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Abstract. Let (c,, k 5 1) be a sequence of i.i.d, random variab- 
les with Eel = 0, 0 < ~ g q  = B' < m, Form the random walk-iS,, n 
3 0 )  by setting So .= 0, S, = 5, + ... + E n ,  12 2 1. Let T denote'the 
hitting time of the set (-co, 01 by the random walk. Put 

- 

= q,,,,/15 ,/n, 0 < t < 1. Let h be a real-valued, right-continuous 
function on R, having left limits, with h(0) = 1, and continuous at 0. 
For f l >  0 we define the map H;: D [0, I] 4 D [O, 11 by N,(j) 
= f l r ( ~ - ~ f l ,   ED w, 11, sr 2 1. Put Y, = I1,WJ. This note deals 
with the asymptotic behaviour of Y, conditioned on CT> n]. Moreo- 
ver, we investigate the asymptotic behaviour in the question when n 
is replaced by N,, where IN,, n 2 1) is a sequence of positive 
integer-valued random variables. 

I. Hmtrdw~om. Let (tA, k 2 1) be a sequence of independent, identically 
distributed random variables with Et, = 0, 0 < 85; = a2 < GO, and let 
{N,, m i &  0) ,  N o  = 0 as., be a sequence of positive integer-valued random 
varjables. Form the random walk (S , ,  n 2 0) by setting, So = O and S, = <, 
+ ... f c,, n 2 1. Define the random fundion X ,  by 

x.(t)=s,,)hJJI;, O $ t < 1 ,  

where Kx] is the greatest integer in x. Next Eet T be the hitting time of the set 
(-a, O j  by the random wa&, 

where the i n h u m  of the empty set is taken to be + oo. Let h be a real- 
valued, right-continuous function on R, having left limits, with h(0) = 1 and 
continuous at 0. Let D E D LO, 11 be the space of real-valued, rightconti- 
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nuous functions on [ O ,  l] having left limits. For 8 > 0 we define t h  map 
Id,: D[O, 11 -+ D[O, I] b y  

H,(f)=fh(n-.Bf'),  f ~ D [ Q , l l , n > l .  

Put Yn = H,(X,), The aim of this note is to give a functional central 
Ernit theorem for the randarn function F,, conditioned on [ T  > PI]. 

To be more specific we assume that Ilk, k 2 1) are the coordinate 
functions defined on the product space ($2, d, P). IS A, = ( T  > n), then we 
let (A,, A, n d ,  I?,] be the trace of (P, d l  P) on A,, where A , n d  
= {A,  n F ,  F g d )  and P,[A]I = P [A]/P [A,] for Ae A, n d. k t  9 be the 
s-field of Bore1 sets on D, generated by the open sets of the Skorohod 
topology. Let D , = {x E D ; x 2 01, and 3 + = D + n 9. The measurable map- 
pings X: , x+ : (A,,  A, q 4 - (D +. 23,) are defined by 

and 

The random function X; induces a probability measure (p. m.) pl on 
$@+: for A E ~ ,  we have 

p,* ( A ]  = P, EX: E A] = P [Xi  G A]/P [A,] = P [ X I $  E A] A,] 

Iglehart [ 5 ] ,  Theorem (3.4) (see also for this resuh Bolthausen [2]X has 
proved that X: W f ,  n - m, i.e. p i  * p + ,  the p.m. of a Brownian mean- 
der W', the symbol =. means weak convergence. Alternatively, we write 
(X,]A,,) =. W', n -+ co, for this result. The random function %+ induces a 
p.m. on g+: for A E D +  we have 

The main result of this note is that F: =p', n-t GO. Moreover, we 
investigate the asymptotic behaviour in the question when n is replaced by 
N,, where IN,, n 2 O ) ,  No  = 0 as., is a sequence of positive integer-valued 
random variables. 

We shall apply the following result of Doney [3]: 
LEMMA 1. For 2j > Q 

- 

We need in the sequel the falIowing lemmas: 
LEMMA 2. Let > 0 .  For S =. 0 we have 

(2) EmsupPC sup IX,(t)l > SIA,] < d ; 6 - ' ,  
n+oo O d t < l  
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and 

(3) lim P I  sup, In-8X,(t)l > &(A,] = 0. 
n-+m Odtgl 

Proof. .We have 

S P C  max >O&SIAJ .  
OSLQT 

Hence, (2) follows from Lemma I. 
W e  now prove (3). For any given 8 > 63 and B > 8 we have 

lim sup P 1 sup JX,(t)l > 6nSJ A,] 
n-rm O S t S l  

which implies 

lim P[ sup In-@X,(t)J > 61AJ = 0 
PI-m Q O d t 4 1  

and completes the proof sf L e m a  2. 
LEMMA 3. Let 8 > 0. For any S > 0 

(4) lim P[ sup I&([t)-Xn(t)l > 6]An] = 0. 
n- tm O C t G l  

Proof. Let E > 0. Since Ira is continuous at the point x = 0, it folbws 
that there exists an q > 8 such that 

Then, for any given 6 > 0, we have 

< P I  sup lxn(t)( 1 1  -h(n-B~,(t))J > 4, SUP In-'X,(tIl G sl4t] 
O C t C l  04t41 

Hence, 'by Lemma 2, we get 

l i m s u p ~ [  sup jY.(t)--Xn(tH > 6)AJ < $ i, 
a-rm OStbl 

which proves (4). . . 
5 - h-ob. Math Statist. 8 
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Let d denote ilbe metric on 9;0 ([I], p. 111). We can rewrite Lernrna 3 in 
the following form: 

THEOREM I. Under the assumptions of this note we have 

Proof. Asserkion (7) follows from (5) and a result OF 1glelma1-t 
(X: * W + ,  n +  co). 

Denote by B the class ~f all ecbntinuous functions g differentiable at the 
polnt x = 0 with g'((U) f 0. 

COROLLARY 1. For every g~ B 

holds tme. 
Pro  of. Putting 

if x = 0, 

we can write the left-hand side of (8) in the following form: 

It is easy to verify that h satisfies our assumptions. Putting In Theorem 1 
that 8 = 1/2, we obtain (8). 

f 2. Radlnm prdal sumo prwmw. %m this section we aure interested in the 
asymptotic behaviour of 

I 

where {N,, m 2 O), N o  = 0 as., is a sequence of positive integer-valued 
random variables. 

We now need the foIlowing extension of Lemma 1: 
LEMMA 4. Let (t,, k 2 1) be a sequence sf i.i.d. random variables with 

ES, = 0, 0 < E l i  = 0' < rm. Sz~ppo~e that (N, ,  nz 2 11 is w sequence 04. 
positive integer-valued random variables, and {a,, m 8 1) is a; sequence oj* 
positive numbers with a,  -t GO, rn -, a, such that, for any given E > 0, 
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Then, .for v > 4 

Proof. From Theorem 3.7, 161, we have 

P [ T > n ] = P [ § ,  > O  ,..., S,,>O]-c/,,/;;,  n - + a ,  

where 

Hence, by (91, for 1 > E > O we haye 

Rit A, = { k ;  (1 -€)a, 6 k 6 (1  +~)a,), and let AE, denote the comple- 
ment of A,. Then, by (9) and (111, we have 

P[Nm~ALJ/P[T>Ird , ]+0 ,  m - t c o .  

Hence, we can write 

PC max § $ a f l $ v l T > N m ]  
O < k < T  

We get thus the following estimate: 

< v ,  T > [(I - E) a,]]/P [T > N,] -+ P [N, E AC,YP [T > M,]. 

Therefore, by (1) and letting m 4 oo and next E * 4 we get (10). 
From Lemmas 4 and 2 one can get the following 
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LEMMA 5. Let Irk, k 2 1) and (N,, m 2 0) be as in LRmma 4 and let 
B > 0. Fur S > 0 we h u e  

1121 limsupP[ sup [ ~ , ~ ( t ) l  >J~T>N,] 4 $6-1 
m D G t d l  

and 

(13) l.im P[ sup IN;BXNns(t)l > SET Nrn] = 0. 
zn-ra OG iC1  

LEMMA 6. Under the assumptions of chis note, for any S > 8, 

( 14) Lim PC SUP IYWm(t)-X,(t)l > S I T >  Nm] = 0, 
n r t m  O < i d l  

where YNAl ( t )  = XNm ( l )  h (Ni  XNm (t)).  
Note now that Theorem 3 of [7] implies (XNmI T > Nm) =+- W' , rn =+ a. 

Thus, by (14), we get the following theorem: 
THEOREM 2. Let itk, k 2 11) be s sequence of Lid, random uari&les with 

Fig, = 4 O < E<: = a' < a. Suppose that IN,, m 3 I} is rm segueme of 
positive integer-valued random variubles, and (a,, m 3 1 )  is a sequence of' 
positive numbers wrth a ,  -. m, m -. a, such that, for any given E 0, 

COROLLARY 2. For every g E 9, 
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