfies the
following large deviation type relations:

k P(S,, > xay) — cyxz @,
2.4) x>0,
ko P(S,, < —za,)— c_a %,

as n — oo, where ¢4, c_ > 0 are some constants, (7,) is a sequence of positive
integers such that r,, — oo and 7, /n — 0 as n — oo, and k, = [n/r,|. Some
sufficient conditions for the relations in (24 to hold are given in Bartkiewicz et
al. [] and Davis and Hsing [[Z]. It is easy to see (for example, by Lemma 6.1 in
Resnick [I'7]) that (ZZ4) is equivalent to

(2.5) ko P(a;'S,, €-) S v(-) asn — oo,
where v is the measure,
(2.6) v(dx) = (c+a$_o‘_11(0’oo)(a:) + c_a(—x)_a_ll(_oo,o) (z))dx.

LEMMA 2.1. Let o € (0,1) and assume the relation (Z3) holds. Then, for
any u > 0,

S,
Jim_ E<‘ ‘1{|sm|/an<u}> J lalv(do).
|| <u
Proof. Fix u > 0. Define
Un(+) = koP(a,'S,, €-), neN,

and
f5(@) = lellgg 0 (2), @ €E, 5 € (0,u),

where B(0, u) ={x € E: § < |w[ <u}(and B(§, u) = {x € E: 6 < |z| < u}).
By the relation (Z3) we have v, 2 vasn — oo, and this yields

2.7) | fs(x)va(dz) ffa
E
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as n — oo (see Kallenberg [17], 15.7.3). Define
f(x) = |2[1gy(x), =<k,
where B(r) = {z € E : |z| < r}. Forany d € (0, u) it follows that
(2.8) |f )y (dz) ff dx)|
<| f f )y (dz) f fw(d)|+]| [ f@)(de)— [ f(z)v(dz)|

B(6)° B(6)°

< f f(@)vn(da)]| + | f f(a)v(do)|
B(6)

B(9)
+| [ f@uwn(dx)— [ f(x)v(d).
B(5,u) B(5,u)

For the first term on the right-hand side of ('X) we have
|STn ’
| [ f@)va(da)| = [|z|1pe) (@) va(dz) = knB |15, |<san}
B(5) E an

|S7’n| 1 1 -
an {|Srn‘<5a"} {ﬂjil{‘Xj‘géan}}

~ |

‘ST7L|1 1 -
an {ISrn [<dan} U™ {IX;]>8an}} | -

|

This term is bounded above by

k,E

‘S""n‘ Tn
o Liarn f1x51<6an)y | + k6P ( L:Jl{ij\ > dan})

X
< ky, ZE[HlﬂX <5an}:| + k, (SZP ‘X ’ > (5an)
Jj=1 a j=1

X,
b E [I |1{|X1<5an}] + knrn0P(|X1| > dan)

[ X111¢1x, |<dan}]
danP(|X1| > day)

knrn

=0- +1].

-nP(|X1| > day) - [
n
From the definition of the sequences (r,,) and (k,) we infer that k,,r,,/n — 1 as
n — oo. Since X is a regularly varying random variable with index «, it follows
immediately that nP (| X;| > da,) — §~ as n — co. By Karamata’s theorem we

have Bl
. X1l x, <600y @

n—oo §a,P(|X1| > da,) 1—a
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Hence we obtain

limsup| [ f(a:)l/n(dw)‘<51“< a —1—1),

n—o0 B(%) 1—«
and therefore, since a € (0,1),

(2.9) hmhmsup‘ [ f(@)vn(dz)| = 0.
0 mmee B

By the representation of the measure v in (IZ6) we get

[ lalv(dz) = (e +e1) f‘a si-e,

|x|<o

Hence for the second term on the right-hand side of (ZZ8) we have

(2.10) }f f@)v(dz)| = [ |zlv(dz) -0 asd— 0.

B(9) |z|<o

By (1), for the third term on the right-hand side of (ZR) we get

Q1D | [ f@)ve(dz)— [ f(z)v(do))

B(8,u) B(8,u)

:{ff(;( Y (dx) — ff5 da:)‘—>0
E
as n — oo. Now, from (ZR) using (ZZ9)—(Z1T), we obtain

hm lim sup } f f(z)vy(dx) f f(z ‘

n—oo
Hence we get immediately fE f(z)vp(dx) fE v(dr) asn — oo, i.e.,
\S |
B\ = fan<a} | = [ lzlv(dz) asn—oo. m
lz|<u

3. MAIN THEOREM

Let (X,,) be a strictly stationary sequence of regularly varying random vari-
ables with index o € (0, 2). Assume (Z4) holds. The theorem below gives condi-
tions under which a stochastic sum process constructed from the sequence (S,’?n)
satisfies a nonstandard functional limit theorem in the space D]0, 1] of real-valued
cadlag functions equipped with the Skorokhod .J; topology, with a non-Gaussian
a-stable Lévy process as a limit. Recall that the distribution of a Lévy process
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W () is characterized by its characteristic triplet, i.e., the characteristic triplet of
the infinitely divisible distribution of W (1). The characteristic function of W (1)
and the characteristic triplet (a, i, b) are related in the following way:

E[¢*"W (1] = exp < - %azz2 + bz + f(eizx — 1 —dzal_y (m))u(dw))
R

for z € R; here a > 0, b € R are constants, and (. is a measure on R satisfying

({0} =0 and (| A L)u(de) < oo,
R
that is, p is a Lévy measure. For a textbook treatment of Lévy processes we refer
to Bertoin [4] and Sato [20].

The metric d s, that generates the .J; topology on D[0, 1] is defined in the fol-
lowing way. Let A be the set of strictly increasing continuous functions A: [0, 1] —
[0,1] such that A(0) = 0 and A\(1) = 1, and let e € A be the identity map on [0, 1],
i.e., e(t) =tforallt € [0, 1]. For z,y € D|0, 1] define

dy (z,y) =inf{lzo A=yl VIIA =€l : A € A},

where [|z||j1] = sup{|z(¢)| : ¢ € [0,1]} and a V b = max{a,b}. Then d, is a
metric on D0, 1] and is called the Skorokhod Ji metric.

The mixing condition appropriate for the result in this section is similar to the
condition A(a,,) of Davis and Hsing [[Z], and hence we denote it by .A*(a,) and
say that a strictly stationary sequence of random variables (X)) satisfies the mix-
ing condition A*(ay,) if there exists a sequence of positive integers (7,) such that
7, — oo and 7, /n — 0 as n — oo, and such that for every f € C(E) (putting
kn = [n/rn]), as n — oo,

kn kn
G Bew (=Y fla;'S5)) - (Bexp (— fla;'S,,))) " —0.
k=1

In case « € [1,2), we will need to assume that the contribution of the smaller in-
crements of the partial sum process is close to its expectation. We use the following
“vanishing small values” condition which will be denoted by VSV (ay,): there ex-
ists a sequence of positive integers (ry,) with 7, — oo and k,, = |n/r,| — oo as
n — 00, such that for all 6 > 0

(3.2)

i sk Sk
2 <%j1{|sfn|/an<u} - E(Jl{skn/ansu}m > 5}

k=1

limlimsupP| max
ul0 n—oo 1<i<kn

=0.

In the Appendix we discuss some sufficient conditions for the mixing condi-
tion A*(a,,) and condition VSV(a,,) to hold.
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THEOREM 3.1. Let (X,,) be a strictly stationary sequence of regularly vary-
ing random variables with index o € (0, 2), and let (a,,) be a sequence of positive
real numbers such that nP(|X1| > an) — 1 as n — oo. Suppose there exists a
sequence of positive integers (ry,) such that, as n — oo, r, — 00, ky, = [n/ry, ]
— 00 and

(3.3) k;nP<S’“” € > Zou().

an,

Suppose that the mixing condition A*(a,,) holds, and if a € [1,2), then suppose
that the condition VSV (ay,) also holds, both of them with the same sequence (1)
as in (B3). Then for a stochastic process defined by

lknt] ok S,
Walt) = 3 2 = Ut 221, e ) te 0.1
kzl n n

it follows that

Wa LN Wo asn—
in D0, 1] endowed with the J; topology, where Wy( - ) is an a-stable Lévy process
with characteristic triplet (0,v,0).

Proof. Let, forany n € N, (Z, 1)) be a sequence of i.i.d. random variables
such that 7, 1 4 Sy, . By the relation (B3) we have
Z,
knP<n’l € ) Loy(-) asn— oo
Gn

Theorem 5.3 in Resnick [T'7] then implies, as n — oo,
(3.4) §ni= 2 6,15, — PRM(v)
k=1 ’

on E. Define the point process &, = Z’;’;l 6,-15x - Forany f € C}-(E) we have

n

kn n
Ve, (/) — Vg, (/) = Bexp (= 3 f(a*%)) = (Bexp (— Sl Zn) )

kn

_ & gk —1
=Eexp (- ;;1 fla,*Sy ) — (E exp (— f(ay Srn)))

Hence, the mixing condition A*(a,,) implies V¢, (f) — Ve (f) = 0asn — oo.

Then by the relations (Z3) and (B4)) we obtain, as n — o0,

k’VL
(3.5) > 0,15 = PRM(v).
k=1 "
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Suppose Uy, . . ., Uy, arei.i.d. random variables uniformly distributed on [0, 1]
with order statistics Uy., < Uz, < ... < Uy, .k, Which are independent of (Sffn).
From (B3), using Lemma 4.3 of Resnick [I6], we obtain, as n — o0,

kn
> 00 antst ) — PRM(LEB x v).
k=1 "

By the independence of (Uy) and (S¥ ), we have

n

kn, d kn
121 5(Uk:k”’a;15ﬁn) - 121 5(Uk’a;157]fn)

as random elements of M ([0, 1] x E). Therefore,

kn
(3.6) > 0y, astsk ) — PRM(LEB x v).
k=1 o

Using the arguments from Step 3 in the proof of Theorem 6.3 in Resnick [I7]
we get

kn kn
P
(3.7) dy( Z 5(]{3/]6”,(1;157}? ), Z 5(Uk:k: a*lsk )) — O asn — OO,
k=1 "=t

where d, is the vague metric on M ([0, 1] x E) (cf. (222)). From (B8) and (B2),
using Slutsky’s theorem (see, for instance, Theorem 3.4 in Resnick [I7]), we ob-
tain, as n — oo,

kn

d
> 5(k/kn,a;155n) — PRM(LEB x v) = Zé(tk,jk)
k=1 k

on [0, 1] x E. Hence, using the same arguments as in the proof of Theorem 7.1 in
Resnick [I7], we obtain, as n — oo,

(3.8) w2 gy

in D[0, 1] with the .J; topology, where

(u) ol sy S,
Wit ()= > 7:1{|S§n|/an>u} — [kn 'JE<a:1{u<|5rn|/an<1}>,

and
Wéu)(') = Gelgsa — () [ av(ds).

I3 S u<|z|<1
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By the Lévy-Itd representation of a Lévy process (see Section 5.5.3 in Resnick
[T7] or Theorem 19.2 in Sato [20]), there exists a Lévy process Wy( - ) with char-
acteristic triplet (0, v, 0) such that

sup (W () — Wo(t)] — 0
t€[0,1]

almost surely as u | 0. Since uniform convergence implies Skorokhod J; conver-

gence, we get dj, (Wéu), Wy) — 0 almost surely as u | 0. Therefore, since almost
sure convergence implies convergence in distribution,

(3.9) W LWy asu—0

in DJ0, 1] with the .J; topology.
If we show that

lim lim sup P[d s, (W), W,,) > 6] = 0

ul0 p—oo

for any § > 0, then from (BR), (39) and Theorem 3.5 in Resnick [[/] we will have,
asn — 0o,

W, % W,

in DJ0, 1] with the .J; topology. Since the J; metric on D[0, 1] is bounded above
by the uniform metric on D|0, 1], it suffices to show that

lim limsup P( sup (W () — Wy ()| > §) =0.

ul0 p—oo te[0,1]

We have

(3.10) P( sup [W(t) — Wy(t)] > 9)

te[0,1]
Sk Sk
(Jlﬂsman@} - E(Jlﬂs&wan@})) ‘ > 5] :

For « € [1, 2) this relation is simply the condition VSV (a,,). Therefore, it remains
to show (BI0) for the case when a € (0, 1). Hence assume « € (0, 1). For arbitrary
(and fixed) 6 > 0 define

k=1

J STI? Sf
;; <%1{an/ ansu} E(anl{lSi“nl/anéu}>> ’ g 5]'
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Using stationarity and Chebyshev’s inequality we get the bound
|k st

Tlu,m) SP| max 2|7 = Lgsh, lansuy = B " Lust, fansuy | >0
k

Sk
o, S, l/ansu) ~ E(ijlﬂs,'fnl/angu}) ‘ > 5]

e

k=1

kn

<51E{Z

sk s
2 | a, st fansuy ~ B g Pk, an<a)

o513 g 19n,
< kz_il {IS% |/an<u}

Gn n

- STL

=26 1knE(| . ’1{|Sm|/an<u}>.

an

Using Lemma 27T we obtain

. Sy,

lim knE<|aT’1{|Sm|/an<u}> = [ |zv(dz)
n

e |z|<u

:(c,+c+)1a w0 asu— 0.
-«

Hence

lim lim sup I (u,n) = 0,

ul0 n—ooo
which completes the proof, with the note that the a-stability of the process Wy( - )
follows from Theorem 14.3 in Sato [20] and the representation of the measure v
in (IH). =

REMARK 3.1. Theorem Bl covers a wide range of stationary sequences. In
Bartkiewicz et al. [2], some sufficient conditions for the relation (B3) to hold
are given (see their Theorem 1 and Section 3.2.2 in [2]) as well as several ex-
amples of standard time series models that satisfy these conditions, including m-
dependent sequences, GARCH(1, 1) process and its squares, solutions to stochas-
tic recurrence equations and stochastic volatility models. These conditions are the
following:

(C1l) The process (X,,) is regularly varying with index « € (0,2), i.e., for
every d > 1, the d-dimensional random vector X = (X1, ..., Xy) is multivariate
regularly varying with index «.. This means that for some (and then for every) norm
| - || on RY there exists a random vector © on the unit sphere S = {x € R? :

Ix|| = 1} such that, for every u > 0 and as x — oo,
POX| > v, X/X[| € ) w -
— u “P(O € ),
P(IX][ > )

w .
where the arrow “—” denotes weak convergence of finite measures.
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(C2) There exists a sequence of positive integers (ry) such that r, — oo,
kn = |n/rn| — oo and, for every x € R,

“Pn(x) - (Wm“n(x))kn‘ —0

asn — oo, where @p,;(x) = Eema;lsj,j =1,2,...,and pp(r) = @pn(T).
(C3) Foreveryx € R,

lim limsupﬁ Zn E‘xarfl(Sj —Sq) - xaﬁle‘ =0,

where the sequence (1), is the same as in (C2) and for an arbitrary random
variable Z we put Z = (Z N 2) V (=2).
(C4) The limits
lim nP(Sq > an) =b4(d) and lim nP(S4 < —ap) =b_(d), d>1,

dlim (by(d) —byr(d—1)) =cy and dlim (b—(d) —b_(d—1)) = c_
exist.
(C5) Fora > 1assume EX1 = 0and, fora =1,
lim limsupn |E( sin(aglsd))} = 0.

d—00 n—oo

With appropriate (and standard) assumptions, which are precisely described
in [2], the above-mentioned time series models are strongly mixing with geometric
rate, which suffices the mixing condition A*(ay,) to hold (see Proposition BT be-
low). Therefore, for o € (0, 1), all conditions of Theorem Bl are satisfied and the
conclusion of the theorem follows. Naturally, for o € [1,2) one has also to verify
the condition VSV (ay,).

4. APPENDIX

In this section we give some sufficient conditions for the mixing condition
A*(ay) and condition VSV(a,,) to hold. These conditions are principally based
on the well-known strong or a-mixing and p-mixing conditions. Let (2, F,P)
be a probability space. For any o-field A C F, let Ly(A) denote the space of
square-integrable, .4-measurable, real-valued random variables. For any two o-
fields A, B C F define

a(A,B) =sup{|P(ANB)—-P(A)P(B)|: Ac A, B € B}
and
IE(XY) — EXEY|
VEX2EY?

p(A,B):sup{ :XELQ(A),YGLQ(B)}.
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Let now (X, )nez be a sequence of random variables on (2, F, P), and write F, ,i =
o({X;: k <i<I})for —oo < k <1 < oo. Then we say the sequence (X,,),, is
a-mixing (or strongly mixing) if

a(n) = sup a(fioo,fﬁn) — 0,
JEZ

and (X)), is p-mixing if

p(n) = 325 P(F s Fion) — 0

as n — oo. Note that when the sequence (X, ) is strictly stationary, one has simply
a(n) = a(F0_, F°), and similarly for p(n).

PROPOSITION 4.1. Suppose (X,,) is a strictly stationary sequence of regu-
larly varying random variables with index o € (0,2), and (ay,) is a sequence of
positive real numbers such that nP(|X1| > a,) — 1 as n — oco. Assume the re-
lation (B3) holds for some sequence of positive integers (ry,) such that r,, — o0
and rp/n — 0 as n — oo, and ky, = |n/r,| = o(n') for some 0 < t < 1. If the
sequence (X,,) is strongly mixing with exponential rate, i.e., o, < Cp"™ for some
p € (0,1)and C > 0, where (o) is the sequence of a-mixing coefficients of (Xy,),
then the mixing condition A*(a,,) holds.

Proof. Let(l,) be an arbitrary (and fixed) sequence of positive real numbers
such that [,, ~ n9, i.e.,

ln/n? — lasn — oo, whereq=min{l/a, (1 —1t)/(1+ a)}/2.

Let n be large enough such that [,, < r,, (note that for large n it follows that /,, <
n'~t < r,). We break X, Xo, . .. into blocks of r,, consecutive random variables.
The last [,, variables in each block will be dropped. Then we shall show that doing
so, the new blocks will be almost independent (as n — c0) and this will imply the
relation (B) for the new blocks. The error which occurs by cutting off the ends
of the original blocks will be small, and this will imply the condition (BI) also for
the original blocks.

Take an arbitrary f € C}(E) Since its support is bounded away from zero,
there exists some r > 0 such that f(x) = 0 for |z| < r, and since f is bounded,
there exists some M > 0 such that |f(z)| < M for all z € E. For all k,n € N
define

Sk

Tn,ln

= XkT7L_ln+1 + tet + Xkrn'

Sffn 1, is the sum of the last /,, random variables in the k-th block. By stationarity

we have ;
k k d a1 1 _
S ST"mln - ST»,L - S,,,an — STnfln‘

Tn
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This relation and the inequality
\Egh - EgEh\ < 40102057”
for an F7 ~-measurable function g and an F7{, -measurable function & such that

lg] < Cy and |h| < C3 (see Lemma 1.2.1 in Lin and Lu [I4]), applied k,, times,
give

(4.1) ‘Eexp Zf a, 'Sk —a'SE ln))—(Eexp(—f(azlSrn_zn)))kn

< dkpag, 1.
Then

kn kn

4.2) ‘Eexp Z Ian ) (Eexp ( - f(a;lSrn)D

k’ kn
< [Bexp (- Z (a;'SE ) —Eexp (= 3 fay sk —ay'sk )|
k=1 k=1

+ )Eexp Z f( *15']“ — cflSk ln)> — (EGXP ( — f(aﬁlsrn—ln)))kn

kn

n )(Eexp ( B f(a;lsrn—ln)))kn — (E exp ( - f(a,_LlSrn))>

=:I1(n) + I2(n) + I3(n).

By Lemma 4.3 in Durrett [R] and stationarity we have
kn 1k —1 k —1ck
B3 om0 5h) — s o)

= kEle—f@n'Sm) _ g=flan"Sry1))|
= kBl @ Sm)(1 — f (@ Sra) =@ Srami))

< knEH _ ef(aglsrn)—f(aglsm_ln)|'

It can be shown that for any ¢ > 0 there exists a constant C' = C'(t) > 0 such that
|1 —e~*| < C|x| forall |z| <t. Since for all z,y € E we have |f(x) — f(y)| <2M,
there exists a positive constant C' such that

(4.3) Ii(n) < CknE|f(ay'Sy,) — flantSe,—1,)l-
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Further,

4.4) E|f(a,'Sr,) — flay Sl

= EHf(a;lSrn) - f(ar_LlSrn—ln)H{a;l\sT \>7‘/2}1{a51|5m|>7“/4}]

n—ln
—1

+Elf (0 Srp—1.) 0115, o isr2y L an s, <))

+ Bl Sr) s, ul<r/2r Han 5 5]

<E[f(an"Sr) = flan Srnmt) Lgariis,, o 15r/21 o 50,150/

+MP<|SZ"| > Z) +MP(|Sl"| > r).

an an 2

Since the set S = {x € E : |x| > r/4} is relatively compact and any continuous
function on a compact set is uniformly continuous, it follows that for any € > 0
there exists 6 > 0 such that | f(x) — f(y)| <e for all z, y € S such that p(z, y) <4,
where p is the metric on E defined in (20). If |x| > /2, |y| > r/4 and sign(x) =
sign(y), then z,y € S and

(4.5) plx,y) = ——"— < Zlz—yl

Define

Let € > 0 be arbitrary. Then

-1 -1
Ellf(a,"5r,) — f(a, Srnfln)‘1{a;1|srn_ln|>r/2}1{a;1|sm|>7~/4}]
= E[gn(S"'n7 STn*ln)]‘{a,;HSTn,ln \>r/2, a;l‘srn ‘>T/4}1{Sign(s'r'nfln) #Sign(sﬁz)}]
+ E[gn(Sr,, Srn—ln)l{aglsrn,lnw/z, anlSe, >r/4}1{a;1|5m75m71n|§5r2/8}]

+ E[gn(srn’ STn—ln)l{aﬁlsrn,ln<—r/2, a;lsm<—r/4}1{a,_ll|Srn—STn,ln |<5r2/8}]

+ Elgn (S St )Vt ) sr2.antS,, e/ Har Sy, Sy [56r2/8}]

rm—ln

+Elgn(Srps Srnt)garts,, 1 <—r/2,a51 8, <—r/a} Haz ! 1Sm =S50 1, |>572/8})
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By stationarity and the relation (E3) this is bounded above by
2MP<’STTL _Srn_ln| > 37")
ap, 4

+ E[gn(STn’ S’"n_ln)l{aﬁlsrn_ln>r/2}1{a;15rn >T/4}1{p(a;157-n,a;lsm_ln)g(S}]

+ Elgn(Sras St )V oz, <r/2y HantSeu<or/a) Lptan et Spy -1, )<5}]

rn ~ MPrp— 62
+4MP<|S" Sen l"’>r>
an 8
2
conp( Bl o3 L p (19l o Y L ypp (1Sl S 7
an 4 an 4 an 8

Therefore, from (E3) and (E24)) we obtain
|5,

n

|Sr

ol o 7’)
an 4)
where v = min{r/4,6r2/8} > 0.

Recall that, since X is regularly varying with index a € (0, 2), it follows that
P(|X1| > ) = a7 *L(x) for any = > 0, where L( - ) is a slowly varying function.
It follows also that a,, = n'/®L/(n), where L'(-) is a slowly varying function.
Hence, taking an arbitrary 0 < s < min{o, o(1 —t — ¢ — aq)/(1 — aq)}, we
have

—a
knP('Sl"' > 7) <l P(X] > yan /1) = kl(”a> L<”“)

an ln ln
= knln <'7:;n> * Cp,y

van\ " [ an
a= () L)
= () 1)

Since a,,/l,, — o0 as n — oo, by Proposition 1.3.6 in Bingham et al. [5] we infer
that ¢,, — 0 as n — oo. Further,

" (W>sa_ kn(ln)1+a_s _ <ln)1+as @ nt(nq)1+a—s
nin ln - ,Ya—sa%—s nd nt ’)’a_sn(afs)/a(l/(n))a_s

(4.6) Li(n) < 8MCknP< > 7) + eCknP<

where

_ <Zn>1+06—8 @ 1
S\ n' yemsnp (L (n)) "
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where p = (o — s)/a —t — (1 + o — s)q. It can easily be checked that p > 0.
This and the fact that I, ~ n? and k,, = o(n'), by Proposition 1.3.6 in Bingham et
al. [5], imply that k0, (vyan/1,)*~“ — 0 as n — oo. Hence

S

4.7) knP(‘l"| > fy) — 0 asn — oo.
Gn

From the relation (B33) we infer that, as n — oo,

4.8) kP <|‘z"| > Z) —v({z €E: |z > r/4}) = A < .

n

Thus, by the relations (E-6)—(E=X), we obtain
limsup I1(n) < ACk,

n—o0

and since € > 0 is arbitrary, we have

4.9) lim I;(n) = 0.

n—oo

From the assumption that (X,,) is strongly mixing with exponential rate it follows
that knay,+1 — 0 as m — oo, and hence from (&1l) we obtain

(4.10) lim I3(n) = 0.

n—oo
Using again Lemma 4.3 in Durrett [8] we have

I3(n) < knE|e_f(a*715"") - e_f(aglsrn—ln)\.

Repeating the same procedure as for I (n) we get
4.11) lim I3(n) = 0.

n—oo
Taking into account the relations (E9)—(BE1T), from (E2) we infer that, as n — oo,

kn

kn
Bexp (= 3 flag'SE)) = (Eexp (- f(a;"S,,))) " =0,
k=1
and this completes the proof. =

PROPOSITION 4.2. Suppose (X,,) is a strictly stationary sequence of regu-
larly varying random variables with index of regular variation o € (1,2), and
(an) is a sequence of positive real numbers such that nP(|X1| > a,) — 1 as
n — oo. Let (ry,) be a sequence of positive integers such that r,, — oo as n — oo.
Ifrn, = o(n®) for some 0 < s < 2/« — 1, and the sequence (py,) of p-mixing coef-
ficients of (Xy,) decreases to zero as n — oo and

4.12) Z Pl2i/3) < 00,
Jj=0

then the condition VSV (ay,) holds.
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Proof. Letn € N and v > 0 be arbitrary. Define

Sk Sk
n n

Take an arbitrary 6 > 0 and, as in the proof of Theorem BEl, define
J
I(u,n) = P[lgi}én | glzk\ > 6].
Corollary 2.1 in Peligrad [T5] then implies

UngknJ
I(u,n) <6 2Cexp (8 . Plaiss)) knB(Z1),
j=0

where (pg) is a sequence of p-mixing coefficients of (Z), and C' is some positive
constant (here we put log, 0 := 0). Now standard calculations show that, for any
keN,

Pk < P(k=1)rn+1>

and since the sequence (py) is non-increasing, we have p; < p. Hence, using the
assumption (E12), we obtain

(4.13) I(u,n) < CLS 2 k,E(Z?)
for some positive constant L. Further we have

S |2
4.14)  E(Z}) <E<| a; 1{|srn|/an<u}>

=E |57""|21 1
- q2 USrnl/an<u} H{Mi2 {|X[<uan}}
n

“S’T’n|2
+E 1{\Srn\/an<u}1{u;gl |X;|>uan}}

2
an

Tn X 2 Tn
< E( >~ LX) ansu) ) +u?P(J{1Xi| > uan}).
=1 an i=1
Note that
Tn X 2
(4.15) E< 2#1%‘/%@} )
i=1 Yn

Tn

Z Xilyxii<uan — B(Xil{x;|<uan}

:E<

E(I?) + 2E(I1) 1, + I2,

)

) &L (X
+ ZE<a 1{|Xi|/an<u})
i=1 n

i=1 n
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where

Tn

Tn —XZ
L=% and o = ) E<a1{|Xi|/an<u}>'

i=1 an i=1

Xi1{|Xi|<uan} - E(X11{|Xz|<uan})

Since I; is a sum of centered random variables, by Theorem 2.1 in Peligrad [15],
we have

, [l0g; 7] X2
4.16)  E(I}) <Cexp(8 > ppj/aj(n,u»rnE(aQ1{|X1|/an<u}>

=0 n

for all n € N, where (pj (n, u))j is the sequence of p-mixing coefficients of

X X
< 115 fan<u} — E( ’ 1{Xj/an<u}>> -

o o j
Since the function f = f, ,: R — R defined by

X1
Qan

X
flz) = o Hal/ansuy = E( 1{|X1|/an<u})

is measurable, it follows that

X; X

0(]1{&-/%@} - E<]1{|Xj|/an<u}>> C o(Xj)
G an,

(see Theorem 4 in Chow and Teicher [6]). Consequently, we obtain immediately

pj(n,u) < p; forall j,n € Nand u > 0. Thus from (EI8), by a new application

of the assumption (E12), we get

X2
(4.17) E(If) < CL rnE<anl{|X1|/an<u}>.

n

Note also that E(;) = 0. Since a € (1, 2), it follows that E| X;| < co. Hence

2

(4.18) <M
a
n

for some positive constant M. Now the relations (E14), (B15), (B11) and (EIR)
imply

knE(Z3)

2

X k‘ 7“2
< CLknrnE<a211{xl/angu}) + M
n

2
an

+ w2k P(|1X1] > uay)

_ 2. Fntn E[X?1{x,|<uan}] 1l 4 Mknr%

u?a? P(|X1| > uay) a? '

n

-nP(|X1] > uay) - [C’L
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Therefore, using the regular variation property of X;, Karamata’s theorem and the
fact that k7, /n — 1 and

knr2 _ kprp T 1

2 7 — 0
as, n ns n2/a—1—s(L/(n))

as n — oo (here we used again the representation a,, = n'/*L/(n) with L'(-)
being a slowly varying function at infinity), we obtain

L
limsup k,E(Z%) < u?™ ( ClLa + 1>.

n—00 2—«o

Letting u | 0, we see that lim,, o lim sup,,_, . knE(Z%) = 0. Therefore, by (E13),
we get

lim limsup I (u,n) = 0,

and the relation (B22) holds. =

REMARK 4.1. A careful analysis of the proof of Proposition B2 shows that
the additional condition on the sequence (ry,) (namely, rn, = o(n®) for some 0 <
s < 2/a — 1) can be dropped if we assume that the random variables X; are
symmetric. Indeed, then we can directly apply Theorem 2.1 of Peligrad [13] to the

term E(} Z:ll a;lXilﬂszuan}f), and hence we do not need to introduce I
(to which the additional condition on r,, is related). This also holds for a = 1.

REFERENCES

[1] F. Avram and M. Taqqu, Weak convergence of sums of moving averages in the a-stable
domain of attraction, Ann. Probab. 20 (1992), pp. 483-503.

[2] K. Bartkiewicz, A. Jakubowski, T. Mikosch, and O. Wintenberger, Stable limits
for sums of dependent infinite variance random variables, Probab. Theory Related Fields 150
(2011), pp. 337-372.

[3] B. Basrak, D. Krizmani¢, and J. Segers, A functional limit theorem for partial sums of
dependent random variables with infinite variance, Ann. Probab. 40 (2012), pp. 2008-2033.

[4] J. Bertoin, Lévy Processes, Cambridge Tracts in Math., Vol. 121, Cambridge University
Press, Cambridge 1996.

[5] N. H. Bingham, C. M. Goldie, and J. L. Teugels, Regular Variation, Cambridge Uni-
versity Press, Cambridge, 1989.

[6] Y. S. Chow and H. Teicher, Probability Theory: Independence, Interchangeability, Mar-
tingales, third edition, Springer, New York 1997.

[7] R. A. Davis and T. Hsing, Point process and partial sum convergence for weakly depen-
dent random variables with infinite variance, Ann. Probab. 23 (1995), pp. 879-917.

[81 R. Durrett, Probability: Theory and Examples, second edition, Duxbury Press, Wadsworth
Publishing Company, 1996.

[9] R. Durrett and S. I. Resnick, Functional limit theorems for dependent variables, Ann.
Probab. 6 (1978), pp. 829-846.



128

D. Krizmani¢

[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]

[18]

[19]
[20]
[21]
[22]

(23]

W. Feller, An Introduction to Probability Theory and Its Applications, Vol. 2, Wiley, New
York 1971.

B. V. Gnedenko and A. N. Kolmogorov, Limit Theorems for Sums of Independent Ran-
dom Variables, Addison-Wesley, Cambridge 1954.

0. Kallenberg, Random Measures, third edition, Akademie-Verlag, Berlin 1983.

M. R. Leadbetter and H. Rootzén, Extremal theory for stochastic processes, Ann.
Probab. 16 (1988), pp. 431-478.

Z. Y. Lin and C. R. Lu, Limit Theory for Mixing Dependent Random Variables, Math.
Appl., Springer, New York 1997.

M. Peligrad, Convergence of stopped sums of weakly dependent random variables, Electron.
J. Probab. 4 (1999), pp. 1-13.

S. 1. Resnick, Point processes, regular variation and weak convergence, Adv. in Appl.
Probab. 18 (1986), pp. 66-138.

S. 1. Resnick, Heavy-Tail Phenomena: Probabilistic and Statistical Modeling, Springer Ser.
Oper. Res. Financ. Eng., New York 2007.

E. L. Rvaceva, On domains of attraction of multi-dimensional distributions, in: Selected
Translations in Mathematical Statistics and Probability, Vol. 2, American Mathematical Soci-
ety, Providence, R.I., 1962, pp. 183-205.

J. D. Samur, Convergence of sums of mixing triangular arrays of random vectors with sta-
tionary rows, Ann. Probab. 12 (1984), pp. 390-426.

K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge Stud. Adv. Math.,
Vol. 68, Cambridge University Press, Cambridge 1999.

A. V. Skorokhod, Limit theorems for stochastic processes, Theory Probab. Appl. 1 (1956),
pp- 261-290.

A. V. Skorokhod, Limit theorems for stochastic processes with independent increments,
Theory Probab. Appl. 2 (1957), pp. 145-177.

M. Tyran-Kaminska, Convergence to Lévy stable processes under some weak dependence
conditions, Stochastic Process. Appl. 120 (2010), pp. 1629-1650.

Danijel Krizmanic¢

Department of Mathematics
University of Rijeka

Radmile Matejcic 2

51000 Rijeka, Croatia

E-mail: dkrizmanic @math.uniri.hr

Received on 16.3.2014;
revised version on 3.8.2014



	1 Introduction
	2 Preliminaries
	3 Main theorem
	4 Appendix
	References

