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1. INTRODUCTION

James Pickands III (see Pickands [I®] and [1Y]) gave a smart and sophisticated
way of finding the asymptotic behavior of the probability

]P(féng(t) > u)

as u — oo, where X is a Gaussian process. More precisely, for ¢ € [0, p] let X ()
be a continuous stationary Gaussian process with expected value IEX (¢) = 0 and
covariance

r(t) = B(X(t + )X (s)) = L - |t]* + o(|t*),

where 0 < a < 2. Furthermore, we assume that (¢) < 1 for all ¢ > 0. Then

IP(tzl[ép]X(t) >u) = Hopu*® T(u) (14 o(1)),
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where H, is a positive and finite constant (Pickands constant), and ¥(u) is the
tail of standard normal distribution. The classical definition of Pickands constant
is given by the limit

1
H, = lim —IEexp( sup Z,(t)),
¢ T T (te[O,T] (1)

where
(1-1) Zoz(t) = \/iBa(t) - |t|cx’

and B, is a fractional Brownian motion with Hurst parameter «/2 that is a cen-
tered Gaussian process with the covariance IE(Bq (t)Ba(s)) = 5(|t[* + |s|* —
|t — s|*), where t,s € Rand 0 < v < 2.

First we prove the Pickands theorem following Piterbarg’s proof and ideas
which are based on the Borell inequality and Slepian lemma. Lemma 3 below is
slightly different than Lemma D.2 in Piterbarg [20], that is, the constant before the
exponent depends on 7T'.

The original Pickands’ proof is rather complicated and is mixed with upcross-
ing probabilities for Gaussian stationary processes. In his paper this theorem is
a lemma (see Pickands [9]). Moreover, Qualls and Watanabe [ZT] proved the
Pickands theorem in a more general setting, that is, for a regularly varying co-
variance function. The proof of Pickands’ theorem uses the elementary Bonferroni
inequality, and therefore this idea of proof is called the double sum method; how-
ever, in the literature the Bonferroni inequality appears in a stronger version. In
this paper we present a sharper version of the Bonferroni inequality which has an
impact on some lower bounds of Pickands constant (see Debicki et al. [12] and
Shao [22]). Finally, we review equivalent definitions, simulations and bounds of
Pickands constant.

2. LEMMAS AND AUXILIARY THEOREMS

In the paper we will consider real-valued stochastic processes and fields. Let
us write

1 (o)
U(u)=1—®(u) = \/77{6_82/2 ds,
and notice that
2.1) U(u) = —— e 72 (14 0(1))

as u — Q.
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LEMMA 2.1. Let (X1, X2) be a Gaussian vector with values in R? with
]EX1 = mi, ]EXQ = ma, VarX1 = O’%, VarXQ = U% and p = COV(Xl,XQ).
Then

Xo=aX,+ Z,

where
)

= 72’
o7

a

and Z is independent of X1 and is normally distributed with mean ms — am; and
variance )
2 P
09 — 5
01

The next lemma can easily be proved by mathematical induction.

LEMMA 2.2 (Bonferroni’s inequality [8]). Let (2, S, IP) be a probability space,
and A1, As, ..., Ay, € Sforn > 2. Then

3

P(UA)> Y PA)— Y PANA).
! =1

i=1 1<i<jsn

Using the above Bonferroni inequality, we obtain a sharper lower bound of
Pickands constant than in Degbicki et al. [T2] (twice bigger). We skip the proof
which goes the same way as in Debicki et al. [T72].

THEOREM 2.1. We have
o

The following theorem plays a crucial role in extremes of Gaussian processes.

THEOREM 2.2 (Slepian’s inequality [23]). Ler Gaussian fields X (t) and Y (t)
be separable, where t € T, and 'T is an arbitrary parameter set. Moreover, we as-
sume that the covariance functions rx (t,s) =IE(X (t)—EX(t)) (X (s)-EX(s))
andry(t,s) = E(Y (t) — EY (t)) (Y(s) — EY (s)) satisfy

rx(t,t) =ry(t,t),

rx(t,s) <ry(t,s)

forallt,s € T, and their expected values fulfill
EX(t) =EY(t)
forallt € T. Then for any u

P(sup X; < u) < P(sup¥: < u).
teT teT
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The most important tool in the theory of Gaussian processes (see Borell [5]
or, e.g., Adler and Taylor [I]) is the following inequality.

THEOREM 2.3 (Borell’s inequality). Let X (t) be a centered a.s. bounded
Gaussian field, where t € T, and T is an arbitrary parameter set. Then

Esup X(t) =m < oo, supVar X (t) =o* < o0,
teT teT

and for allw > m

P(fggX(t) > w) < exp (—(“]2_0;”)2>

In the rest of the paper we will tacitly assume that 0 < « < 2. The next lemma
can be found in Piterbarg [20]. Following ideas from Piterbarg [20], we provide its
detailed proof.

LEMMA 2.3. Let x(t) be a continuous Gaussian field, where t = (t1,t2) €
R? with Ex(t) = —|t1|* — [ta|* and Cov (x(t), x(s)) = [t1]* + |t2|* + [s1]* +
|so|® — [t1 — s1|* — [t2 — s2|¥, s = (81, $2), and let X (t) be a continuous homo-
geneous Gaussian field, where t = (t1,t3) € R? with expected value EX () = 0
and covariance

r(t) = E(X(t+5)X(s)) =1 = [t1]* — [t + o(|t1]* + [t]).
Then for any compact set T C IR?

]P(t SPQI;QTX(IS) >u) = W(uw)H(T)(1+o(1))

as u — oo, where

H(T) =Eexp (?ggx(t)) < 00.

REMARK 2.1. The continuity of the field x(t) follows from the Sudakov, Dud-
ley and Fernique theorem (see, e.g., Piterbarg [20]).

Proof. Letwu > 0; then
I —v2/2
P( sup X(t)>u)=—= [ ¢ P( sup X(t)>u[X(0)=v)dv.
teu—2/aT T —c0 teu—2/aT

Substituting v = u — w/u, we obtain the right-hand side of this equality in the
form

L e e/ p X(t) > ulX(0) = u—
e e su > ulX (0 u—w/u)dw.
= _foo (teu_zgaT () > u|X(0) Ju)
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Let us put
Xu(t) = u(X (u™2/°t) — u) + w.
Thus, let us rewrite the last integral (without the function before the integral, which

is U(u) as u — 00) as

(2.2) i ew—w?/(2u?) P (sup xu(t) > w|X(0) = u — w/u) dw.
—o0 teT

Next, compute the expected value and variance of the distribution y,,(¢) under
the condition X (0) = u — w/u (this distribution is Gaussian by Lemma T). By
Lemma 11, we get

E(x(t)|X(0)) = uB(X (u™%/)|X(0)) — u? + w = uaX (0) — u* + w,
where a = r(u~%/t). Hence

(2.3) ex(u,t) = E(x.(t)|X(0) = v — w/u)
= —u?[1 — r(u” 2] + w[l — r(u"?/))],

which, by the assumption on the covariance r, tends to —|t1|* — |t2|* as u — oc.
Now, let us calculate the variance

(2.4) Var (x.(t)|X(0) =u—w/u) = u*Var (X(U_Q/O‘t)|X(0) =u—w/u)
= u’Var (Z) = u?(1 - r*(u=°t)),

where Z is a suitable random variable from Lemma 1. By the assumption on the
covariance r, the variance in (Z4) tends to 2(|t1]|“ + [t2|%) as u — oo. Similarly
we compute

Var (Xu(t) — xu(8)|X(0) =u— w/u)
= u’Var (X (u= %) — X (u¥%s)| X (0) = u — w/u),

which, by Lemma T, equals
w?[Var (X (u=2/°t) — X (u=2/%s)) — [r(u=2t) — r(u=?s)]?].
Thus we get

Var (xu(t) — xu(s)|X(0) = v — w/u)
= u? [2[1 - r(u_2/a(t —s5))] - [r(u=%) — T(U_2/a8)]2:|,
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and one can estimate

Var (xu(t) — xu(s)|X(0) = u — w/u) < 2u? [1- T(U_2/a(t - )]
= 2([t1 — 51| + [t2 — s2|®) + wPo(u?[[tr — s1|* + [t2 — 52|°])
= (It1 = 51| + [t2 — 52|*) (2 + o(1)),

where o(1) — 0if u — oo or [t; — s1| — O and |t — s2| — 0. Hence
(2.5) Var (xu(t) — xu(s)|X(0) = u — w/u) <3(|t1 — s1|* + [ta — s2|%)

for u sufficiently large and t, s belonging to any bounded set of IR?. One can also

show that the covariance of x,(t) and x,(s) under the condition X (0) = u — ¥

tends to |t1‘a + |t2|a + |81’a + ‘82|a — |t1 — 81|a — |t2 — SQ‘Q. Thus the finite-
dimensional distributions of the field x.,(t) under the condition X (0) = u — ¥
converge to the finite-dimensional distributions of x(¢), and, by (Z3), the distribu-
tion of the field x.,(¢) under the condition X (0) = u — % is tight, which implies
that the field x,(¢) under the condition X (0) = u — % converges weakly to x(t)
as u — 00.

By weak convergence,

(2.6) IP (sup xu(t) > w|X(0) = u—w/u) — P(sup x(t) > w)
teT teT

as u — oo. Since the process x.,(t) under the condition X (0) = u — % is contin-
uous on T'; we infer by the Borell theorem (Theorem 23) that

]E<$2$ (xu(t) — ex(u, 1)) | X(0) = u — w/u) m < 00,

sup Var (x,(t)|X(0) = u — w/u) < 0” < oo,
teT
where, by (Z3), (I4) and (Z6), m and o2 depend only on «, and
2.7)

]p(sup (xu(t) — ex(u,t)) > w|X(0) =u— w/u> < exp <_(w_m)2>

teT 202

for all w > m for sufficiently large u. Since

]P<§g$ (xu(t) —m) > w‘X(O) =u— w/u)

<]P<§él¥ (xu(t) — ex(u,t)) > w|X(0 —u—w/u>,



Remarks on Pickands’ theorem 379

by (1) we have

o - 2
28)  P(supxu(t) > w|X(0) =u—w/u) < exp ((w22m)>
teT 20

Then, using (Z-8) and the dominated convergence theorem, we get

E[exp (?gg Xu(t))|X(0) = u — w/u] — E[exp (fé”T) x(t))]

as u — oo and ]E[exp (supteT X(t))] < oo. Thus, taking into account (Z2), we
get the assertion. =

COROLLARY 2.1. If T = [a,b] x [c,d], then
H(T) < [b—al[d—c] H([0,1] x [0,1]),
where x| is the smallest integer greater than or equal to .

Proof. Weaugment our rectangle to the rectangle with sides of length [b—a|
and [d — ¢|. This rectangle can be divided into [b — a]| [d — ¢] unit squares. By
the homogeneity of the random field X we get the assertion. m

Reducing one dimension in the previous lemma, we get the following

LEMMA 2.4. Let Z,(t) be the process defined in (1), and X (t) be a contin-
uous centered Gaussian process with covariance

r(t) = E(X(t+ s)X(s)) =1 — [¢t|* + o(]t]*).
Then for any T' > 0

P(  sup  X(t)>u) =V (uH(T)(1+o0(1))
te [0,u—2/oT)

as u — oo, where

(2.9) H(T) = Eexp (t s[ng] Za(t)) < oo
€10,

Proof. The proof goes the same way as the proof of Lemma 3. =
COROLLARY 2.2. ForT > 0 we have
H(T) < [T H([0,1]).

The next lemma is different than Lemma D.2 in Piterbarg [2U], that is, the
constant before the exponent depends on 7.
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LEMMA 2.5. Let 0 < e < 1/2and 0 < €* < 1/2, and 1 — 2|t|* < r(t) <
1 — 3[t|* for all t € [0, €], where X (t) is defined in Lemma D24. Then for T > 0,
to > T and u sufficiently large

P(  sup  X(t)>u, sup X(t)>u) <C(a,to,T) ¥ (u),
te [0,u=2/eT) te [u=2/otg, u=2/a(tg+T)]

where
Cla,to,T) =4[DT|[D (to + T)]exp ( — £(to — T)*)H([0,1] x [0, 1]),
and D = (24/2//7)?/*161/2,

REMARK 2.2. Let us notice that the assumption r(t) = 1 — [t|* + o(|t|%)
implies that there exists € > 0 such that 1 — 2[t|* < r(t) < 1 — [t|* for all
t €0, €l

Proof. Let us consider a Gaussian field Y (¢,s) = X (¢) + X(s). Then

(2.10) P(sup X(t) > u, supX(t) >u) <P( sup Y(t,5) > 2u),
teA teB (t,s)e AxB

where A = [0, u=2/*T] and B = [u=%/to, u=2/*(ty + T)]. Let us notice that
2.11)  o*(t,s)=VarY(t,s) =2+2r(t—s) =4 —2(1 —r(t —s)).
By the assumptions of the lemma, for |t — s| < € we have

1

§\t— s|*<1—r(t—s) <2|t—s|%
which gives

4 — 4t —s|* < o?(t,s) <4— |t —s|%

Thus, for sufficiently large u we get

(2.12) inf  o2(t,s)>4—4 sup |t —s|¥>4—4e* > 2,
(t,5)€(AxB) (t,s)e(AxB)

where in the last inequality we used the assumption of the lemma. Similarly for
sufficiently large u we obtain

(2.13) sup  o2(t,s)<4— inf |t—s|®
(t,s)€(AxB) ( ) (t,s)E(AXB) ’ ’

<A4—|u %ty —T)|* =4 —u2(tg — T)™

Let us put
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where o(t, s) is defined in (Z-I). Let us estimate the right-hand side of (Z-I0).
Thus, for sufficiently large u we have

(2.14) P( sup Y(t,5) > 2u) :IP<EI(t,s) € AxB: Yt s) > 2u >

(t,s)€ AxB J(tv 8) U(t7 3)
2u
<P sup  Y*(t,s) > >,
((t,s)e AxB ( ) \/4 — u‘2(t0 — T)O‘

where in the last line we used (ZZ13). Let us compute the following expectation for
(t,s) € Ax Band (t1,s1) € A x B. We have

2
E[y*(t,s)Y*(t1,51)]2=1E[Y(t’sjfaigtl’sl) YG(ESS;) i((ttlljll))]
Y(t,s) — Y(ti,51)]2 | S (e .
<2E[ o(t,s) } [U(t,s) o(ty,s1) EYZ(t1,51) = 11,

where in the last inequality we used the relation (a + b)? < 2a? + 2b%. Continuing
the computation, we get

: 2
I < ]E Y t7 - Y t s
1 inf(; s)eaxB 02(t, 5) [Y(t,s) (t1,s1)]
1 1 2
2 _ 2,
! [U(tvs) 0(t1,81)] o (t1, 51)
: 2 U(t1731>—0(t,s) 2
- E[Y(t,s) - Y(t )
inf(;,5)cax B 0*(¢, ) Yt s) (t1,51)]" + o(t,s)
2

S fnoaes 205) [E[Y(t,5) =Y (t1,51)]* +[o(tr, 51) — 0o (t, 8)])] = L.

Using (Z12) for sufficiently large u, we get
L <E[Y(t,s) = Y(t1,51)] + [o(t1, 51) — o(t, 5))
= E[X(t) — X(t2) + X(s) = X(s1)> + [0(t1, 51) — o(t, 5)]?
<2E[X(t) — X(tl)]2 +2E[X(s) — X(s1) 24 [o(t1,s1) — o(t, s)]2 =: I3,

where in the last inequality we used again the relation (a + b)? < 2a? + 2b. Con-
tinuing the reasoning, we see that

Iy = 2B[X(t) — X (1)]* + 2E[X (s) — X (s1)]?
+ 0%(t1, s1) — 20(t1, s1)o(t,s) + o2(t, s)
= 2E[X (t) — X(11)]* + 2E[X (5) — X (s1)]?
+EY2(ty,51) — 2/EY2(t1,51)EY2(t, s) + EY?(t,s) =: I4.
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By Schwarz’s inequality we obtain

I <2E[X(t) — X(t)]* + 2E[X (s) — X (s1)]?
+EY?(t,51) — 2B[Y (t1,51)Y (¢, 5)] + EY?(t, 5)
=2E[X(t) — X (t1)]* + 2E[X (s) — X (1) + E[Y (£, 5) = Y (t1, 51)]”
= 2E[X (1) — X (t1)]* + 2E[X (s) — X (51)]?
+E[X(t) - X(t1) + X(s) — X(51)) =: I5.

Using the inequality (a + b)? < 2a? + 2b%, we get

(2.15) Is AE[X(t) — X (1)) + 4E[X (s) — X (s1)]°.
For |t — t1| < € we have

(2.16) E[X (1) - X(t1)]* = 2 = 2r(|t — t1]) < 4]t — t1]*,

where in the last inequality we used the assumption of the lemma. Thus, by (ZZ13)
and (ZI8), we have for (¢,s) € A x B and (t1,s1) € A x B and u sufficiently
large

(2.17) E[Y*(t,s) — Y*(t1,51)]* < 16[[t — t1]* + |s — 51]°].
Since IE[Y*(t, s)]2 = 1, by (ZI2) we get

(2.18) E[Y*(t,8)Y*(t1,51)] > 1 — 8]t — t1|* — 8|s — 51|
Let us define the random field

(2.19) Z(t,5) = — (m(t) + ma(s)),

V2

where 71 and 7, are independent Gaussian stationary processes with IEn (¢) =
Eny(t) = 0 and E[n;(t)n;(s)] = exp(—32|t — s|*) for i = 1, 2. Hence

(220) IE[Z(t,5)Z(t1,51)] = %(E[m(t)m(h)] + E[nz(s)n2(s1)])
_ %[exp(—32|t —411) + exp(—32]s — 51]*)]
<1-— 8’t — tl‘a — 8|S — Sﬂa

for sufficiently small |t — t; ~% < 1— 1z for suffi-
ciently small and positive x. Thus, by (Z-I8) and (Z220) we obtain

(2.21) E[Y™(t,s)Y"(t1,51)] =2 E[Z(t,5)Z(t1, 51)]
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for sufficiently small |¢ — ¢1] and |s — s1|. Hence, by the Slepian inequality, we
have for large u

(2.22) ]P( sup  Y*(t,s) > u*) < ]P( sup  Z(t,s) > u*),
(t,s)eAxB (t,s)eAxB

where
. 2u

YT T

(see (ZI4)). Let us put

t s
nit,s) =2 (161/‘1’ 161/0‘)’

then

(2.23) ]P( sup  Z(t,s) > u*) = ]P( sup  n(t,s) > u*),
(t,s)e AxB (t,s)e A’xB’

where A’ = [0, u=2/*T16'/?] and B’ = [u=%/tg16Y/*, u=2/*(tq + T)16/*].
Notice that 7(t, s) satisfies the assumptions of Lemma I3 (for the field X). For

to — T:| a/2

u>u0:[
€

we get

u 2 - 2 _ 2 2v/2
u A= u2(tg - T)™ \/4—u52(t0—T)°‘ N/ NG

where in the last inequality we used the assumption of the lemma that € < % Thus,

we get A'C [0, (u*rg)_z/aTlfﬂ/o‘] and B’ C [0, (U*T@)_Qm(to +T)16Y/].
Let us define T = [0, (%)_2/QT161/C“] x [0, (%)_Q/Q(to +T)16/%]. Hence

(224) P( sup n(t,s)>u") <P( sup n(t,s) > u*)
(t,s)€ A’x B (t:s)€ (u*)~2/aT

= U(u")H(T)(1+ o(1))

as u — oo, where in the last line we used Lemma [Z3. Since ﬁ > 1+ x for
x < 1, we get for sufficiently large u

42

(U*)Q = 4 — ’LLiQ(t[) _ T)a

> w14 a2 (tg - T)*] =+ 1(to — T)* > .
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Thus, using (1), we deduce that for sufficiently large u
U(u*) <20 (u)exp (— £(to — 1)%).
Hence, by ('24)) it follows that for sufficiently large u

(225) P(  sup 7t s) > u’)
(t,5) A'x B!

<20 (u) exp (— (to—T)*)H(T)(140(1)) <4V (u)exp (— g (to—T)*) H(T).

From Corollary T we obtain
(2.26)

H(T) < H([0,1]x[0,1]) K;@) 2/aT161/ﬂ K;\%) 72/a(to + T)161/ﬂ .

Thus, using (ZZ10), (Z14), (IZ222), (223), (IZX3) and (Z28), we get the assertion of
the lemma. =

3. PICKANDS’ THEOREM

THEOREM 3.1 (Pickands’ theorem). Let X (t), where t € [0, p], be a contin-
uous stationary Gaussian process with expected value TEX (t) = 0 and covariance

r(t) = B(X(t+5)X(s)) =1 — [t|* + o([t]*).
Furthermore, we assume that r(t) < 1 for all t > 0. Then

P( sup X(t) >u) = H, pu?/® U(u)(140(1)) asu— oo,
t€[0,p]

where HT
H, = lim 7( )
T

is positive and finite (Pickands constant), and H (T) is defined in (Z9).

Proof. Put
Ay = [ku=?/°T, (k + Du~?°T),

where k € Nand T > p, and N, = |p/(u=%*T)]|. Thus,

Np
P( sup X(t) >u) < > P(sup X(t) > u)
t€[0,p] k=0 teEA

= (N, + 1)1P(t861g) X(t) > u),
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where in the last equality we use stationarity of the process X . Thus, by Lemma 4,
we get

P( SUpyefop X (t) > )

. p
3.1 1 < H(T
G-D P u2/2W (u) T (T)
Let us estimate our probability from below. We have
Np—1

(32) P(sup X(t) >u)>P( (U {sup X(t) > u})

te(0,p] k=0 tEAg
> N, IP(sup X(t) > u) — > P ( sup X (t) > u, sup X(t) > u),

teAo 0<i<j<Np—1  tEA; teA;

where in the last inequality we applied Lemma 2. Let us consider the last double
sum (that is why the method is called a double sum method)

Yo = > IP( sup X(t) > u, sup X(t) > u)
0<i<j<Np—1  tEA; teh;
Np—1
= Y (N, — k)P(sup X(t) >u, sup X(t) > u)
k=1 teAo teEA,
< N, P(sup X () > u, sup X(t) > u)
tEAO tEAl
N j4—1
+ N, Y. P(sup X(t)>u, sup X(t) > u)
k=2 teAy teAy
Np—1
+ N, Y P(sup X(t)>u, sup X(t) > u).
k=N,/4 teAo teAL

Let us denote the last three terms by Aj, As and Aj, respectively. We will show
that these terms are negligible after dividing them by u?/ W (u) and passing with
u — oo and T" — co. Moreover, bounds on them justify that the Pickands constant
is well defined.

First, let us consider A3 and take u such that u=2/*T < ¢/16. Then it is easy
to see that the distance of the intervals Ay and Ay is at least €/4 in As. Hence, in
Ag (for k from As3), for (t,s) € Ag x A, we have

(3.3) Var (X(t) + X(s)) =2+ 2r(t—s) =4 —2(1 —r(t — s))
<4-2 i>n£4(1—r(s)) =4—0 <4,

where § = 2inf 5 /4 (1 — r(s)) > 0 (by the assumptions on 7(t)). Let us observe
that X (¢) + X (s) is a continuous Gaussian field on [0, 7] x [0, 7], which implies
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by Theorem 3 that

(3.4) E sup (X(t)+X(s)) <my
(t,8)EAQX Ay

consequently, by (B33) and (B-4), we get

P(sup X(t) >u, sup X(t) >u) <P( sup  X(t)+ X(s) > 2u)
teAg teEA (t,S)EAoXAk

where in the last inequality we used the fact that 1 — 6/4 < (1 — §/8)2. Hence

1 (u—m/2 2
(3.5) limsu As < lim su Ng xp < 2 ( 1-6/8 ) )
. u—>oop Np\IJ(u) = ueoop Np\Il(u)
_ oy P L/u—a/2\> 1,
=0,

where the second line follows from (Z) and the fact that 1 — §/8 < 1 (by assump-
tion, 7(t) < 1 for ¢t > 0).

Now, let us consider As. For k > 2 we have from Lemma 3 (C; and C5 are
constants depending on «)

P( sup X (t) > u, sup X (t) > u)
teAg tEAL

< C[CoT [Cok + )T exp ( — 3(k — 1)*T) ¥ (u).
Thus
N.js—1

Ay < CL[CoT W (u)N, Y [Co(k+1)T]exp (— g(k—1)*T).
k=2
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Let us estimate Zg;/;_l [Co(k +1)T exp ( — §(k — 1)*T). We have

N€/4—1
> [Co(k+1)TTexp (— g(k—1)*T)
k=2
< fj [Co(k+1)TTexp (— 3 (k—1)°T%)
k=2

< [CoT] i(k‘ +1)exp (— g(k—1)*T%)
k=2

= [CoT' i (k + 2) exp ( _ %k‘O‘T"‘)
k=1

<3[CoT] Y kexp (— sk*T%)
k=1

< 3[CoTexp (— %TO‘) +3[CoT [ sexp (- ésO‘T"‘) ds =: Ly,
1

where the last inequality is valid for 7% > 8/« (then the function under the in-
tegral sign is decreasing for s > 1). Substituting ¢ = %SO‘T “ and continuing the
computations (from now on, C' will be any positive constant depending on « and
its values can change from line to line), we see that

CIT]
T2

[ ¥ Lexp(—t) dt =: L.
Te/8

Ly <C[Tlexp(— §T%) +
Using the property of the incomplete gamma function, i.e.,

se *ds =u"e (1 + O(1/u)) asu — oo,

=3

where w € IR, we get
Ly < C[T]exp (— 11%) (14 0(17)
for T > 8/«. Thus we obtain
4y < O[T B(u)Nyexp (— 1T%) (14 O(T ),

which yields

Ao
3.6 li
(3.6) 1£n_)S£p V)N,

N

C T exp (- 17%) (1 +O(T™%)).
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Now, let us consider the term A;. Thus

(3.7) P(sup X(t) > u, sup X(t) > u)
teAg teA

<P(sup X(t) > u, sup X(t) > u)
te€o teu=2/e [T, T+/T)
+ P (sup X(t) > u, sup X(t) > u)
teEA) teu=2/a[T+\/T, 2T+\/T)
< IP( sup X(t) > u)
teu—2/[T, T4+/T)
+ P ( sup X(t) > u, sup X(t) > u)
teAg teu=2/o[T+\/T, 2T+\/T)
=1P( sup X(t) > u)
te[0, u=2/\/T]
+ P ( sup X(t) > u, sup X(t) > u).
telo teu=2/*[T+V/T, 2T +V/T]

First let us consider the second term in the last equality of (B=2). By Lemma 3 we
have

P( sup X(t) > u, sup X(t) > u)
teAg teu=2/9[T++/T,2T+\/T]
<A[CT][C (2T + VT)exp (— T2V H([0,1] x [0,1])¥(u).

The first term of the last equality in (B877) can be estimated by Lemma [Z4:

IP( sup X(t) > u) = V() HNT)(1+o0(1)).
te[0,u=2/a/T]

Hence we obtain

(3.8) ]P(tseuAp X(t) > u, sup X(t) > u)
< U(u)H(VT)(1+0(1)) + C[T] [2T + VT exp ( — £ T%/?) W (u)
< U(u)[VTTH(1)(1 + o(1)) + O[T [2T + VT exp ( — 3 T%?) W (u),

where in the last inequality we used Corollary 2. Thus we get

(3.9) liqun_gp szél(u) < [VTTH(1) + C[T] [2T + VT exp ( — £ T/%).

Now, consider the lower bound

— ]P(SuPte[o,p] X(t) > u) it ]P( SUD¢e(0,] X(t) > u)
e (w) S TR
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which by Lemma Z4, (B72), (B3), (36) and (39) is greater than or equal to

2
(3.10)  f(T)= H(TT) ¢ ;ﬂ exp (— 37%)(1+0(T~))
_Ivn

T
o H(1) - C[T1 [2T + VT exp (— £ T?).

Let us assume that lim sup,_, . H(T')/T > 0; then by (B1) and (BI0) we get

H(T IP(su X(t) >u P(su X(t) >u
H(T) > lim sup ( pt€2[0,1] (t) ) > liminf ( pt€2[0,1] (t) )
T u—eo /W (u) u—00 w22 (u)
H
S—o00 S—00 S

which implies

0o > liminf H(T) > lim sup H;T)

T—o0 T—o0

>0,

and limy_,, H(T')/T exists and is finite and positive.
It remains to prove that

H(T)
7 >0

lim sup
T—o0

Letus put D = [J7Z, Ag; N[0, 1]. Then

P( sup X(t) >u) > P(supX(t) > u).
te(0,1] teD

Applying the Bonferroni inequality for the set D (see Lemma 22 and (B322)) and
using Lemma 74 and the bound for A5 and (B3) (note that A; disappears by the
definition of the set D), we get

P X(t) >
H(T) | wp (supepo,) X () > u)
U—00 U2/a\II(U>
H(S) C[S) o —a
> 50 T g exp(—éS )(1+0(S™))

=51 (Hés) —C TS exp (— £5%) (1 + 0(5”))),

which is positive for sufficiently large S because H(S) is an increasing function
of S and C [S]? exp (=259 (1+0(S™)) tends to zero when S — cc. =
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4. AN OVERVIEW OF THE RESULTS ON PICKANDS CONSTANT

The values of Pickands constants are known only for & = 1 and a = 2, that
is, H; = 1 in the Brownian motion case (Bj(t) is the standard Brownian motion)
and Hy = 1//7 in the generate case (By(t) = tN, where N is a standard normal
random variable).

There are also equivalent definitions of Pickands constant. In Berman [3], us-
ing the theory of sojourn times, it is proven that

21
H, = f —dG(z),
ot ¥

where G is the distribution function of the random variable
(o0}
L= [ T{Z(s)+n > 0}ds,
— 00

Z is defined in (), and 7 is a unit mean exponentially distributed random vari-
able independent of Z,,. In Hiisler [13] and Albin and Choi [?] it is shown that

1
H, =lim f]P(sup Zo(ek) +n < O),
€l0 € k>1

where k is an integer, Z, is defined in (), and 7 is a unit mean exponentially dis-
tributed random variable which is independent of Z,. A similar form of Pickands
constant is given in Dieker and Yakir [[3] where

1
H, =lim —IP(sup Z,(ek) = 0).
€l0 € keZ

A quite useful representation of Pickands constant is

supteR €ZQ (t)
f i" Za(t) dt

(&
00

4.1 H,=E

and its discrete form

Zal(t
SUpPcR € )

€Y eZa (ek)
kEZ

(4.2) H,=E

for any € > 0, which can be found in Dieker and Yakir [T3].

One of the first attempts to simulate the Pickands constant is made in Shao
[22]. In that article some estimators of Pickands constants and the simulation re-
sults are provided. Another attempt of simulation of the Pickands constant is de-
scribed in Michna [['Z] where the estimator of the probability

(4.3) P(igg (Ba(t) —t) > u)
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for « > 1 is found by using the change of measure technique. More precisely,
the process B, (t) with a positive linear drift hits a level u > 0 a.s., that is, o, =
inf{t > 0: B,(t) + at > u} is finite a.s., where a > 0, which enables us to de-
termine numerically its value, and due to the change of measure technique the
expectation of a certain functional of o, equals the probability (3) (see Michna
[I7], Proposition 2). Thus, using the Monte Carlo method, it is possible to esti-
mate the probability (B3). Then, comparing simulation with the exact asymptotic
behavior of the probability (B3) (see Hiisler and Piterbarg [[I6]), which contains
Pickands constant, allows us to find numerically Pickands constant. However, the
discretization step (simulation of B, (¢) by using the Cholesky factorization needs
a lot of computer memory) taken in the simulation of Michna [[I'7] is too big, which
gives some aberrations for « close to one. This is noticed in the article of Burnecki
and Michna [B] where the discretization step is sufficiently small to stabilize the
simulation and there the values of Pickands constant are closer to one for o | 1.
Moreover, in the paper of Debicki [R] it is proven that Pickands constant H,, as a
function of « is continuous in its whole domain.

In Dieker and Yakir [T3] a simulation of Pickands constant is conducted. They
used the following estimator of Pickands constant (compare it with (&1]) and (E2)):

Zo(ek
MaX_7/e<k<T/c € o (ek)

€ » eZa(ek) ’
—T/e<k<T/e

Ho(T) =E

where k is an integer, € > 0 is sufficiently small, and 7" > 0 is sufficiently large
(in Dieker and Yakir [I3], e = 1/2'® and T' = 128). Some upper and lower bounds
for Pickands constant can be found in Dieker and Yakir [T3] but those bounds
are not given in an explicit form, and therefore they are simulated by using the
Monte Carlo method. Moreover, the simulated values of Pickands constant are
for a € [0.7, 2]. In the literature there was a conjecture stating that H, = 1/T'(«)
(see Debicki and Mandjes [T]), which is due to K. Breitung. It is easy to notice
that Breitung’s hypothesis is true for & = 1 and o = 2. Although the simulation of
Dieker and Yakir [I3] gives “a strong evidence that this conjecture is not correct”,
that is, “the confidence interval and error bounds are well above the curve for «v in
the range 1.6-1.8”.

The first attempt to find bounds of Pickands constants is the work of Shao [27]
where one can find lower and upper bounds of Pickands constants and the asymp-
totic behavior of Pickands constants when a | 0. We should notice that Breitung’s
hypothesis on Pickands constant fulfills this asymptotic. The results of Shao [7]
use the Slepian and Borell inequalities. In Debicki et al. [T2], a lower bound of
Pickands constant is given (its modification is in this article). Dgbicki and Kisowski
[IT] provide very ingenious upper bounds of Pickands constants based on some or-
dering of generalized Pickands constants (see Dg¢bicki [[1]). However, none of the
bounds disproves Breitung’s hypothesis. This is done in a clever way in Harper
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[r4]], that is, it is shown that for « sufficiently close to zero Pickands constant is
greater than Breitung’s hypothesis.

There are generalizations of Pickands constants which open new paths to in-
vestigate and show interesting relations with the extremal index of max-stable sta-
tionary processes (see De¢bicki [[Z] and Debicki and Hashorva [9]).
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