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Abstract. We will investigate an almost sure central limit theorem
(ASCLT) for sequences of random variables having the form of a ratio of
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1. INTRODUCTION

The almost sure central limit theorem (ASCLT) was simultaneously proved by
Brosamler [S5] and Schatte [[T6]. The simplest form of the ASCLT (see Lacey and
Philipp [T0]) states that if {X,,,» > 1} is a sequence of real-valued independent
identically distributed random variables with E(X7) = 0, E(X?) = 1, and if we
denote by S,, = ﬁ (X1 + ...+ X,,) the normalized partial sums, then, almost

surely, for all z € R,

1 LA | a.s.
—1 — P(N < 2),
logn kzz:l EoSk<et DT ( ?)

where N is an N(0,1) random variable and 14} denotes the indicator of the
set A. Equivalently, for any bounded and continuous function ¢ : R — R, one has,
almost surely,

1 n 1 a.s.
— — S E(o(N)).
o 2= 5450 750 Ble)

The ASCLT was first stated, without proof, by Lévy [I1]. For more discussion
about ASCLT see, e.g., Berkes and Csaki [4] and the references in the survey paper
by Berkes [B].
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Ibragimov and Lifshits [B], [9] give a criterion (see Theorem [T for the
ASCLT based on the rate of convergence of the empirical characteristic function.
Using this criterion and Malliavin calculus, Bercu et al. [2] provide a criterion for
ASCLT for functionals of general Gaussian fields.

Our first aim is to prove an almost sure central limit theorem for a sequence
of the form {G,,/ Ry, }n>1, where {G,, },,>1 satisfies the ASCLT and {R,, },,>1 is
a sequence of positive random variables not necessarily independent of {G,,} and
converging almost surely to one (see Theorem Bl). We apply our ASCLT to a
fractional Ornstein—Uhlenbeck process X = {X;,t > 0} defined as

(1.1) Xo=0, dX;=-0Xudt+dB, t>0,

where B = { By, t > 0} is a fractional Brownian motion with Hurst parameter H €
(%, 1), and @ is a real parameter. # is unknown and estimated with least squares
estimators (LSE). Theorem Bl leads to the ASCLT for the LSE in this model.

Continuous observations. Recently, the parametric estimation of the continu-
ously observed fractional Ornstein—Uhlenbeck process defined in (1) was studied
by using the least squares estimator (LSE) defined by

T
[ Xi5X,
0

~

by = 2

[ Xx2dt

0
In the ergodic case, that is, when € > 0, Hu and Nualart [6] proved that the LSE QAT
of 6 is strongly consistent and asymptotically normal. In addition, they also proved

that the estimator
1

T ) —1/(2H)
<Hr<2H>T{ X dt)

is strongly consistent and asymptotically normal. In the non-ergodic case 6 < 0,
Belfadli et al. [0] established that the LSE §T of 0 is strongly consistent and asymp-
totically Cauchy.

In this paper, we focus our discussion on the ergodic case 6 > 0. We shall
prove that when H € (1/2,3/4), the sequence {\/n(6 — HAn)}n>1 satisfies the
ASCLT (see Theorem E72).

Or =

Discrete observations. Assume that the process X is observed equidistantly
in time with the step size h > 0, that is, for any i € {0,...,n}, ¢; = ih. Hu and
Song [7], motivated by the estimator 67, proved that the estimator

1 "o, —1/(2H)
—_— ) X7
<HF(2H)n ; “1)

is strongly consistent and asymptotically normal.

(1.2) 0, =
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In the present work, we shall also prove that, in the case when H € (1/2,3/4),

the sequence
{ \/ﬁ (9 - gn)}
O-(Hv 9) n>1

satisfies the ASCLT (see Theorem Z3).

The paper is organized as follows. Section 2 contains the basic tools of Mal-
liavin calculus for the fractional Brownian motion needed throughout the paper.
In Section 3 we prove the ASCLT for a sequence of random variables having the
form of a ratio of two terms such that the numerator satisfies the ASCLT and the
denominator is a positive term which converges almost sureAly to one. In Section 4,
we use our ASCLT to study the ASCLT for the estimators 6,, and 6,,.

2. PRELIMINARIES

In this section we describe some basic facts on the stochastic calculus with
respect to a fractional Brownian motion. For more complete presentation on the
subject, see Nualart [T4].

The fractional Brownian motion { B;, ¢ > 0} with Hurst parameter H € (0, 1)
is defined as a centered Gaussian process starting from zero with covariance

1
Ry (t,s) := E(B;B,) = §(t2H + 20 | — 52,
Assume that B is defined on a complete probability space (€2, F, P) such that F
is the sigma-field generated by B. By Kolmogorov’s continuity criterion and the
equality
E(B;— B,)? = |s—t|*H, s, t>0,

B has Holder continuous paths of order H — ¢ for all € € (0, H).

Fix a time interval [0, T"]. We denote by H the canonical Hilbert space associ-
ated with the fractional Brownian motion B. That is, H is the closure of the linear
span & generated by the indicator functions (g4}, t € [0, T'], with respect to the
scalar product

(Wgo,y Ugjo,sy) = R (. 9)-
We denote by | - |4 the associated norm. The mapping 1y — B; can be extended

to an isometry between H and the Gaussian space associated with B. We denote
this isometry by

¢ — B(p) = [ ¢(s)dBs.

o~—"

When H > %, the elements of H may be not functions but distributions of negative
order (see Pipiras and Taqqu [I3]). Therefore, it is of interest to know significant
subspaces of functions contained in it.
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Let | H| be the set of measurable functions ¢ on [0, T'] such that
T T
lellfye == H@H = 1) [ [ le(lle()llu = v*?dudv < oo.
00
Note that if ¢, 9 € |H|, then

E(B(p)B(v)) = H2H — 1) [ [ ¢(u)d(v)|u — v ~2dud.

o~—"
o~—"

It follows actually from Pipiras and Taqqu [13] that the space |H| is a Banach space
for the norm || - ||| and it is included in . Moreover, one has

2.1) L2(j0, 7)) c LYH([0,T]) c |H| c H.

Let C;°(R™, R) be the class of infinitely differentiable functions f : R™ — R
such that f and all its partial derivatives are bounded. We denote by S the class of
cylindrical random variables F' of the form

(2.2) F = f(B(¢1),---,B(en)),

where n > 1, f € C;°(R",R) and ¢4, ..., ¢, € H. The derivative operator D
of a cylindrical random variable F' of the form (IZ2) is defined as the H-valued
random variable

N o f

DiF =3 3 -(B(¢1), - -+, Blpn)) @i(t).

i=1 Y%i
In this way the derivative DF is an element of L?(£2;H). For p > 1, let D' be
the closure of § with respect to the norm defined by

17T, = E(FIP) + E(IDF7,)-

The divergence operator ¢ is the adjoint of the derivative operator D. Concretely,
a random variable u € L?(Q; H) belongs to the domain of the divergence operator
Dom(9) if, for every F' € S,

E[{DF, uh] < ¢ Fllz2(0y,
In this case d(u) is given by the duality relationship
E(Fé(u)) = E(DF,u)y,

for any F' € D12, We will make use of the notation
T
§(u) = [usdBs, u € Dom(é).
0

In particular, for h € H, B(h) = d(h) = fOT hsdBs.
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For every n > 1, let H,, be the n-th Wiener chaos of B, that is, the closed
linear subspace of L2(Q) generated by the random variables {H,,(B(h)),h €
H, ||h||3 =1}, where H, is the n-th Hermite polynomial. The mapping I, (h®") =
n!H, (B (h)) provides a linear isometry between the symmetric tensor product
H®™ (equipped with the modified norm || - ||on = ﬁH * ||4¢n) and H,,. For

every f, g € H®" the following multiplication formula holds:

E(In(f)In(g)) = n/{f, g)pen.

On the other hand, it is well known that L?(2) can be decomposed into the infinite
orthogonal sum of the spaces H,,. That is, any square integrable random variable
F € L*(£2) admits the following chaotic expansion:

F = E(F> + iljn(fn)v

where f,, € H®™ are uniquely determined by F.

Let {e,,n > 1} be a complete orthonormal system in H. Given f € H®? and
g € H®Y, forevery r = 0,...,p A g, the r-th contraction of f and g is the element
of H®@P+4=27) defined as

o0

f®7" g = Z <f7 ell ® R ® 6i'r‘>H®T ® <g7 eZl ® ttt ®ei7‘>H®T'

i1=1,...,ip=1

In particular, note that f ®y g = f ® g and, when p = ¢, f ®p g = (f, 9)1er.
Since, in general, the contraction f ®, g is not necessarily symmetric, we denote
its symmetrization by f®,g € HOP+T4=2") When f € H®9, we write I,(f) to
indicate its g-th multiple integral with respect to X . The following formula is useful
to compute the product of such multiple integrals: if f € H®P and g € H®, then

(2.3) Lo = 57 (p ) <§) Lyrq-2:(/®r9)-

r=0 r

Let us now recall the criterion of Ibragimov and Lifshits [U], which plays a crucial
role in Bercu et al. [?] to study ASCLTs for sequences of functionals of general
Gaussian fields.

THEOREM 2.1 (Ibragimov and Lifshits [9]). Let {G,} be a sequence of ran-
dom variables converging in distribution towards a random variable G, and set

n

>

1
log =k

An (eitGk o E(eitGw)).
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Assume that, for all r > 0,
E|A, 1)
- EIADE
t<r 7w nlogn
Then, almost surely, for all continuous and bounded functions p : R — R, one has

1 no1 a.s.
logn kgl T ©(Gr) — E(¢(Goo)).

For the rest of the paper, we will use the standard notation ¢(z) := P(N < z),
where N is an N(0,1) random variable. We will denote by C(0, H) a generic
positive constant which depends only on # and H.

3. ALMOST SURE CENTRAL LIMIT THEOREMS

In this section we shall state and prove our results concerning the ASCLT
for the sequences of R-valued random variables of the form {G, /R, },>1 and
{Gn + Rn}n}l-

THEOREM 3.1. Let {Gy,}n>1 be a sequence of R-valued random variables
satisfying the ASCLT. Let { R, },>1 be a sequence of positive random variables
converging almost surely to one. Then {Gy,/ Ry, }n>1 satisfies the ASCLT. In other
words, if N is an N (0, 1) random variable, then, almost surely, for all z € R,

1 X1

log n 1?:31 Eﬂ{Gkngk} —MOO ¢(2).

THEOREM 3.2. Let {Gy,}n>1 be a sequence of R-valued random variables
satisfying the ASCLT. Let { R, },>1 be a sequence of R-valued random variables
converging almost surely to zero. Then {G,, + R,}n>1 satisfies the ASCLT. In
other words, almost surely, for all z € R,

1 21

a.s.
logn 1§1 Eﬂ{Gk—kngz} m P(2).

REMARK 3.1. A similar result to Theorem B2 for the ASCLT of the sequence
{Gp + Ry }ns1, where { Ry, }n>1 converges in L2(Q) to zero, and such that

1 "1
Z 3 Z *E‘RHQ < 0

n>2 nlog®n ;=) k

was established by Nourdin and Peccati in [13].

The proofs of Theorems Bl and B are respectively direct consequences of
the following two lemmas:



ASCLTs for random ratios and applications to LSE for FOU processes 291

LEMMA 3.1. Let {Gy}n>1 and {Ry,}n>1 be two sequences of real-valued
random variables. Define

(3.1 Upe =

i

1ogn Gucsti-a) — (1= )|

(3.2) Viae =

)

w'\r—t w\»—n

logn LG, <214 — ¢(2(1+¢)) '

Then, for all z € Rand e > 0,

1 L |
> Eﬂ{Gkész} —¢(2)

logn /=

< maX(Un,87 Vn,a)

1 21
+@ kgl Eﬂ{|Rk,1|>€}+E.

LEMMA 3.2. Let {Sy, }n>1and { R, }n>1 be two sequences of real-valued ran-
dom variables. Define

1 LA |

(3.3) Tny = logn kgl 7 MGr<etn) — P(z +n)|,
1o

(34 Why = @ kZ:jl %H{Gkgz—n} — ¢(z —n)|.

Then, for all z € Randn > 0,

1 "1
Z Eﬂ{Gk+Rk<Z} - ¢(2)

logn [ =

n

1 n
< max(Ty, W) + —— > —1I L.
max(To, Waa) + 1570 2 g homon + 7=

Proof of Lemma 3.1. Itisinspired by Lemma 1 from Michael and Pfan-
zagl [I7], p. 78. The case € > 1 is easy. We now assume that ¢ € (0,1). When
z 2 0, using the inclusion

{Gr < (1 —¢e)z} C{Gr < zRi} U{Rr <1—¢},
we have

(3.5) Lic<z(-0)} < Gp<amy + MRy —1]2¢}-

Since, for every x > 0, reo/2 < 6_1/2, we get

(3.6) |¢(z) — ¢(2(1 —¢))| < min <1 s OXP <_z2<1_5)2>> <e.
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Combining (B3) and (BH), we obtain

1 X1
1 — > —

Q:

1
Z Eﬂ{le—l\ze} —€.

Now, when z < 0, the inclusion {G) < (1 +¢)z} C{Gk < zRi}U{Rr>1+¢}
leads to
lia,<z(i40)y S War<zry) T 1R -1]2¢}-

Moreover, since

)= o6+ )| < L ey (Y o

V2or 2
we have
no1 1
logn ; Eﬂ{Gk<2Rk} = #(2) 2 =Vne — logn = Z ﬂ{\Rk 1>e} — &

Thus, for every z € R,

1 1 1 21
Z ﬂ{Gk<sz} P(z )>_maX(Un,saVn,€)_@k§1%ﬂﬂRk—l\?&}_5'

logn
Following the same guidelines as above and using

{Gk < ZRk} C {Gk < (1 + E)Z} U {Rk
{Gr < 2R} C{Gr < (1 — )z} U{Ry

1+¢} for

>
<1l-—¢} for

we get, for every z € R,
1 X1 1 X1

log n kgl %H{G’kngk} — ¢(2) <Kmax(Upg, Vn,5)+@ kgl %ﬂ{mk—l\%} +e.

This completes the proof of Lemma B1l. m
Proof of Lemma 3.2. Fix z € R and > 0. Remark that
{Gy+ Ry <2} € {Gr < 2+ Y U{|Re| > 1}
Thus we obtain

1 X1

logn 121 Eﬂ{Gk—FRkéZ} — ¢(2)
1 21 1 m 1
< fogn k; 7 HGr<zim —0(2 + n)+—logn k; Ry o0y TO(z 1)~ (2)
T Ry —
”7+] ogn Z & LRy >ny + V2
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On the other hand, it follows from the inclusion

{Gr < z—n} C{Gk + R, < 2z} U{|Ry| > n}

that
"ol
logn Z Eﬂ{Gk+Rk<z} - ¢(Z)
logn z_: %H{Gkgzﬂ-n} — oz — n)_logn Z % LRy [>n) T0(2—n)—d(2)
1 &1 n
W logn kz::I L UBk[>n} V2

The desired conclusion follows. m

4. APPLICATION TO LSE FOR FRACTIONAL ORNSTEIN-UHLENBECK PROCESS

First we recall a result of [] concerning the ASCLT for multiple stochastic
integrals.

THEOREM 4.1 (Bercu et al. [2]). Let ¢ > 2 be an integer and let {G,}n>1
be a sequence of the form Gy, = I,(f,) with f, € H®. Assume that E|G2] =
Q| fn H%@q = 1 for all n and that Gn converges in distribution towards a standard
Gaussian. Moreover, assume that

o0 n
1
CRVIDY Z —fr @ frllyo2a-r < oo foreveryl <r <qg-—1,
ino i k
oo 1 n
(4.2) Z Z fk?fl>H®q|
a—anlog®n 72 kl

Then {Gy, }n>1 satisfies an ASCLT. In other words, almost surely, for all z € R,

1 n 1
Tog kzl (e —> P(2)

or, equivalently, almost surely, for any bounded and continuous function ¢ : R —

R, we have
n

Z ©(Gr) —> Ep(N).

log

4.1. Continuous case. In this section we apply Theorem Bl to a least squares
estimator for fractional Ornstein—Uhlenbeck processes based on continuous-time
observations.
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Let us consider the fractional Ornstein—Uhlenbeck process X = {X;,t > 0}
given by the linear stochastic differential equation

4.3) Xo=0 and dX;= —0X,dt+dB;, t >0,

where B = {B;,t > 0} is a fractional Brownian motion of Hurst index H € (%, 1)
and 6 is a real unknown parameter. Let 6; be a least squares estimator (LSE) of 8
given by

t
[ X, 6X,
(4.4) b =-0— t>0
[ X2ds
0
This LSE is obtained by the least squares technique, that is, é\t (formally) minimizes
t .
0 — [|Xs+0X,|ds.
0
The linear equation (E3) has the following explicit solution:

t
(4.5) Xy =e % [e"adB,, t>0.
0

Using the equations (E3) and (B3) we can write the LSE {5,5} defined in (E4) as
follows:

[X0B,  [6Buc® [6Be™
(4.6) b —0=-2 =220

[ X2ds [ X2ds

0 0
Thus, we have
4.7) ViO-8) = — >0,

¢
t= [ X2ds
0

where
F, .= Ix(fi)

is a multiple integral of f; with

L
ft(u7v) =5 ¢ ? ‘ﬂ(ﬁg,t]}(u7v)'

2Vt
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Until the end of this paper we will use the following notation for all ¢ > 0:
(4.8) or = N0, H)\/E(F?) with \(6, H) := > HT'(2H).

We are now ready to state the main result of this subsection. First we recall
some results of Hu and Nualart [6] needed throughout the paper:

(4.9) E(F?) —— A(0, H),

t—o00

where

A, H) =o' <H2(4H 1) [F(QH)2 , DEHTE — 4H)M4H — 1)} )

I'(2—-2H)
Moreover, for every t > 0

(4.10) E[(| DEillF, — E| DEi|IF)*] < C(0, H)™ ",
and ast — oo

4.11) F S N~ N(0, A(6, H))

d e
(where — means convergence in distribution). At last, we have the convergence

1 ¢ 2 a.s.
(4.12) " {XS ds —— X0, H)
ast — oo.

THEOREM 4.2. Assume H € (1/2,3/4). Then, almost surely, for all z € R,

1 X1

logn 2 kMW 0-G0<) 7ma 9

or, equivalently, almost surely, for any bounded and continuous function ¢

1 1 (VE, -
e 2 (0= = Ble).

Ok n—o0

Proof. Letus consider, for each ¢t > 0,

1 1
“=Em vEEn W

and

Ry =
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Thus, (&) leads to
Vn

On

(0 —0,) = Gpn/Rn, n>1.

It follows from (B12) that I?,, converges almost surely to one as n tends to infinity.
Then, using Theorem Bl it suffices to show that {G,,},>1 satisfies the ASCLT.
To do that, it is sufficient to prove that {G,, },,>1 satisfies the conditions of Theo-
rem BT1.

We have E(G2) = 1. In addition, the convergence of G, towards the standard
Gaussian is a straightforward consequence of (B9) and (E_I). It remains to fulfill
the conditions (El) and (22)). Hence, we shall prove that

1 LAy

(4.13) I=Y s— > |1k @1 frllyez < o0,
n>2 nlog (n) ;=1 K
and
1 n
@14) S : |(frs f1) 1o ] < o
nso nlog®(n) 1124 ki

Let us deal with the first convergence (B13). For every ¢ > 0, we have
(4.15) E[(| DE:|i3 — EIIDEFF)?) = 16]l fs @1 fel3g02-
Combining (E10) and (EE19) we obtain

1 " 1

4.16 I<CO,H
(310 O 2 log?(n) 2, WA 1H

and, consequently,

4.17) I<CO,H) Y

n=2

nA—4H < 00,

since H < 3/4, where C'(0, H) is a generic constant depending only on 0, H.
Now, we prove (B14). Let k < [. Then for some k* € [0, k] we have

|(fr, fi)m| = H*(2H — 1)2L

Vi
x [ dxdu e~ Ole—ul [ dydv e~ =0l | —y | 2H 2|y — | 2H 2
(0,k]? [0,1]?
k .
= 2H?(2H — 1)2\/> [ due 0k
Lokl
« f dydv 679\y7v\|k* _ y|2H72|u _ v’2H72

(0,12

.— 2H*(2H — 1)2\/5(1)(1) +D® + D® 4 pW),
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Moreover, the first term can be bounded above by

D(l) _ f du e—@(k*_u) j‘ dydv e—@\y—v|(k* - y)QH—2|u B ,U|2H—2
[0,k*] [0,k*]?
— f e 0u 679\y7v|y2H72|u _ v|2H72dudvdy
[0,k
< e~0u Ol 2021y _ o 2H=2qydvdy < co.
[0,00)3

The last inequality is a consequence of the proof of Lemma 5.3 (see only web
Appendix) in [B]. Following the same guidelines, we get for the other terms:

D(Z) _ f du e—@(k’*—u) J‘ dyd’U €—9|y—v‘(y . k*)2H_2’u . 7}’2H_2

[0,k%] [Fe=,1]2
f du e 0% f dydv 6—0|y—v\y2H—2(u + ,U)QH—Q
[0,k*] [0,l—k*]?
< e~ 0w e=Ol=vly 202y _ 2H=2 dududy < oo,
[0,00)?

D(S) _ f du 6_0(k*_u) f dy f dv e—e‘y—v‘(k* o y)QH—2|u . ’U’2H_2

[0,k*] [0,k%] [k*,1]

_ f du e f dy f dv 6—0(y+v)y2H—2(u + ,U)2H—2
[0,k*] [0,k*] [0,l—Fk*]

< e~0u e=Ol=vly 202y _ ] 2H=2 dududy < oo,
[0,00)?

and

D(4) _ f du e—G(k*—u) f dy f dv e—G\y—v\(y - k*)?H—2|u o U|2H_2

[0,k*] [k*,1] [0,k*]
f du 6—«9u f dy j‘ dv e” 0(y+v) 2H 2|’LL |2H—2
[0,k*] [0,l—F*] [0,k*]
< e e Oly=vly 20210 _ 4 PH=2 qududy < .
[0,00)?

Thus, we deduce that, for every k < [,

|(fr, fon| = C(0, H)\/?
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Consequently, we obtain

n l 1
(4.18) J<LCO,H —
( )ngﬂzlog Z:ZIZBQIE\/%
no1
n>2n10g )i !
1
<CO,H) Y ——5— < o0,

w2 nlog?(n)
which concludes the proof. =

4.2. Discrete case. Consider the fractional Ornstein—Uhlenbeck process X =
{X¢,t > 0} defined in (E3). Assume that the process X is observed equidistantly
in time with the step size h > 0:t; = th,i =0,...,n.

THEOREM 4.3. Assume H € (1/2,3/4). Let 6,, be the estimator of 0 defined
in (L2). Then, almost surely, for all z € R,

a.s.

1
2 1Mo () (0-T)<) T P2):

or, equivalently, for any bounded and continuous function o,

3 e (@ B0) S Elev).

logn ;= n—00
where o(H,0) > 0 is a constant depending only on H and 6.

Proof. Setting

n Z ti—1

we can write

» Qn —1/(2H)
4.1 h = | 5=+ .
(419) b (HF(2H)
Let us recall that (see [[]), as n — o0,
(4.20) 0, 2> 0
and
4.21) vn (0 —6,) -5 N(0,1).
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We have

\/ﬁ NN e— — \/ﬁ Qn —
o(H,0) (0= 0n) = &/ 12H0(H, 9) (HF(QH) -0 2H>’

where &, is a random variable between Q,,/(HT'(2H)) and 6~2#. The conver-

gence (E20) leads to 9‘2H—1§;1/(2H)_1 — 1 almost surely as n — oo. Then,
using Theorem Bl it suffices to show that

sty (oo ™) .

satisfies the ASCLT. On the other hand,

92H+1\/ﬁ Qn
2Ho(H, 0) (HF(2H

- 9—2H> — G+ R,

where

— 92H+1\/ﬁ Qn_EQn
Cn = 2Ho(H,0) ( HT(2H) ) € M,

and from [[Z] it follows that

R 92H+1\/ﬁ < EQn ) _9—2H>

"~ 2Ho(H,0) \ HT(2H

converges to zero as n — oo. Hence, using Theorem it remains to prove that
{én}n;l satisfies the ASCLT. The conditions (B1) and (&) are satisfied by using
the following estimates inspired by Hu and Song [[2]:

1

E[(| DGnl3; — EIDGl2)°] < C(0, H) —pr—.

and for all k < {
N k
E[GGI| < 06, )y [

Thus the proof of Theorem B3 is completed. m

REFERENCES

[1] R. Belfadli, K. Es-Sebaiy, and Y. Ouknine, Parameter estimation for fractional
Ornstein—Uhlenbeck processes: Non-ergodic case, Frontiers in Science and Engineering. An
International Journal Edited by Hassan II Academy of Science and Technology 1 (1) (2011),
pp. 1-16.

[2] B. Bercu, I. Nourdin, and M. Taqqu, Almost sure central limit theorem on the Wiener
space, Stochastic Process. Appl. 120 (2010), pp. 1607-1628.



300

P. Cénac and K. Es-Sebaiy

(3]

(4]
(5]
(6]
(7]

(8]

(9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

I. Berkes, Results and problems related to the pointwise central limit theorem, in: Asymptotic
Methods in Probability and Statistics: A Volume in Honour of Miklés Csorgd, B. Szyszkowicz
(Ed.), Elsevier, Amsterdam 1998, pp. 59-96.

I. Berkes and E. Csdki, A universal result in almost sure central limit theory, Stochastic
Process. Appl. 94 (1) (2001), pp. 105-134.

G. A. Brosamler, An almost everywhere central limit theorem, Math. Proc. Cambridge
Philos. Soc. 104 (3) (1988), pp. 561-574.

Y. Hu and D. Nualart, Parameter estimation for fractional Ornstein—Uhlenbeck processes,
Statist. Probab. Lett. 80 (2010), pp. 1030-1038.

Y. Hu and J. Song, Parameter estimation for fractional Ornstein—Uhlenbeck processes with
discrete observations, in: Malliavin Calculus and Stochastic Analysis: A Festschrift in Honor
of David Nualart, F. Viens et al. (Eds.), Springer Proc. Math. Statist. 34 (2013), pp. 427-442.
I. A. Ibragimov and M. A. Lifshits, On the convergence of generalized moments in
almost sure central limit theorem, Statist. Probab. Lett. 40 (4) (1998), pp. 343-351.

I. A. Ibragimov and M. A. Lifshits, On limit theorems of almost sure type, Theory
Probab. Appl. 44 (2) (2000), pp. 254-272.

M. T. Lacey and W. Philipp, A note on the almost sure central limit theorem, Statist.
Probab. Lett. 9 (1990), pp. 201-205.

P. Lévy, Théorie de !’addition des variables aléatoires. Monographies des probabilites,
Gauthier-Villars, Paris 1937.

R. Michael and J. Pfanzagl, The accuracy of the normal approximation for minimum
contrast estimate, Z. Wahrsch. Verw. Gebiete 18 (1971), pp. 37-84.

I. Nourdin and G. Peccati, Universal Gaussian fluctuations of non-Hermitian matrix en-
sembles: From weak convergence to almost sure CLTs, ALEA 7 (2010), pp. 341-375.

D. Nualart, The Malliavin Calculus and Related Topics, Springer, Berlin, second edition,
2006.

V. Pipiras and M. S. Taqqu, Integration questions related to fractional Brownian motion,
Probab. Theory Related Fields 118 (2) (2000), pp. 251-291.

P. Schatte, On strong versions of the central limit theorem, Math. Nachr. 137 (1988), pp.
249-256.

Peggy Cénac Khalifa Es-Sebaiy
Institut de Mathématiques de Bourgogne National School of Applied Sciences — Marrakesh
Université de Bourgogne Cadi Ayyad University
9 Rue Alain Savary, 21078 Dijon, France Av. Abdelkarim Khattabi, Gueliz, Marrakesh
E-mail: peggy.cenac @u-bourgogne.fr Morocco

E-mail: k.essebaiy @uca.ma

Received on 4.4.2014;
revised version on 18.12.2014



	1 Introduction
	2 Preliminaries
	3 Almost sure central limit theorems
	4 Application to LSE for fractional Ornstein–Uhlenbeck process
	4.1 Continuous case
	4.2 Discrete case

	References

