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RANDOM LIMIT THEOREMS FOR RANDOM WALKS
CONDITIONED TO STAY POSITIVE

BY

A. SZUBARGA aNp D. SZYNAL (LusLiv)

Abstract. Let {X,, k > 1} be a sequence of independent, identically -
distributed random variables with EX; =0, EX? = % < o0, and let
{N,,n=1}, No=0 as, be a sequence of positive integer-valued -
random variables. Form therandom walk {Sy , n 2 0} by setting Sp =0

- and Sy, =X;+...+X Ny B2 1. This paper investigates the limit

behaviour of P[Sy < xrr\/N 1S, >0,8,>0,..., 8y > 0]

1. Introduction. Let {X,, k > 1} be a sequence of independent identically
dlstnbuted random variables w1th EX, =0, 0 <EX] ? = ¢% < 00. Define

Se =0, Z X,.

The conditional central limit theorem is glven m [2], ie, it is shown that
(L1) im P[S, <x0./nlS, >0,...,5,>0] = 1—exp(—x2/2), x>0,

n—o0

provided E|X [} < oo and X, is nonlattice or integer-vahied with span 1.
However these extra assumptions are superfluous (see [17).

2. The conditional random central limit theorem. First we note that common
conditions for the random central limit theorem are not, in general, sufficient for
the condmoned random central limit theorem.

| Let {N,,, n>= 1} be a sequence of positive mteger-Valued random’ variables

| with . . . i

P[N,=1]=1//n, P[N,=nl=1-1/n, n=1,2,.

and suppose that {X,, k > 1} is a sequence of mdependent 1dent1ca11y dlstrlbuted 7
random variables satlsfymg the conditions of Sectlon 1 and 1ndependent of
{Ny, n>1}.

One can see that N,,/fx 5 LLno oo (P ~— in probablhty) where «, = EN,,
which implies N,, 5 o, n— o0, and the random limit theorem ([3], p- 472) But,
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by (1.1) and P[S; >0, ..., S, > 0] ~ C/./n (see [4]), where C is a positive
constant, we have

P[Sy, <xa\/—|S1>0 ., Sy, > 0]
\/—P[X1<xa X, > 0]+(1—1//n) P[5, <x0'\/r—1 $,>0,..,8,>01
JnPIX, >01(1//n+(1-1//mP[S; >0, ..., S, >0]

P[X, <o, X, >0]+C(l—exp (—x%2)
- P[X, > 0]+C

# 1—exp(—x%2), x=0.

We prove the following

THEOREM 1. Let {X,, k> 1} be a sequence of independent, identically
distributed random variables with EX, =0, 0 <EX? =¢? < 0.

Suppose that {N,, n > 1}, Ny = 0 a.s., is a sequence of positive integer -valyed
random variables independent of {X,, k > 1} and {a,, n > 1} is a sequence of
posztwe numbers with lim a, = o0. If

(1.2 N,,/a,,—»a, n— oo, and \/cx_,, PN, =k]—>0, n— o0, k=1, where a is
a positive constant, -

then ,

(13) ~ lim P[Sy, < x0/N,|S, >0,. SN">0]=1—exp(—x2/2), x>0

n—ao

- Proof. Note that
P[Sy, < xo./N,IS; >0, ..., Sy, > 0]
=Y (r/t) PN, = kK]P[S, < x0 /k|S; >0, ..., § > 0],

where r, = P[S; >0, ..., 8, > 0] while t,=ER, =PTS,; >0,..., Sy > 0]
and R, is a random variable taking values r, with probability p, = P [N = k],
k > 1. To complete the proof, it is enough to show that C,, = (r/t,) P[N, = k]
is a permanent Toeplitz matrix ([3], p. 472) and to use (1. 1).

By the independence of {X,, k =1} and {N,,n>1} we have

= ). rP[N,=k]1=YrP[N,=k]+ ZrkP[N = k],
k=1 AC

where, for any given ¢ >0, 4, = {k. (a—g)a, <k <(a+a)a,,} and A is the
complement of A,.

Taking into account that r, ~ C/f (see [4}), we get, for sufficiently large n,

¢ ZP[N —k]<ZrkP[N =k]

14 —_—_—
9 \/[(a+8)0t] e
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as

ZrkP[Nri:k];ZP[Sl >0: "-’S[(a+£)a,,]>O]P[Nn=k]
Ay .

Ap

C

Z———==) P[N,=k
>,/[(a+a)cx]AZ : 1

Therefore, by (1.2) and (1.4), we obtain

: "t 1 re P[N, = k]
(1.5) OsaP[N,.—k] Z' P[N, = m]+ ¥ rn PN, = m]
. Ac
nlaromipv=k o
CZP[N = m]

It is obvious that Cu = 0,n > 1, and that Z Cu = 1,n > 1. These facts, (1. 1)
k=1
and (1.5) imply (1.3). :
Remark. From the proof it follows that, under the assumptions of

independence of {X,, k > 1} and {N,, n > 1}, the conditioned random central
limit theorem holds when N,/a, >a >0, n— oo, and

PN, =k]/ER, —>0 n—o, forall k>

The following theorem conmders the case when {N,, n > 1} and {X wk=1} .

can be dependent.

THeorREM 2. Let {X,, k> 1} be a sequence of independent, identically
distributed random variables with EX, =0, EX? = 6% < 0.

If {N,n>1}, Ny =0 as., is a sequence of positive integer -valued random
variables and {a,, n > 1} is a sequence of positive numbers such that for any given
e>0

(1.6) P[IN/a,—a| > €] = 0(1/3/a,), n > 0,
then (1.3) holds. .
Proof. With the notation of Theorem 1, we have

17y ' lim /2, P[N,eA5] =0,

n—>w

which implies, for sufﬁciently large n,

18 ———o(1 t, <
(1.8) = a)a] o(1//a) < &ﬁ_[(_)

Hence, by (1.7) and (1.8),-

————+o(1/\/a).
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(19) P[Sy, <x0, /N,, Sy >0,...,8y, >0, N,e A41/t, >0, n—> 0.

Therefore, to prove (1.3), it is enough to consider

P[Sy, < x0/N,, 1 >0, ..., Sy, >0, Nye A1/,
as o | : :
(110)  P[Sy, <x0/N,|S;>0,..., Sy, >0]
| _P[Sy, <x0/Ny, 8 >0, .y Sy, > 0, Nac A,Vtn+
+P[Sy, <x6/Ny, Sy >0,..., Sy, >0, N,e Ak,

Put now

Sk — S[(a+e)u"] * — max Sk - S[(awa)a"]

iy o Jlat0m] " ey 0 [@—8)0]

_ ,[(a—S)a"J _ _ . _
U, = m,. _b,,-‘[(ab—i—s).oz,,] [(a | £)o,]-

Then we have _
(111) P[Sy, <xo\/N,, §; >0, ..., Sy, >0, N,e 4,]
= Y P[S, <x0./k,$;>0,...,8,>0, N, =k]

Z, =

ked,
= Z P[Sk < X0 ~/ [((L—E)d"], Sl > 03 AR ] S[(a+£)an] > Oa Nn = k]
kedy, : .

’ S ‘ &) ’
>y P[—i‘ﬂ—Jrz,, <Xty S >0, ..., Syaragg > 05 No= k]
ked, g . ; o ' \

V0a+e)a,]

Sta+aa) -
>P +Z,,<xu,,, Sl >0,..., S[(a+e)a,,]>0 —P[N"EA,,]

Lo /la+e)a] J

S +e)ay] .

= P —————tZ, < XU, $; >0, ..., S[(a+z)a,,] >0,Z,< t/g]‘—

EN T

 —P[N,e4;]

[ S g)a . ‘ .
P ___[(u__l_“' € <xun, Sl >0, ...‘., S[(a+£)a"] > 0] —

Lo /a+e)a,]

—P[S; >0, ..., Sgasomy > 0, Z, > 4/e]1—P[N,e 4;]

Y,
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: S[(a+e]¢ J ‘ » - )
P[———n—+4 £ < xu,,lSl > 0, ceny S[(a+£)a"] > 0 r[(a+£)a,,]_
o .

V0a+e)a,]
~P[Z,>%/e]P[S; >0, ..., Sju_ e},,>()] P[N € A°]

as Z, does not depend on S, ..., Syg-sa -
The similar evaluations lead us to

(112)  P[Sy,<x0./N,,5,>0,...,8y >0, Nye4,]

-~ Sia-o) e L oa -
I: a—ejap] % < X/u"lsl > 0, ey S[(a_g)an] > 0] r[(a_e)a"]“‘
ag . .

Vla=#a,] |
+P[Z} > 4/e]1P[S, >0, ..., Sy > O].

Note now that, by the Kolmogorov’s inéquality,

J544)

(1.13)  P[Z,>%/e]l< P[ max

0<k<hy, a',/[(a+a)oz
- b, -2 /e
< - as n— oo,
Jella+e)o,]  a+e
and
(114  P[Z*> f] L2 as n— oo.

Vel [a da,] a-¢
. Therefore, by (1.11)-(1.14), we obtain

T(a+e)zy,)

S +&)a
(1.15) 'P[————““ M),
o./[la+e)a,]

n

+3/8 <xu,|S; >0, ..., S[(a+c')anl > 0:'

\/_[Tb-i-)—"]( [(a e)zn]/tn) P[N EA]/t

< P[Sy, <x0\/N,, 8, >0, ..., Sy >0, N,eA,)t,

: S Fita—
[(a=eay) {(a—ze)ayl
< P[—*— e < X/u,,IS1'> 0, vaey S[(a—e)a,,] > 0] t ~+
o

Via—-¢a,]

b,

87
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Hence, by (1.10) and (1.15), we get

(1.16) —P[N,eA4; ]/t (Ma—eya/tn) +

b,
\/E [(a+8)a,]
7 [(a+e)ay)

. S( o . . .
P[—uﬂj £ < Xu,|Sy >0, ..., Siarap, > O:"
g

Via+e)a,]

< P[Sy, <x0/Ny|S; >0,..., Sy, >0]

S[(a—h)un] 4
P| ————=—{/8 <x/u,|S, >0, ..., Sa- ~gay) = >0
a

vila—goa,]

n

¥
[(a—e)ay]
+

n

([(a e)a,,]/tn)+P[N EA;]/t

f [(a &),

But, by (1.1), we have

(1.17) P[ WGE YA <x|S; >0, ..., Starerng > 0]
o./[(a+¢&)a,] _
()
—>1—exp(~— a+; ) . as n—> 00,
and '

S[(a— e)ay]

1.18) P|———"
(119 L\/[(a—s)a.,]

Ve <x/u,S1 >0, ..., Syt > 0]
X a+s+4\/; z
a—sg )

—1—exp ( — )
Moreover, taking into account that f,, ~ c/ﬁ [4], and (1.8); we get

as n— ao.

. 4 a—e
1. lim inf 2 [—
(1.19) v :Egl (r[(a+£)a"]/tn) ate
and |

(1.20) lim sup (ra- g "]/t,,) < ate

n—oo a—e
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Therefore, for any given ¢ > 0, by (1.9), and (1.16)-(1.20), we have

2
—& 4
/a+e ja— s \/a+e ‘/E> ))
exp
a+6 a— a a+£ 2

< liminf P[Sy, < x6\/N,IS; >0, ..., Sy_> 0]

n—an

< limsup P[Sy <xa,/ nl81>0,..., 8y, >0]

n—+oo

| <E(1 exp( (\/a—;+ ))) 2\/_ ;H*E

Letting now &— 0, we obtam (1.3), which completes the proof of
Theorem 2. '
‘ CoroLLary 2. If a, = EN, and a*(N,)/a2? -0, n— co, then (1.3) holds.
: Remark. One can note that the sequence {N,, n > 0} of random indices of
[3] satisfies (1.6).
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