PROBABILITY
AND 1
MATHEMATICAL STATISTICS

Vol. 5, Fasc. 1 (1985), p. 1-20

SCALE INVARIANCE OF STATISTICAL EXPERIMENTS

BY

HELMUT STRASSER (BAYREUTH)

Abstract. It has been shown by LeCam [5] that weak limits of
experiments, which are parametrized in a certain way, typically
satisfy an invariance condition which is called translation invariance.
It is shown in the present paper that weak limits of product
experiments with identical factors can be characterized by stability.
This property has been considered already by Miiller [10] under
the label scale invariance. There is given a complete description of
all Gaussian experiments which are translation and stable. Any
translation invariant experiment with finite-dimensional parameter
space which is stable with exponent p = 2 must be a Gaussian shift.
These results specify and extend indications of Miiller [10].

1. INTRODUCTION

Let T#Q be an arbitrary set. A statistical experiment E = (Q, ¢, 2) for
the parameter space T is a triplet consisting of a measurable space (R, .%7)

and a family 2 = {P,: te T} of probability measures. The collection of all .
experiments for the parameter space T is denoted by &(T). The experiments

for which t+— P, is constant are called trivial.
From basic results of decision thcory an equivalence relatmn on &(7)
arises. The set of equivalence classes is denoted by &(T). In the sequel the

weak topology on &(T) is considered. For both, the equivalence relation and

the weak topology, the reader is referred to the literature, e.g. LeCam [6]
and Strasser [14].

Let A(T) be the family of all finite subsets of T If ac A(T) and E,
=(Q, o/, #,) with 2, = {P,: tea}, then the Hellinger transform of E, is the
function ‘ o ‘

H(Ea) ZH H(dv) dv’ . ZE’SG,:Y o

tex
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where
S, = {zeR": 0<z<1,tea, ) z,=1}

tea
and v|.s/ is an arbitrary o-finite measure dominating Z,.
It is well-known that two experiments E and F in £(T) are equivalent iff
H(E,) = H(F,) for every acA(T).
Moreover, a sequence (E,),.y converges weakly to E iff for every ae A(T)

lim H(E,,)=H(E,) on §,.
Let us illustrate the weak topology by some typical examples.
(1.1) Example. For every pe[0, 1] let B(p) =(1—p)eo+pe; be a two-
point measure on (R, .4). Fix some pe(0, 1). The sets
T,:={teR: lp+tn‘“2€[0, 11}

satisfy 7;,TT:= R. Then the sequence of experiments
=(R", #" A, |B"(p+tn~1): teT,}), neN,

converges weakly to the Gaussian shift experiment F = (R, 4, ,v 2' teR))

with 62 = p(1—p).
(1.2) Example. For every A > 0 let P(4) be the Poisson distribution with

mean A. The sets T,:= {1 > 0: in"€[0, 1]} satisfy 7,1 T:=[0, cc). Then
the sequence of experiments '
E,:=(R", #", {B"(An""): A€T,}), neN,

converges weakly to the experiment F = (R, &, {P(4): 1 > 0}).
(1.3) Example. Denote the unit vectors of R" by ¢, 1<i<m, and
define the simplex .

S, ={peR™ p;>0,1<i<m, ¥ p=1}.

For every peS,, let
M(p) = Z pise,-'
i=1

Define a hyperplane
T:={teR™ Y 1, =0}.
) i=1

Fix some peS,. The sets
= {te Tt p+tn~"%e§,}
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satisfy T,1T. Then the sequence of experiments‘
E:=(R™, B, {M"(p+tn~Y%: teT,}), neN,
converges weakly to the Gaussian shift experiment
F=(R", #", {v,r: teT})

Wlth r—(pl 11)1-‘&11\111

(1.4) Example. Consider now the family of Erobablhty measures
{Pg|#: %€ R} with Lebesgue densities

d—P’i (x) = C(@ exp (—[x—9), xeR,

where &« >0 is a characteristic constant of the family. Let

n~ 12 if a>1/2,
%(n log n)~ 1% if a =1/2,
n~ 2+ 1) if @ <1/2.

For some fixed 3e R consider the sequence of experiments

E,:=(R", #", {Pj.;, teR}), neN.
If o > 1/2, then (E,),~ converges weakly to the expenment
F=(R, 8, {v . teR)}),

where 62 > 0 depends on a. If « < 1/2, then (E,),.y converges weakly to an
experiment F =(Q, &, {Q,: te R}) which is characterized by the fact that

ag,
(1°g dgo),e..

is a Gaussian process with covariance
K(s, 1) = c(@ (s 1 + [t} T~ s —g|2* )
and mean —K(t, t)/2, scR, teR.

1.5) Example Let Py|# be the probabihty measure with Lebesgue
density

dP,
T =31 4,41

Consider the family of probablhty measures Py = P, *as, JeR. Then for

some fixed 3e R, the sequence of experiments

E,=(R" gﬁ,{ . tER}), neN, .

S+tn— 1"
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converges weakly to the vexperim'ent F =(R?, #%, {Q,: teR)), where

dQ,
iz

The common feature of the preceding examples is that they are dealing
with weak convergence of product experiments with identical components.
The whole situation can be described as follows. Let @ < R* be a subset and
let E =(Q, o/, {Py: 3€6}) be an experiment. Fix some 3 ® and consider a
sequence of positive numbers J, | 0. For every neN let

T,={teR": 9+5,te®} and T:=lm T,

n—w

(x y) = e 1l— oo,t)x(l,uo)(x’ y)a (x, Y)ERZ, tER' g

Then one is interested in weak limits of the sequence of experiments
E,=(Q", o {P3,s, teT,}), neN.

. The main objective of the present paper is to provide a characteristic
property of all possible weak limit experiments which can be obtained in
such a way. We will call this property stability of an experiment (see
Definition (2.5)).

(1.6) Remark. Basically, every sequence (5,,) can be used for rescalmg
However, one may ask which reparametrizations are meaningful from a
statistical point of view. The purpose of rescaling is to guarantee that the
limit experiment F is non-degenerate. If {Q;: te T} is the family of pro-

~ bability measures underlying F, this means

0<d(@Q,,0) <1, s#t.
. Since E, —F, weakly, we have
hm (1 —€xXp (nd (PS! P-9+¢5,,l))) = dz'(QOs Ql)’ te ‘T9

n—w

ie. any choice of &, = d,(t) (possibly depending on t) which satisfies
nd?(Ps, Pygis,m) =1

makes sense. If E is non-trivial and continuous, this can always be achieved.
The salient point, however, is the question whether the order of the conver-
gence of 8,(1) |0 is independent of te T One easily checks that

0,(at) = %‘Mt), a>0.

Hence, the order of convergence is constant on every ray starting at 0.
But, in fact, there is a variety of interesting cases with order of convergence
differing from ray to ray. A systematic treatment of these cases within the
framework of the asymptotic theory does not exist up to now. All the
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situations considered so far in the literature are such that the rescaling can
be done independently of the particular ray. This is not only true for the
numerous standard examples where the limit is a Gaussian shift, but also for
those “non-regular” cases, which are considered in Ibragimov and
Has’'minskii [1], Chapters V and VI. It is one of the primary aims of the
present paper to start with a systematic treatment of these examples.

(1.7) Remark. Of course, even if (J,),.4 1S an appropriate rescaling, it
does not follow that (E,),.,y converges weakly. A substantial assumption
of the present paper is that (E,),.y i85 equicontinuous in a sense described

-below. As is well-known, this implies weak sequential compactness of (E,),cn-

For simplicity, the theorems of this paper have been formulated for the
whole sequence (E,),.y. But it is mere routine to check that they also apply
to subsequences. Hence, the main theorem (2.9) yields a characteristic pro-
perty of all weak accumulation points of a reparametrized equicontinuous
sequence of experiments.

The paper is organized in the following way. The main results are stated
and proved in the second paragraph. Section 3 contains some basic facts on
translation invariant and on Gaussian experiments. In the last pdragraph we
have collected some consequences which are obtained by combining stability
with translation invariance to give partial answers to a question posed by
Miiller [10]. : '

Let us conclude the introductory section with some technical
supplements. A

There are several topologies on the space of probability measures which
play a role in the present context. The variational distance between P| .o/ and
0| o is denoted by ||[P—Q]||. Another metric is defined by the Hellinger
distance d(P, Q) which is related with the Hellinger transform by

H(E)G, H=1-d*P, P) if a={s,1}.

The topologies on 2 which are defined by these distances are identical.
For the following assume that T is a metric space with distance g. An
experiment E = (Q, o, {P,: te T}) is continuous if t— P, is continuous for

- the variational (or Hellinger) distance. Let 7,1 T and consider a sequence of

experiments
' E,=(Qp sy, {P,,: teT)) in &(T), neN.

The sequence (E,),.v 1S calied equicdntinuous if for every ¢ >0 and teT
there is a 3(g, t) > 0 such that :

[|Pps—Pudl <& if o(s,t) <& and {s,t} = T,.

Equicontinuity of a sequence (E,),.y has the following useful consequence.
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Let (a),v © A(T) and acA(T) be such that o, = {t,1,...» tox}> &=
= {t1, .. b}, and t,; > t;, 1 <i < k. If (E,),oy is equicontinuous and E, » E
weakly, then H (Ena,) — H(E,)-

2. STABILITY OF EXPERIMENTS

Let E; = (Q,, </, #,) be experiments in &(T) and write #, = {P,,: te T},
i=1,2. Then the product E,®E, is defined by E,®E, =(Q, xQ,,
o Q@ of5, P), where 2 ={P, ,®P,,: teT}. In an obvious manner this
definition can be used to define powers of experiments.

(2.1) Definition. An experiment Ec€ & (T) is infinitely divisible if for every
neN there is an experiment F,ed(T) such that Fj ~ E.

If F} ~ E, then F, is called an n-th root of E. We call F, the n-th root
since it is uniquely determined up to equivalence. In an obvious manner it is
possible to define rational powers of infinitely divisible experiments and it
follows from weak compactness of &(T) that there is a weakly continuous
semigroup A—E* 1€(0, x) (ie. E*** = E*®E"), such that E, = E.

The general form of the Hellinger transform of an infinitely divisible
experiment is derived by LeCam [6]. An elaboration of his ideas is con-
tained in Milbrodt and Strasser [9]. We only give important examples which
will be used later.

(2.2) Examples. ' -

( 1) Let I'be a positive definite(k x k)-matrix and let E = (R" #A*, P) with
P ={vr: te R*}. If we define E, = (R, #*, ;) with 2, = v 1, 1 te R},
4> 0, then easy computations show that E;, ~ E* A > 0. An experiment like
E is called a Gaussian shift. The limit experiments of Examples (1.1) and (1.3)
are Gaussian shifts.

(2) Let # be a ring of subsets of a set X and for each teT let u: #

—[0, o) be an additive set function. Consider the experiment Ee &(T)

whose probability measures P,, te T, are the distributions of the Poisson
processes with intensity g, te T (cf. LeCam [6] and Milbrodt [8]). Such an
experiment is called a Poisson experiment. Every Poisson experiment E is in-
finitely divisible and the n-th roots are Poisson experiments with intensities
w/n, te T The limit experiments of Examples (1.2) and (1.5) are Poisson ex-
periments. This is trivial in Example (1.2) and less obvious in Example (1.5).

For the rest of the present section we assume that the parameter space T
is a convex cone with vertex zero of a normed linear space and that Oe T
The most important example will be the case where T = R*. It should be
noted, however, that the assumption covers also the case of Example (1.2).

For the notion of stability we introduce a useful notation. If « > 0 and
Eeé&(T), let U,Ec&(T) be the experiment which is obtained from E
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replacing t by at for every te T Hence, if E = (Q, o, {P;: te T}), then U, E
=(Q, o, {P,: teT}).

(23) Lemma. The system (U,),»o is a semigroup of weakly continuous
transformations with the following properties:

(1) U Uy =U,y, where 0 20, §>0.

2 U,EQU, F = U,(EQF) for a = 0.

() E ~F implies U,E ~ U, F for o>

" (4) If E is continuous at zero, then 11m U E is trivial.

a—+0

(5) If E is continuous at zero and non-trivial, then U, E ~ UﬁE zmphes
o =p.

Proof. Assertions (1)-(4) are obvious. To prove (5) let U,E ~ Uy E. This
implies E~ U, . E for every keN. If « > f, it follows that (f/«)*— 0 as
k — oo and continuity of E at zero implies that E is trivial. Hence a < . For
reasons of symmetry it follows that « = f.

Condition (4) of the following theorem coincides with the notion of scale
invariance introduced by Miiller [10].

(2.4) THEOREM. Let Ec &(T) be a non-trivial continuous experiment. The
following properties are equivalent:

(1) For all x>0, B >0, there is a y >0 such that U, EQU,E ~ U,E.

(2) For every neN there is a ¢, >0 such that E" ~ U, JE-

(3) There is some p > 0 such that E" ~ U 1 E for every neN.

(4) E is infinitely divisible, and there is some p >0 such that E* ~ U mE
for every o = 0.

Proof. (1)=(2). Let ¢, =1 and define (c,),n mductlvely by U, EQE
~ U, E neN. It is obvious that U, E ~ E” for every neN.

(2)=>(3). For convenience c, =:c(n), neN. For m, ne N we have

Uc(mn) E~E"™= (Em)" ~ (Uc(m) E)" _
? Uc(m) (E") ~ Uc(M) Uc(n)E = UC(m)r(m E. :
It follows from Lemma (2.3), (5), that c(mn) = c(m)c(n), where m, ne N.
Let us show that nrc(n) is increasing. Assuming the contrary, let

c(r+1) <c(r) for some reN. If a:=c(r+1)/c(r) < 1, it follows from contin-
uity of E that

lim d(Po, Pakf)=0’ fET.

k—w

- On the other hand, noting that a* = C((,.+I)k)/c'(rk), we obtain
, (UnkE)'k'= Uak(E"k) ~ UakU E~U E ~ E(r+1)k

e(rk) eltr+1)%)
which implies that -

1-d? (Po, Pak,) = (1—d2 (Po, Pl))[('+ l)lr]"_
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Hence, for every te T with d(P,, P) >0, we have
lim d(Po, P, )= 1

ko0

which is the desired contradictio.n
If m, neN are such that m>n>1 then for each ke N there is an

I(k)e N- such that
Iy + 1

n'® < mt <n
which implies
@ (n) < ¥ (m) < 01 (n).
Combining these inequalities and taking logarithms we obtain
l(k) logc(n) < log c¢(m) < l(k)+1log c(n) -
I(k)+1 logn ~ logm ~ Ik} logn’

for k — oo this yields

log c(n) _ log c(m) x>0 /

log n log m

The number « > 0 is independent of m, ne N which implies that c, = n%,
neN. It remains to show that o > 0. If & = 0, then E" ~ E for every neN,
which implies

1 dz(POa r) - (1 dz(P09 r)) te T
Hence d(P,, P,) can assume only the values 0 and 1 which is a contradlc-

tion to the continuity of E.
(3) =(4). To prove that E is 1nﬁn1te1y d1v151b1e we observe that for every

neN
(U -1E)*=U -1/p(E,") ~U, -1 Uyp,E=E

which implies that E'/"~U _,,E. '
Let « > 0 and choose (k (n)),,sN such that lim (k(n)/n) = a. Then contmulty
implies

hm U E=U_,,E, weakly.

(k(n)/n)llv
However, (3) implies
Umiir E=U=1pUpiip E~ U, 1 (E5)
~ (U, - 1p EY™ ~ E*®P",
which proves that E* ~ U ,,,E.
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(4)=-(1). This is obvious by the relation
U,EQUE ~ E* QEF* ~ EPHPP o U(ap+ﬁp)1/PE’ a>0,8>0.

(2.5) Definition. A continuous experiment Eec &(T) is ‘stable if it
is either trivial or if any of the equivalent conditions (1)-(4) in (2.4) is
satisfied. '

If Ee é”(ﬂ is stable and non-trivial, then the exponent p of conditions
(3) or (4) in (24) is called the characteristic exponent.

(2.6) Lemma. A continuous, non-trivial experiment Ec &(T) is" stable with
exponent p > 0 iff the logarithms of its Hellinger transforms

(t5s oo ) H (B ) (1. 8)€ T keN,

are homogeneous functions of degree p.
Proof. This is an immediate consequence of (2.4) (4).

(27) Examples.

(1) The limit experiments of Examples (1.1)-(1.5) are stable.

(2) A non-trivial Poisson experiment E whose intensities are uniformly
bounded measures cannot be stable since

log H(E{s t))(23 2) = _dz(l‘tss u't)

is bounded on TxT. .

Now, we show that the class of stable experiments coincides with the
class of weak limits of equicontinuous sequences (Us, E")nen» Where 6, 0.
This extends the suggestion of Miiller [10], in that we do not specify the
dependence of 6, on neN.

First we note some simple facts.

(28) Remark. Let Ee€&(T) and 9,[0. Assume that (U, E")pn is
equicontinuous and converges weakly to a limit Fe &(T). If F 1s not trivial,
then :

(1) lim (6n+ 1/611) =1;

n—a

(2) for every me N the sequence (0u/0.)qev cOnverges in (0, 1].
For the easy proofs note that the sequences have accumulation points in
[0, 1] and apply elementary limiting properties of the Hellinger distances.
(2.9) THEOREM. An experiment Fe &(T) is stable iff it is the weak limit of

an equicontinuous sequence (U; E"),.y, where Ee &(T) and 6, 0.
Proof. First assume that F is stable. If F is trivial, then the assertion is
obvious. If F is not trivial but stable with exponent p > 0, then we define
"8, =n"'/" and observe that E,= U, F" satisfies E, ~ F for every neN.
Write F =(Qo, o0, {Q;: te T}). Then we have d(Qj, Q3. =d(Qs, Q).

s, te T, which proves the necessity of the condition.

Conversely, assume that there are an experiment Ee £(T) and 4, 0 such
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that (U, E"),.y is equicontinuous and U, E" — F weé.kly. In view of Remark
(2.8), (2), for every me N there exists
Omn

. Cp = lim —.
n—w 5;}

Then
; F=1lim U, E™= lim U, U, E™

n—ao n—=aw

= U, (lim U, E"=U, F".
n—+ao

Now, Theorem (2.4) completes the proof.

If 6, =n"Y? neN, the preceding assertion is trivial in that it does not
rely on Theorem (2.4). But this is not necessarily the case, as Example (1.4)
shows. There, for o =1/2, the stability exponent is p=2 but 5,
=(nlog n)~ 2, neN. The sequence (,) cannot be replaced by 5, =n"1/%
ne N, since this choice would lead to a degenerate limit experiment. The
general form of the sequence (d,) is given below.

(2.10) CoroLrrary. Assume that (U, E"),n is an equicontinuous sequence
converging weakly to a non-trivial Fe &(T). Then

S,=n"YPq, neN,

where p > O is the exponent of stability of F and

an
lim = =1 for every meN.

now On

Proof. Let meN. Since

p r
(amn) =(6mn) ‘m, nEN,‘
a, O

. 6""! (1 l’p
| A %) |
Let ¢, be the limit of (J,,,/d,)..~ (cf. Remark (2.8), (2)). If re T is such that

0 < d(QO’ Qt) < 1s then
lim mnd*(Po, P,, ) = ~log (1—d*(Qo, Q)

n—aw

we have to show that

and |
llm mndz(Po, P"mn’) = lim mndz(Po, Pancmt)

n—aw n—=aw

= —m log (1 —dZ(QOa Qcmt))i
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From Lemma (2.6) we get
log (1—d*(Qo, Q.,)) = ch log (1—d%(Qo, Q))),

which implies mc?, = 1.
The property the sequence of factors (a,),.v inherits according to the
preceding assertion is slow variation for n— oo; in particular,

lim Z——o and  lim g, =%, &>0.

Examples of such sequences are logarithms and powers of logarithms.

The preceding results explain why the limit experiments of examples
(1.4) and (1.5) must be stable and clarify the particular form of the
rescaling constants 6,]0. The following obvious modification of the
argument extends the result also to a more general situation, which covers
Examples (1.1)~(1.3):.

(2.11) Remark. Let D= T be a closed subset which is starshaped in the
following sense: the set D contains 0, and every ray A+ At, t € T, intersects 0D
at exactly one point A >0. Let E, =(Q, o/, |P;: teD}) be a continuous
experiment. Then we may construct a continuous experiment E
=(Q, o, |P: teT)) with E,=E, by the definition P, =P, if 4
=sup {4€[0, 1]: AteD}, teT Let 6,]0 and T, ={teT: 5,teD}. Then the
weak limits of the sequence of experiments

=@, o, {P},: teT)), neN,

are the same as the weak limits of (Us E"pen-

3. TRANSLATION INVARIANT EXPERIMENTS AND GAUSSIAN EXPERIMENTS

In this paragraph we collect and prove, if necessary, some facts on
translation invariance and Gaussian experiments.

© (3.1) Definition. Assume that T is a linear space. An experlment E
= (Q o/ P = {P,: te T})e&(T) is translation invariant if E is equivalent to
(Q, o/, {P,ys: teT}) for every seT.

The importance of translation invariance is due to the fact that in many
situations almost every limit experiment is translation invariant. This has
been shown by LeCam [5].

A simple description of translation invariance is as follows. E is trans-
lation invariant iff, for every se T and re T, -

dP \ dP,, '
g(( ‘) P,)= z(.( ’ ) P, )
dPr teTI dPr+s teTl *
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An obvious consequence of translation invariance of an experiment E is
the translation invariance of the Hellinger distances between the probability
measures of E. The limit experiments of examples (1.1) and (1.3)-(1.5) are
translation invariant.

(3.2) Definition. An experiment E e &(T) is a Gaussian experiment if it is
homogeneous and if the loglikelihood process (log (dP,/dPy)).r is a Gaussian
process.

(3.3) Remark. The following facts are easy to prove and well-known.
The property of being a Gaussian experiment is a property of equivalence
classes of experiments. The equivalence class is uniquely determined by the
covariance K: Tx T — R of the loglikelihood process (log (dP,/dPy)),.; which
is a positive semidefinite kernel satisfying K (s, 0) = K(0, t) =0 for all se T,
te T. The covariance K and the Hellinger distances determine each other by
the formulas

1—d*(P,, P) = exp [%(.K(s. t)—K(S’ S);‘K(l, l‘))J
and ,, ) .
K(s, 1) = 4(a(s, 0)+a(0, t)—a(s, 1))

if a(s, 1) = ~log (1—d*(P,, P,).

This is a consequence of the general form of the Hellinger transform of
Gaussian experiments. Hence, it follows that the function (s, t)+—>d(P,, P,),
(s, ) Tx T, determines the equivalence class of a Gaussian experiment.

(34) THEOREM. Assume that T is a linear space. Let E
=(Q, o/, |P,: teT}) be a Gaussian experiment. Then each of the following
conditions is equivalent to translation invariance of E:

(1) d(P11= Prz) = d(Pll+sa P12+s) for all tl’ t25 SET

(2) The centered loglikelihood process

' dP, dP,
<10g dPO B PO (log dPO))teT

has stationary increments.

Proof. (1) The preceding remark shows that two Gaussian experiments
are equivalent iff the Hellinger distances between corresponding pairs of
probability measures are equal. This implies that translation invariance is
equivalent to condition (1).

(2) We keep the notations of Remark (3.3) and note that translation
invariance of E is equivalent to translation invariance of the function a:
TxT— R. Let us write

dP,

X, =logEP—', teT.
0
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Then we observe that if te T, he 7:
Cov (Xs+h_Xs’ XH—h_Xt)

=4(a(s+h, )+als, t+m)—a(s+h, t+h—a(s, 1).

Hence, translation invariance of E implies stationary increments of
(X)ier- The converse follows from

V(X,+h—X,)=8a(t,t+h), teT heT.

It is clear that there are as many translation invariant Gaussian experi-
ments as there are centered Gaussian processes with stationary increments.
The following examples are typical limit experiments.

(3.5) Examples.

(1) The experiment E of Example (2.2), (1) i1s the most simple Gaussian
experiment. It is translation invariant. The loglikelihood process is of the
form X, =t X—3t'I'"'t, where X is a random variable satisfying .Z(X|P,)
= vo,r- The covariance structure is K(s, ) =s'I'"'t, se R, teR*

(2) The limit experiments of Example (1.4) are translation invariant
Gaussian experiments for T =R with covariance K,(s, t) = 3(s|®+]t/?—
[s—t¢), where 1 < ¢ < 2. The case ¢ = 2 is the trivial shift of the preceding
example. In the cases 1 < ¢ < 2, however, the loghkehhood processes cannot
be put into a similar simple form.

Example (3.5), (1), is a finite-dimensional Gaussian shift. It is well-known
that every Gaussian experiment is equivalent to a subexperiment of a
Gaussian shift, where the underlying Hilbert space may be of infinite
dimension. Let us collect the basic facts in the following discussion.

(3.6) Discussion. The following is taken from LeCam [7]. Let H be a
Hilbert space and (Q,, ,, Qo) a probability space. Any linear mappmg
L: H— L,(Qq, o4y, Qo) is a linear process. If

(L(Z)|QD) = V(_x'z)’”z”Za ZEH,

then L is a standard linear Gaussian process with mean xe H. An experi-
‘ment F =(Q,, %, {O,: xeH)) is a standard Gaussian shift if

dQ,

dQ,
where L is a standard linear Gaussian process with mean 0. Let E
=(Q, o, {P,: teT}) be an arbitrary Gaussian experiment. If K is the
covariance of E, then there is a Hilbert space H and a mapping y: T—» H
such that K (s, t) = f(s), Y (¢)), seT, .teT If F is the standard Gaussian
shift on H, then E is equivalent with that subexperiment of F which is
defined by the family of probability measures {Qy,: t€ T}. This is due to the
fact that the latter is a Gaussian experiment with covariance K.

=exp (L(Y—}Ix1?), xeH,
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(3.7) Example. The experiments of Example (3.5), (2), can be embedded
into a Gaussian shift in the following way. Let . H=L,(R, 1) and
Yu(): x—=|x—1t*—|x|*, xeR, where ¢ = 2a+1, —3 < a < 1. Then easy com-
putations show that K, (s, 1) = {y,(s), ¥,(t)>, seR, teR, for 0 <o <2
Moreover, we observe that these examples cannot be embedded into a finite-
dimensional shift since {y,(t): te R} is a linearly independent set for every
ae(—4%, 3. For further discussion of this example cf. Pﬂug [11].

Let us state a simple characterization of those curves y: R* - H which
define a translation invariant Gaussian experiment. Obviously, these are
exactly the curves which define Gaussian processes with stationary incre-
ments (cf. Kolmogorov [3]). The following theorem will be needed to obtain
a characterization of one-dimensional Gaussian shifts by their statistical
properties. We call a mapping U: H — H a motion 1f it is a composition of a
linear isometry and a translation.

(3.8) THEOREM. Assume that T is a linear space. A subexperiment E e &(T)
of a standard Gaussian shift on a Hilbert space H is translation invariant iff the
defining curve : T— H satisfies any of the followmg conditions:

(1) for every pair seT, teT,

W () =y (I = ¥ (s —0I;

(2) there is a semi-group {U,: te T} of motions on H such that y(t)
=U,(0), teT.

Proof. (1) Let us shoW. that condition (1) is equivalent to translation’
invariance. Easy computations show that the standard Gaussian shift satisfies

1
dz(Qx’ Qy)=1—exp(_§”x_y”2): XEH, yEH

Hence the assertion follows from Theorem (3.4), (1).
(2) The second condition implies the first in view of

I (5) =¥ Nl = U, (0= U, (O] = lIU,(0)~ U, U, (O)
= 10U, Ol = [y (=)l

Assume conversely that condition (1) is satisfied. We define a group
{A,: teT} of isometries such that U,x = 4,x+y (1), teT, is the desired
semi-group of motions. Let

Ay =y(+h—-y@®), hteT

To show that this defines linear maps A4, on span {¥(h): he T} we note
first that

Y+h) =y (@), ¥+h)—y (0>
=<./l(hl), l/I(hZ)>’ teT, hlE’I-;l=19 2.
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This follows easily from condition (1).
Hence for arbitrary choices 4,eR, hje T, 1 <i < n, the relation

i=i1 AY(h)=0
implies
HEPRICRTIEL
and, therefore, :
i 4i 4 (l//(t+h;-)~llf(t), Y(t+h)—y (1)) =0,

iJj=1

which implies
3 LRy o) =0.

Thus A, can be extended to linear maps on span {(h): he T}. From
condition (1) it is obvious that the A4,, te T, are isometries. The set {4,: te T}
is a semi-group of isometries since

A AY () =AW+ -y ) =AY (+h)— A4y ()
=Y +s+h)—y - E+9-¥ ()
=y(t+s+h)—y(t+s) = A, ¥ (h).
It is cléar that each 4, can be extended to H such that {4, teT}
remains a semi-group of isometries. The equations ¥ (1) = U0), te T, are

trivial. It remains to show that {U,: te T} is a semi-group of motions in H.
This follows from

U Uyx = Ug(A, x+ Y (1) = A A x+ A, () + Y (5)
= Ay X+Y(t+5) =Y () +Y () = Uss,x, xeH.

(39) Discussion. Assume that T=R and Eeé& (R) is a translation
invariant and continuous Gaussian experiment with Hilbert-space represen-
tation y: R— H. It is possible to characterize the one-dimensional shift by
statistical properties. Let ¢,, be the NP-test of level ae(0, 1) for the testing

problem H = {P,} against K = {P,}. Then easy computations yield the
power function '

Py (¢ra) = D(N+IlY ()il cos (W (s), ¥ (@), seR, teR,

where @ is the distribution function of v, ; and N, is the a-quantile of v, ;.
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Assume that there is a test %. such that P, ¢, =a and

_ {sup {P,o: Pop=a} if =0,
%0 = Yinf [P,p: Pop=0a} if s<0,

ie. a uniformly most powerful test of level a for the testing problem H
= {P;: s <0} against K = {P,: s >0}. We will show that in this case E is
necessarily a one-dimensional Gaussian shift. Indeed, on the one hand, we
have

P.po=@(N,+|ly(s)ll sgns) if seR
and, on the other hand, ¢, = ¢,, P-a.e. for every seR, te R, and hence
P,po =D (N, +|[ (s)ll cos (Y (1), ¥(s)) sgnt), if seR and teR,

which implies that cos (Y(s), Y (1)) =sgns-sgnt for all seR, teR, and,
therefore, the image of y in H is a straight line. -It follows that ¥ (¢)
=f@)y (1), teR, and f R— R is additive. From continuity it follows that
f () = ct, te R, which proves the assertion.

4. SOME CONSEQUENCES OF STABILITY

Miiller [10] asked the question for the totality of restrictions which are
induced by translation and stability together. Since every stable experiment
is infinitely divisible, and since every infinitely divisible experiment admit
a unique decomposition into a Gaussian and a Poisson part, the problem is
two-fold. It is answered by characterizing separately the translation and
stable Gaussian experiment and the translation invariant and stable Poisson
experiments. Here, we consider the first part of the problem.

(4.1) THEOREM. Assume that T is a linear space. If Ee &(T) is a Gaussian
experiment which is translation and stable, then the characteristic exponent
p satisfies p< 2. If T =R, then the covariance K is of the form

K(s, t) = clsl?+|P—|s—1]»), s, teR.

Proof. At first consider the case k= 1. If f(s):= —-10g (1—d*(Py, Py),
se R, then we obtain from Remark (3.3) in view of translation invariance
that :

K(s,)=4(f(s)+f(®)—f(s—1), s, teR.

From translation invariance we obtain also that f(s) = f(—s), seR.
Stability of order p > 0 implies that f(s) = s”f(1), s > 0, which proves the
second assertion. The exponent p must satisfy p < 2 since otherwise K is not
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positive semi-definite. If k > 1, then the exponent p also satisfies p < 2 since
the first part of the proof may be applied to any one-dimensional subexperi-
ment of E.

It should be noted that for every pe(0, 2] the function K, as defined in
the preceding theorem, is a covariance. This follows from the representation
given in Example (3.7). :

(4.2) Remark. The characterization of the covariance structures of trans-
lation and stable Gaussian experiments also yields a characterization of the _
appertaining Hellinger transforms. In case T = R*, k > 1, a characterization
of the covariance structure analogous to the case k = 1. can be given if the
limiting experiment is invariant under orthogonal transformations.

Starting from the present paper the interesting problem, whether a
similarly complete description of the class of translation and stable Poisson
experiments can be given, has been attacked. Janssen [2] proved that the
characteristic exponent p of any translation and stable Poisson experiment
satisfies p < 2. For the important subclass of Poisson experiments with
independent increments a complete description of its translation and stable
clements is contained in Strasser [13]. _ _

Let E=(Q, of, {P,;: te R*}) be stable. Miiller [10] claims that the ex-
ponent of stability p =2 implies that the binary subexperiments (P,, P,),
(s, e R* x R*, are Gaussian, provided E satisfies regularity COIldlthllS Un-
fortunately, those regularity conditions are not specified. Without any regul-
arity conditions the assertion is obviously wrong. We show below that
imposing translation invariance leads to a far stronger conclusion, namely
that E is even a Gaussian shift experiment. This is obtained by Miller [10]
under the additional hypothes1s that E is an exponential family.

(4.3) THEOREM. Assume_that T =R Let Ec 6(T) be a continuous experi-
ment which is translation and stable with exponent p. Then p=2, iff E is
a standard Gaussian shift of dimension k.

Proof. Assume that p=2. For the Hellinger distances we have
d*(p,, P,+,,)—1 exp(—f(h)) teR*, he R¥,

where f: R* — R is a continuous function satisfying f (h) = {|hl|>f (h/liAl), he R~
Since f is' boundéd on'the unit sphere of R, it follows that

— d*(P,, P, _
, Illii?)W<oo if teR*.

Now the results of LeCam [4] imply that for Lebesgue-almost every
se R* the experiments (2", o, 2,,) with

gn'sz{P h”z tERk} nEN,

“converge weakly to a standard Gaussian shift of dimension k. In view of

s+in

2 — Probability Math. Statistics 5/1
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translation invariance this is even true for every se R%, in particular for s = 0.
From stability we obtain that (Q", o", 2,,) ~ E for every neN, which
proves the assertion.

Thus, only Gaussian shifts in &(R") can be translation invariant and
stable with exponent p = 2. For the exponents 0 < p <2 there are both
Gaussian as well as non-Gaussian experiments being translation invariant
and stable with this exponent. According to Discussion (3.6) these Gaussian
experiments can be embedded as subexperiments of standard Gaussian shifts.
It turns out that for p <2 the underlying Hilbert space cannot be of ﬁmte
dimension. :

‘(44) THEOREM. Assume that T is a linear space. Let Ec&(T) be a
Gaussian experiment which is translation invariant and stable with exponent
p <2. Then E cannot be embedded into a finite-dimensional Gaussian shift.

Proof. The assertion is proved if we show that it is true for the case
T = R. In this case we have a complete survey of all possible covariances
by Theorem (4.1). Hence the arguments of Example (3.7) may be applied.

Fmally, we consider a statistical implication of stability. From Discussion
(3.9) we have seen that in general NP-tests need not be uniformly most
powerful if Ec £(R) is a translation invariant and stable Gaussian experi-
ment. This means that in a common asymptotic framework sequences of
NP-tests need not be asymptotically uniformly most powerful. We would
like to compute relative efficiencies of various sequences of NP-tests.

(4.5) Discussion. Assume that T = R. Let us consider the situation
which is described adjacent to Example (1.5). Assume that there is a weak
limit experiment F which is a non-trivial Gaussian experiment being trans-
lation invariant and stable with exponent p. The Hilbert-space representation
of F is given by : R— H. Let (¢,)..v be a sequence of NP-tests of level a
for H,={P5} against K, = {P3+s, and let (@,)..x be a sequence of
NP-tests of level a for H,={P3} against K, = {P§,;,}, s>0, t>0. We
know that
lim P.9+5,,s @n=2(N, +II'II(S)I|)

and that
lim P}, @, = o(N, +IW () cos s (W (s) ¥ r)))

n-*ow

Hence the asymptotic power of (¢,) at r€ R may be smaller than that of (¢,)
and we need larger sample sizes to reach the same power with (@,).
Let (k(n))..v S N be any sequence such that

im PiPs., G = (N, +uw(s)||)

n—o
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~It is not clear that there are such sequences at all. But if such a sequence
exists and if there is

k(n)
Hi= lim _(n_),

n—im n

then it is natural to identify 1/u with the relatlve Pltman efficiency of (@,)
with respect to (¢,) at teR.
Let us show that =1 can only happen if p = 2. First we observe that

lim P§+6k(")(&"/6k("))s Orm = ¢(N +lg6l). -

n— o0

Since 0 < di(N +ig(s)l) < 1, it follows that (5,,/5,‘(,,,),,5,\, keeps bounded
away from 0 and oo. If 4 is any limit point of (5n/5,,(,,,),,EN, then we have
necessarily A =1 and, therefore,

lim PY%%, 0 P = @ (No+I ) 005 (0(5), ¥ ()

which implies
W () = 1l ()] cos (¥ (s), ¥ (1))
or explicitly
IsIP+1AP —|s —t]P = 2|s]"/>|1|"/>.
It follows that
(Is1P2 = }e|P1%)2 = Is—1?,

which can only be satlsﬁed for s #£1, s > 0 t>0,if p=2.
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