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CONVERGENCE CBF RANDOM MEASURES A m  mZNT PROCESSES 
ON Tm K A M E  

Aksrracr. In the paper two topologies in the space of reakdtions 
of random measures on the plane are discud. The fitst one ir, usaai 
vague lopalogy while another is r ~ l a t i v i z d  Skorcrhod's topology, Tbe 
relation heirvcen conwqanca nf random measure in thebe topologies 
aod conditiarzs for convergellce in relariviaed Skarohd's topology are 
established. 

I. Emkrad~@ltiiom. The space M of rwlizata'ons of randam m a u r t s  on the plane 
may, be considered as the subset of the space D [a, mSZ of "eantinui~us from 
a h v q  with limits from below" functions, Thus the relstivized Skorohod's 
CopaIogy is another candidate for topology on M instead of the usual vague 

The  lat ti on betwscn convergence in distribution of randam measurets in 
vague topology and relativized Sfromltod" topology Is-topolou) is inves- 
tigated. The conditions far relative compactness of a sequence of random 
measurm w.r.t, convergence in t hc s - taplogy are given. They are simpler than 
ihe conditions of rehtive compactness of a sequenm of genernl rsrndom fields in 
the space B [O ,  ~ x l ) ) ~ .  

From the rczsults obtained the conditions far the convergence of superpo- 
sitions of independent point processes to the Poisson processes are dwived* 

2. The8;eph:88=D[Eg7 cu)'*Let T=CO, m)'= { t = ( r 2 ,  tZ): O < t l  6: ciat i 
= 1, 2;. For r =(c,, r z ) ~ T m  define 

We q u i p  T with the usuzfl top log ,  generiattd by the norm 



Let D - D LO, co)"denate the space of real valued fun~tions on Twhi~h 
are "continuous from above, with limits from below" in the, fallowing sense: far 
each BE T 

(ad Ern x(s) (s -s r, sf Eij) exists for all ( i ,  j), i, j = 0, 1, 

and 

(b) x(r) - limx(s)(s-* r ,  Y E E ~ ~ ) .  
Lei A be the elass of all bomeomorpkisms of T onto itself of the farm 

I = (A,, 2,) where i3 a strictly iincrming cantinuous function on LO, m) with 
A,@) f)- U> A,(m) = a, i = 1, 2, and the h a g e  of a pint P = (rl, az)  undw a 
h~rrtec~worphirsaul 1 = (A, ,  is A8 = (Ai ti lLZ tZ). 

Let x, x, , x,, . . . E D be grven, We say that x, S - cokwerges to x if there 
exist A,, L2$ ...en such that for each real a > O 

aim sup t x , ( l ,  tj - x (811 -: 0 
n-oo lirli s a  

and 
Em sup l]rl,t--tl{ =a. 
n-co i t e l f  Gta 

The topology which corresponds to S-~unverge~cr: we call S -  toplagy, 
Irt mincides with the topolow discussed in [43? and is analagous to tbe 
well-known Skorohad"~ taplogy (cf. [I], [a, [93)- With the r e s F t  ta 
S = toplogy, 6) is separable a d  tapclIogieally complete, and the &re1 
s - algebra '$3 coincides wit b the s - algebra generated by the coor&nate magpiarp 
(d [dl). 

Given a probability measure P sn (D, 33), let Tp consist of those rE T 
for which 

For 1 ~ 7  =. (a,, a,) let D([O,  at]  x [B, a2f) denote the spwe of real veluec8 
fuarneti~ns on  

whcht are "continuous kom above7 with limits from 'ZPelaIe. The space 14 (LO9 aa,] 
x [a, az]) i s  asallergous to D LO, El2 ((for D60, I]' cf: [2], [8], [9:9j). 

k t  r,: D -+ dl(CO, a,] x LO, u23) be defined by 

From [4] we h a v ~  
THEOREM 1. Let. P, .PI, P,, . . . be probability mea.nsu~.es 00 ( C B ,  %I). Tkrn P", e P 

if a d  on& if .P#z,- L P$.tS ,far all LZE ql ( H p e  ;=. 1 1 2 ~ ~ 3  weak ctrnoergence). 
By thr; theorem one can restrict oneself ts the spa% DeO, l.]%herr 

considering the cconvergence in 8 /0, a)'. 



3. T k space of realijeatir~ns sf ramdam mc-ea~wm~ Let M - M ( T) denote the 
class of an measures s n  IT, %3(T)) sucb that p({Oj x B) = p ( B  x [015 = 0, 
BE %(IR+) and id. .: m far xlf bounded A E: b(TJ, (Here B(C) and @ ( R , )  mean 
Borel <T -algebras sf subsets of Taad R , - 10, m), resp~tivelqr), Eve@ y E M can 
be regarded as a: fuacfllon in D = B( J3 which we call the distribution function of p 
md denote also by p- Thus, we wil l  not distinguish betwwn a measure and its 
distribution fumti~n. 

Let s denote the relative topology on M. M is a c b s d  subset of ,113. Thus, 
topological space (M, s) is separable and tapobgicallliy complete, Let denote 
the Borel rr-algebra af subsets of (M, s). We have %Rs c 3, 

Let p5 PI, p 2 ,  . . . E M be given. We say that p, v -converges to y if j$( t )  

-+ p(ij for all mnttinuity points r of p. 
One can introduce s metric carresponding to v-wnvergence which makes 

M separable and complete Ccf [33, Es]). We denate by v the corresponding 
topology and by t331, the Borel a-algebra of subset of ( M ,  uJ. s -convergence 
i m p l i ~  tl-convergence but not vice versa, Thus 'illla c !MS. Actwlly, and 
+!i coinicide with the a-algebra generated by coordirtate mappings 
(cf. [43, gsq, [9]). k t  us put rn = m3 - 94. 

Write 

N i s  s - closed and v -closed subset of M md NE !Dl. 
We turn now to the ~ubllem of characterizing the compact subsets of the 

topblogical space (M, s). By Theorem 1 we may restrict ourselves to the spa= of 
Eiuxlctions defined on 10, I]'. 

Let Do - P [a, 1 ] ' ( ~ ,  = M fO,  13" be the space of functions in D (in M, 
respestivelyl restl-icted, to LO, 1j2 = E(s, T): O G s, I 6 1j with Skorohad (re- 
lative) topolow Id= [;?1, CS'J, L9-j br the spce Do). We may assume that all 
functions in Mo are contisxuo~~s at (1, 1). 

For X E M ~ ,  I E ( C ) ~  1)  and 8,O sd 

and 

THEOREM 2. A sat A c M a  Ims compact closure in th Skorabod (rclrcrf-rue) 
tr~polugj~ f only i j  sup xi( 1, 1) .;; m and 

XER 



(3) lim supw$"(t, x) = 0, i .= 1, 2 ,  
rY-a r e A  

Proof, For X E M ~  and O .=6<  1, put 

o:(S) -- infmax ~ x ( ~ ( ~ ~ - - 0 ,  tU"0]-x(s("'" , @ - " ) , B I  
8 .i 

wlrere $he infnimum extends over the finite collections :(sf'), ttj))j of points 
(s"" fr"" satisfying the following conditions: 

If A has a Gsmpaed closure, thedl supx{l, 1). i: c r ~  and Id [B]] 
xeA 

Obviously, conditions (1) and (2 )  also hold, 
Given d and s, d~ompose  LO, 112 - i[s, r ) :  Q ,< s, r -= 1 E into recPanglm 

[#- U Kr'.j- IE, rf&k such that s@Ls--.sCf" 1" 226, t U L  -t"- 1 ! 3 26 and 

M;;zxE,Y(s~~~-O, tO l i -O ) - x ( s~ i - ' ~ , r~ -1 " )3  < ro:[U; i ) - t -~.  
id 

Then fair any r ~(0, 1) either It - 6 ,  t + 6) c [bdi- 11", s""" for some 6 1 6 i d p, In 
which case 

s r  some st" lies in, thc interval I t - S ,  1+8l1, En which case 

If (6)  holds, we I~ave 

If (7) holds, we can divide the interval It-6, ~+l)-j  indo subit~tervals 
( r  - 6, $9 and [st"", r+ a), Then wr: have 

By (8) and (9)  we have wiiifr, X) G 2Kw:(2a), where 



Analagomsly, wjtylt, X) d 2Kc~i(;?S).  Thus, (5 )  implies (4) wfrlch proves the 
necessity, 

To grove the sufficjearcry, define 

where 

the madulw d;fE2"(6) being defined anabgously. 
Ilt suffices to show that (cf. [2J, [7j) 

Far arbitrary 6 > 4 t ~(0, I) and t * ~ ( t  - d, r -b Sk we have 

Thus 

{I l l  dLi"I%6) 6 [sup w$Q "(, XI] I/'. 
r 

Anafagumly 

6k2)(B) G p a p  ~ $ ~ ) [ t ,  x)]'". 
I 

It is easy to see that from (3) i t  fafollows 

1.1 31 lirn sup supwgytr, ar) = 0, i .= 1,2,  
a-0 x t A  i 

In fa~t,  if this were not true, we: could fin$ E > 0, rk and dk i,-. O such that 
tcgL[tkr X )  > G Jbr some XE A, k = I ,  2, . . . If tfk --, to, then for an arbitrary S the 
interval ( t ,  - 8, I., +B] contains if,-a,, f k  +dk) far sufficiently large kk, and heace 

w l t i ~ h  ~ ~ n f r a d i ~ t s  (3). 
Mow by (1 I) -(1 Jf condition (3) implies (101, 
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4, glornw~rgeme of random measma, By a ravtdom mea*yure on Twe mean any 
measurable mapping sf same fixed probability space (Q, E, 8;")into ( M ,  %I), 

An M-valued randam measure is called the p o i ~ ~ t  pr~cess. 
Given a random measure 4 an T Jet T; consist of those b~ T far which 

P{i: t b )  - 0) = 1. Write = qq. 
Fur a random measure 5 and t = ( t  l ,  t 2 )  we set 

We denote by r,[ 2 or 5.3 < convergence in distribution of random 
measures 9, to ( in the s-topology 5r 12-topafogy, ~espmtively. 

THEOREM 3. Ler r ,  c,, c,, . .. be random measures. Then {. 2 ( ifand only f 
(, 2 5 and tihesequence [<,I is uelarlmly cornpcrct w.r.t. colavtrryerace in dis~ibution 
in t fie s - fopfogy. 

The proof fellows immedirztely from the facts that <,2 4. is equivalent 
to(iJn(tl), ...% < , l ( & ) ~ $ ( < ( ~ l ) ,  ..., <(&))for all ~ E Z ,  andall t i ,  .... ~ ~ 5 , a n d  
that the distribution of any random m a s u e  { is determined by the distributjoicms 
of ( { ( a f , ) ,  . . . , {{a,)),  k~ Z+ with kl, . , ., B& runrping aver an arbitrary dense subs& 
of T: 

Given a random measure 5 on T a r IS, i > 0 and 6, write 

and 
wL2Vta, I ,  t) - f [<(a, f+63--4[a, s)] { (a ,  ds).  

(i--S,f+d) 

and f i r  all a, 0, F = dll, r , ) ~  $ nnd E 2 4 

(141 aim rim sup P I wP ( Q ,  t i ,  $,J > 81 = W- 
B to *)-+ah 

The proof falfowis from Theorems 2 and 3, 

5, Coaue~gense of s~prpiwsitic1~ af parrimt p w m e s .  Here wc apply Tharem 4 
to oblain conditions of conv~rgenm of superpositions of paint prmmscs to the 
Poissorr proccss. 

h triangular array of point processes e,, , . , ., $&,(n = I ,  2, . . .) is call& 
ii.lfrniresir~aI if, for all r = ( f I ,  t z ) ~  7: 

linl rnax Y it,,(r;) > 04 = 0. 
a-*m l G b G k n  



We rwall that ((a denotes the number of pojxkts oft in the clssed rectangle 
Lo, $11 x 10, rzJ. 

A paint process < is called Poissot~: process with i~zteiasity A, A E M ,  if 
& I , ,  . , . , CAk, k~ 2, , A I ~  %(T) we independent when A,. . . . , A, are disjoint 
and ( A  has the PPsisson distribution with parameter RA far all bounded 
AE%("S). 

For I E A4 let TJ be the set af continuity points sf A. Write = T j  T .  
THEOREM 5. Ler c,, , . . . , li;',,,, ( n  E 2;)  be an iqfiPliresimal mrcay ojqf'indeperdefzr 

puilar processm on Z: k r  be a PQ~SSQSO~ process with i n t e ~ ~ i t y  A. Then 
k, 

ws e,,= c,%e 
k= l 

if uwtcl only if flte foltowiq canditicrns hold: 
f i r  all t E T 

k, 

(Ic;) P ftrrk(fif > 11 * 0% n* a; 
k- l 

Jor aEf tk 
k ,  

C 171 n,,(t7 = P [tnA.(r3 3 0; +1(t?, M-m, 
h e 1  

wa2'(n, u2, A,) being dejned rirnabgclusb, 
ICZOROLLARU, Jf A is contirauaus, then ':5 if and or& ij7f& all re ?" 

kn 

lim C Pltmk(r) > 1) = = O  
l l - rn  k =  j 

Prucrt By C54, t, 4 5 i f &  only if(1Ci) and (17) buld, So by TTheorm 4 i t  
suffices to sbsw that eoaditicrn (14) uf Theorem 4 implies (M), and vice- versa. 

Let (tr, I ~ ) E  and a r 0 be given, Write 



We have 

Analogously, 

Thus (14) implies (18)- 
NOW we prove she reverse implication. We have 

From (19) and the anabgaus inequality for wb2y(ra, o, 2,) it fofbws t h ~ t  (118) 
implies (14). This proves the theorem. 

'By Lemma, condition (19) tagether with (18) means chat trR,EWJ s-can- 
verges to A(-). Thus we can reformulate Thmrem 5 in the foltowing way: 

THEOREM 6. Let to,, . . ., tnk,, r e ~ Z + ,  he an i~zh~lilesiml array afindepenclenr 
p i i ~ r  processes safisfyi~~g (1 6), kr < be ci Poiss~rr pr.ocuss with itatensirj9 A, 

Then 

if and only if A,, ( - )  s - conver{Ie%v rn R ( . 1. 
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