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Abstract. Zinn 161 asks whether it is true that every stable 

measure with the spectral measure vanishing on finite-dimensional ! 
i 

sets has no admissible translates. It turns out that the ans? is 
"no". Precisely, the author shows that the distribution of X ,/o is a 
measure which is stable, has non-t~ivial admissible translates and its 
bpectral measure vanishes on finitedimensional sets (X denotes a 
Gaussian vector and tJ 1s a p-stable random variable conce~llrated on 
(0. ~ 1 1 .  

htroduction. We will deal with p-stable measures on a real separable 
Banach space E. A symmetric measure p is called p-stable (0 r p d 2) if, for 
all independent random vectors X and Y with the distribution fi and every a, 
1 > 0 (&'+BP = I), the random vector aX+PY has the same distribution p. 
2-stable measures are Gaussian. In the case of real line some information 
about stable measures is contained in [2]. The proof of the following fact 
(basic for our considerations) may be found in [2]: 

LEMMA 1. Let X be a symmetric q-stable random rariable and let 0 be a p- 
stable random variable, independent of X, with the Laplace transform eCSp 
(s>'O, O r p N  1). 

Then XO1lq is a symmetric pq-stable random variable. 
If p is a symmetric p-stable measure (0 ( p ( 2) on E, then there exists a 

finite symmetric Borel measure r on the unit sphere S ,  of E such that the 
characteristic functional of p has the following form (cf. [ 5 ] ) :  

(x*) = exp (- j (x* ( x ) ( ~ d T ( x ) )  for X* E E* . 
S1 

r is called the spectral measure of p. To compute T,  let A E ~ ~ ( S , )  be 
such that T(r?A) = 0 and let X be a random vector with the distribution 11. 
Then (cf. [I] and [5])  
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We can always assume that r = rf+rm, where Tf is concentrated on 
finite-dimensional sets and r,(F) = 0 for any finite-dimensional set F .  Hence 
P = Pf * P, (cf. 161). 

We consider a translate of measure: if ~ E E ,  then pa = p * 6,. 
A translate a c E  of a measure p is called admissible if pa is absolutely 

continuous with respect to p. The set of all admissible translates of a 
measure p is denoted by A,. 

It is easy to show that if pf # S o ,  then A, is non-trivial. Zinn [6] shows 
some examples of p-stable measures for which A, = (0) (but in these cases T, 

= 0) and asks whether APm is always trivial. We show in Theorem 2 that the 
answer is ,,now. - -  

2. Dichotomy for translates of a class of stable measures. Let X be a 
symmetric Gaussian random vector with values in a separable Banach space 
E and let 0 be a p-stable random variable, independet of X, with the Laplace 
transform e-"' (s  z 0, 0 i p < 1). By Lemma 1 it is easy to see that X f i  is 
a symmetric 2p-stable random vector. The law of X f i  is a pai-ticulr case 
of the so-called "elliptically-contoured distribution" and it is easy to see that, 
for such vectors (cf. [3]), 

(2) A x  A x ~ i .  

Since Ax is always non-trivial for a Gaussian vector X, we conclude that 
X f i  has always admissible translates. 

Let M, be the intersection of all linear Bore1 subspaces M c E such that 
p(M)  = 1. If we show that A, = M,  for a symmetric p-stable measure p, 
then, for every aEE, either pa 1 p or pa - p (cf. [6], p. 248). For the 
Gaussian measure p we have A, = M, and the above-mentioned dichotomy 
appears [6]. 

Sacala [4] has shown the dichotomy theorem for the translates of 
elliptically contoured distributions. For the sake of completeness we formula- 
te and prove this result, but only for p-stable measires of type X d ;  the 
proof is the same in the general case('). 

Let S,  denote a set of all singular translates of p. 

THEOREM 1. Let X be a symmetric Gaussian random vector in E and let Q 
be a p-stable random variable with the Laplace transform ePsP (s  > O), where 0 
< p < l .  

Then 

(3) Ax = Axdz and A,,,g = M x J ~ .  

Proof.  For a .Gaussian vector X we have Ax = Mx (cf. [6] and 

('1 The author is very indebted to Mr. J. Sacaia for permitting to include this result. 
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references therein). Let M be a Borel linear subspace of E. We have 

hence M X J ~  = M,. 
Now we show that A, c S", c MP for every p. We prove only the second 

inclusion (the first is trivial). 
If there exists a subspace M such that y (h.f) = 1 and x $ M, then 

( M  - x) n M = 0, hence p ( M  - x) = 0 and x $ S,  . Finally, 

( 5 )  - Ax,,: c S:,,; c M X J ,  = Mx = A,. -- 

Combining (2) and (5) we get (31, which completes the proof. 
3. Spectral measures of pstable vectors of the form xOliq. To answer the 

question of Zinn we prove the following 

THEOREM 2. Let X be a symmetric Gaussian random vector with values in 
(I, ,  1 1  - H z )  and with the couariance operator of the diagonal form and with all 
non-zero entries on the diagonal, and let 8 be a p-stable, independent of X, 
random variable with the Laplace transform e-"(s > 0), where 0 < p < 1. 

Then the spectral measure T of the distribution of X f i  vanishes on 
finite-dimensional sets. 

To prove this we need a Iemma and several corollaries which may be 
interesting in their own. 

LEMMA 2. Let X be a symmetric q-stable random vector with values in a 
separable Banach space (E, 11 .I[) and let 0 be an independent of X p-stable 
random variable with the Laplace transform e-" (s  > 0, 0 < p < 1). Let r be a 
spectral measure of the distribution of ~ 6 ~ ~ ~ .  Write 

c =  C m t p P ( 8 > t )  
t -cc 

and, for A E ~ ( S ~ ) ,  let C ( A )  = {xEE\ {O): x / I I x I I  € A ) .  
Then, for every A € 9 ( S 1 )  such that T(8A) = 0, we have 

(6) r ( A )  = cpq E (1c,*, (XI IIXllw). 

Proof.  Let p(y) denote the density of 8. Then (cf. [2]) limtP+' p(t) = cp 
as t - ao. Hence, for every E > 0, there exists an M > 0 such that 

cp-E 
for all t > M. 

Let A E  99(S1) be such that r (5A)  = 0. By formula (1) we have 

I' (A) = lim pqtpq P 
t + m  



where D: = (0, (t/ln t)4) and D: = ((t/ln t)q,  a). 
We estimate both integrals. It is well-known that there exists a constant 

K > 0 such that, for t > 0, P {IIXII > t )  < Kt -q ,  whence 

KK1 g -(lnr)W-q --f 0 if t + a, 
l - p  

as, by virtue of (71, p ( y )  < K ,  y- l . -P  for a constant K , .  Now, by (7), we get 

I -m 

lnt 

= du 
t -tm 

In the same way we show that 

m 

Finally, in view of the formuIa E 151" = f ata-' P [/51 > t) d t ,  we get 

which completes the proof. 
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We derive several corollaries. By m, we denote the normalized surface 
measure on the unit sphere S ,  in Rn. Let X and 0 be as in Lemma 2. 

COROLLARY 1. If X is not concentrated on one-dimensional subspace, then 
r has no atoms. 

Proof. Let A,(x,) = {x€S1: Ilx-xo(l < E )  and 

We have B ~ ~ A d ( , o , l  llXllpg + 0 a.e. if E -. 0, hence, from the Lebesgue 
~orninated Convergence-Theorem, T (A, (x,)) -t 0 if E -r 0. 

- 

In the same way we prove the following corollaries 2 and 3. 
COROLLARY 2. If E is finite-dimeplsional (i.e. E = R v n d  supp X = E, then 

r is absolutely continuous with respect to m,. 

COROLLARY 3. If p is a p-stable measure on Rn with the spectral measure 
r which is not absolutely continuous with respect to m,, then p is not the 
distribution of any vector of the farm X811q. 

In the case where E = Rn and X is a Gaussian vector, we can get an 
estimate of the density of r with respect to m,. 

, COROLLARY 4. k t  X be a symmetric Gaussian vector in Rn. The density 
h(s) = dr(s)ldm, of the spectral measure of X,,h is continuous (hence boun- 
ded). 

Proof.  We may assume that the covariance matrix of X is of the 
diagonal form with all non-zero a:, . . . , a: on the main diagonal. Then the 
density f of the distribution of X can be estimated as follows: 

1 exp (-x:+ .. . +x: f (xl, . . ., x,) < ( 2 ~ ) - " ~ ~  
c1 . . . cn 2 max D? 

i 

In the polar coordinates (r, s), where r = llxll and s = x/llxll, we have 

1 
(8) f ( r , ~ ) 6 ( 2 x ) - " ~ ~  exp (- ) 4 a, exp(-arr2). 

cl , . . f ~ ,  2 max C T ~  
i 

If A E . ~ ( S , ) ,  then 
m w 

T(A) = Sh(s)dmn(s) = 4cp2 J uZp-' JJrn-lf (r, s)dm,(s)drdu 
A 0 UA 

9 - Prob. Math. Statist. 9.1 



hence 
m m 

h(s) = 4cp2 1 u2p-1 J r n  ' f ( r ,  s) drdu 
0 U 

and 

The density h(s) is bounded and continuous on S1 because, by virtue of 
(8), we can use the Lebesgue Dominated Convergence Theorem. 

Recall that A;(s) = ( x E S ~ :  IIx-sII < e )  if ssS1. 

COROLLARY 5 .  Assume that X, 8 and r are as in Corollary 4 .  .Then there 
exists a constant c,, > 0 such that T (A ,  (s)) < c, E"- for every s E sl and E > 0. 

Proof. It is easy to see that there exists a dn > 0 such that 
m,(A,(s)) < d , ~ " - l  for E > 0, Hence Corollary 4 implies the existence of a 
constant c, > 0 such that T{A, (s)) 6 C, E"- ' for E > 0. 

Now we can prove our Theorem 2. 
Proof.  Let P; be any finite-dimensional Bore1 set in S1.  Assume the F is 

contained in an n-dimensional hyperplane. Then F is totally bounded and let 
s l ,  . . . , sN") be an &-net in P .  The family (A, (si))r2{ is an open (in S , )  
cover of F. It is easy to see that card (sl, ..., sN("') = N(E) E - "  (because 
dim (span F )  < n). 

We estimate r (A , ( s i ) ) .  If x = (xi, x,, . . .) €12,  then, for every m  EN, 

Write A,"(&) = ~ X E  S 1 :  Ixk -s;I < E ,  k = 1, . . . , m ) .  Then, taking into 
account (I), we have 

r ( A ,  (si)) < lim sup 4cp2 t2P P 
t + m  

< lim sup 4cp2 t Z P  P 
t + m  

E A:"(si), 1 1 .  ,hl12 > t ]  

En + 1 < C n + z  (by Corollary 5 ) .  

Hence 

I which completes the proof of Theorem 2. . 
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