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Abstract. The paper continues the work of [10]. There are 
examined the relations between the class af Banach spmes of S- 
cotype p, the class of Banach spaces of M-ootype p in the sense of 
Mouchtari [7] and the class V, of Banach spaces defined by Tien 
and Weron [ I l l .  

. 
1. Inirod~ction. Let E be a Banach space with dual E'. E is said to be of 

, stable type p (0 < p  6 2) if, for every sequence (x,,) in E with zIIxnllp < CO, 

EX" B$" converges as., where Ojp' are i.i.d. symmetric p-stable random variab- 
I 

! les. For p = 2 stable type 2 is equivalent to type 2. E is said to be of cotype 2 
if, for every sequence (xJ in E such that C x, Ok2) converges as., C )fx,,lj2 < a,. 
It is known that an analogous definition of stable cotype p (0 < p < 2) by 
replacing the sequence {t9LZ1j by the sequence {8[,P') does not restrict the 
class of Banach spaces, since the a.s. convergence of x , ~ ~ )  implies that 

I J X , ~ [ ~  is finite for p < 2. 
In attempting to extend results of paper [I] to p-stable measures, ~ i e n !  

and Weron [ I l l  defined a class Vp (1 d p < 2) of Banach spaces, and we [lo] 
have defined the notion of Scotype p. From another motivation, Mouchta- 
ri [7] has introduced the notion of Mcotype p. 

Our aim is to examine the relation between the class M p  of spaces of M- 
cotype p, the class S, of spaces of S-cotype p and the class Vp. The ma& 
result of the paper, the inclusions MP c VP c S, c n M p + ,  (1 < p < 2), 

E > O  

allows us to obtain the conclusion Vp ',c 5 for p < q (going up phenomenon). 
By this phenomenon we can refer to a Banach space in the class & as a 
Banach space of Vxotype p. It is interesting to know whether the three posy 
sible notions of cotype coincide. 

2. Preliminaries and notation. Let E be a Banach space with dual E'. we- 
say that E is a Sazonov spcace if there exists a topology F on E such that a 
-. 

* Partially written during the author's stay at the Institute of Mathematics of the 
University of Wrdaw (Poland) in the last quarter of 1985. 

- 



152 D. H. Thang 

positive definite function f with f (0) = 1 is F-continuous iff it is a characteri- 
stic function (ch. f.) of a probability measure on E. It has been shown 163 
that every Sazonov space can be embedded into Lo and, conversely, if a 
Banach space with the metric approximation property embeds in Lo, then it 
is a Sazonov space. In particular, every closed subspace of L,, 1 ,< p g 2, is a 
~azonov space, while, for p > 2, L, is not a Sazonov space. 

-For a r i d  number p (0 c p d 2) we denote by X, a closed subspace of 
L,. AP(E1, X,) denotes the set of linear continuous operators T from E into 
X, for which the function f (a) = exp {-(ITa(lp), UEE', is the ch, f. of a 
probability measure on E. An operator T in Ap(Et, Xp) for some X, is called 
a A,-operator on El. 

Let ,Fp denote the coarsest topology on E for which a11 the ch. f. of 
symmetric p-stable measure are continuous. A Banach space E is said to be 
of M-cotype p (0 < D < 2), provided the function f :  E -+ C is the ch. f. of a 
probability measure on E, if it is positive definite, 9,-continuous and f (0) 
= 1. Equivalently, a Banach space E is of M-cotype p iff any .FP- 
continuous linear mapping A from E' into Lo@, F) is decomposable. 

We remind that a linear mapping A from E' into &,(a, P) is said to be decomposuble if 
there exists an E-valued random variable cp such that P {w: Aa(w) = (qn[o), a } ]  = 1 for all 
0 FR'. 

Mouchtari [7] has shown that M-cotype 2 spaces are exactly cotype 2 
spaces, and M-cotype p spaces, for some p < 1, are exactly Sazonov spaces. 

Following [ I l l  wesay that a Banach space E is in the class I$ (0 
< p d 2) if for every symmetric p-stable measure p and for every symmetric 
p-stable cylindrical measure v the inequality 11 -G(a)j < 11 -fi(a)J for all a EE' 
implies that v is a Radon measure, where @(a) and $(a) are the ch. f. of p 
and v, respectively. 

Finally, a Banach space E is said to be of S-cotype p (0 < p d 2) if for 
every sequence (x,) in E and every symmetric p-stable measure p on E the 
inequality 

1 -exp (- l(x,, a)iP) < 1 -P(a) for all a EE' 

implies l1x,(lP is finite. 
In [lo] it was shown that E is of S-cotype 2 iff it is of cotype 2. A 

Banach space with the approximation property is of S-cotype p for p < 1 iff 
7- -- 
~t is a Sazonov space. 

3. Relation between spaces of M-cotype p, spce of S-cotype p and spaces 
in the class 5. 

1. THEOREM. Let M ,  and S, denote the class of spaces of M-cotype p and 
the class of spaces of S-cotype p, respectively. Then M ,  c T/, c Sp c 0 Mp+, 
(1 < p <2).  & > O  
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Proof. (a) M,  c 6 .  Let E be a Banach space of M-cotype p and 
suppose that p is a symmetric p-stable measure on E, and v is a symmetric p- 
stable cylindricaI measure on E such that I1 -$(a)/ < 11 - f i (a) (  for all a GE' .  
From this inequality it follows that G(a) is .Fp -continuous. Since E is of M- 
mtype p, $(a)  is a ch. f. of a Radon measure on E. This shows that E belongs 
to the class Vp. 

(b) V ,  c S,. Let E be in the class V, and let (x,J be a sequence in E such 
that 

1 -exp I- EI(X,,, a>lp\ I - f i ( a )  for all a f E ' ,  

where y is a symmetric p-stable measure on E. 
! 
I Let v be the p-stable cylindrical measure with the ch, f. 

$(a) = exp [ -  l (x,, a>lp ] .  

By the assumption that E belongs to Vp, $(a) is a ch. f. of a Radon 
measure on E. From the Ito-Nisio tlleorenl it follows that the series 1 s,,Ojf) 
converges a.s. Since p < 2, we have C llx,,llQ m.  Hence E is of S-cotype p. 

(c) sp" n N,, , .  
c > 0 

We split the proof into two  steps. 

S t e p  one. Suppose that E is of S-cotype p (1 ,< p < 2). Then every 
symtlaetric q-stable memure on E (q > p) is the conrinuous image of'u symmetric 
q-stahle nwusure on sonle Sa:onou space. 

Indeed, let p be a symmetric q-stable measure on E (q  > p) with the ch. 
f. fi  (a) = exp 1 - ( 1  Tailq), where TEA,  (E', L,). Because of q > p, by Theorem 2 
in [7], the function exp :-((TullPI is also the ch. f. of a Radon measure on E. 
Thus T € A , ( E f ,  L,). Since E is of S-cotype 1, by Theorem 3.3 in [lo], the 
adjoint T*: Lh -+ E is p-summing. By the Pietsch factorization theorem, there 
exists a factorization 

where S is a closed subspace of L,, I? S + E is a linear continuous operator, 
I and U: & -+ S is a p-summing operator. 

The operator U, being p-summing, is also r-summing for 1 ,< p < r < q .  
Let y ,  be the canonical cylindrical q-stable measure on L; with the ch. f. 
exp { - 1 1 ~ / / ~ ) ,  X E L ~ .  yq is of scalar order r, i.e. 

As U is r-summing (r > 1) in view of the Schwartz Radonnification 
theorem [9j, v = U(y,) is a- Radon measure on S.  We have p = T*(yJ 
= C u (YJI = v (v) . 
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v is a symmetric q-stable measure on S and S is a Sazonov space (since 
every closed subspace of L, (1 < p < 2) is a Sazonov space). 

S t e p  two. Suppose that every symmetric p-stable measure an a Banach 
spnce E is a continuous image of a symmetric p-stable masure on some 
Saznriozl space. Then E tnusf he of M-cotype p. 

Indeed, let A be a Tn-continuous linear mapping from E' into 
Lo (a, P) . Then given e > 0, there exists a A, -operator on E' such that 
]IT, aJI < 1 implies llAallo < E ,  where [ I .  l l o  is the F-norm in L , ( 8 ,  P) metrizing 
the topology of convergence in probability. 

By Lemma 5.2 in [3], we can choose a single A,-operator T on E' 
satisfying the following condition: 

(1.1) For every E > 0 there exists a S > 0 such that (IAa(l, < E ,  whenever 
11Ta11 < 6 .  

Let ~r be a symmetric p-stable measure generated by T i.e. i ( a )  = 
exp : - 1 1  TuII", a E E'. By the assumption, there exists a Sazonov space S, 
a linear continuous operator V :  S + E and a symmetric p-stable measure v 
on S such that 11 = V(v) .  Without loss of generality we can ssume that V is 
1 - 1 . Let H be a A, -operatar on S' generating v,  i.e. C(b) = exp { - JIHblJP,', 
A ES'. We have fi(a) = V ( v  j (a)  = v'(V*a) = exp I-IIHV*allPt. Hence 

(1.2) 11 Tall = IIHV* all for all a EE'.  

DeIine a linear mapping G from V*(Ef) into L,(B, 'P) by G(V*a) = Aa. 
G is well-defined on V* (E'). Indeed, if V*a ,  = V*a,, then by (1.2) we 

have IIT(a, -a2))l = 0, which, together with (1.1), enables us to conclude that 
tlA(al -a,)llo = 0, i.e. Aa, = Aa, in L,(SZ, P). In view of (1.1), for every E > 0 
there exists a 6 > 0 such that (IG (b)JIo < E, whenver llHb11 < 6 for all 
b E V* (E'). In other words, G is 9, - continuous on V* (E') c S'. The linearity 
of G is obvious. Since V * ( E t )  is dense in S', G admits a Yp-continuous 
linear'extension on the entire Sf. As S is of Mcotype p (every Sazonov space 
is of M-cotype p for aII p), G is decomposed by an S-valued random variable 
q, i.e. G (b) (a) = (cp (a), b )  P-a.s. for all b ES. Hence, for all a EE', 

which shows that A is decomposable, as desired. 
Thus the proof of Theorem 1 is completed. 
From Theorem 1 we derive: 
2. COROLLARY. If a Banach space E belongs to the class 5, then it also 

belongs to the class T/, for 1 6 p < q.  

3. COROLLARY. The space I, (k),,where I < p < t < s < q, is in the class V, 
but is not in the class Vp. 
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Proof .  By Theorem 7 in [73, Is (It) is of Mcotype q, hence it is in the 
class 5 by Theorem 1. Assume that I, ( I , )  is in the class 5. By Proposition 8 
in 173, lh ( I r )  is of stable type p, so it imbeds in L, by Theorem 4.5 in [10]. 
But this contradicts the Proposition 9 in [7]. 

I Thus, it is reasonable to refer to a Banach space in the class & as a 
Banach space of Vcotype p. 

4. Concluding remarks. 1. If E is of stable type p (1 G p < 2), then, by 
Proposition 4.8 in [10] and Theorem 1, the following statements are equiva- 
lent : 

(1) E is of M-cotype p. 
(2) E is of V-cotype p. 
(3) E is of Scotype p. 
It is natural to ask 
PROBLEM 1. Are the three possible notions of cotype equivalent in 

general? 
2. Garling [2] characterized spaces of cotype 2 by the following proper- 

ty: 
A Banach space E is of cotype 2 iff every symmetric Gaussian measure 

on E is the continuous image of a symmetric Gaussian measure on a Hilbert 
space. 

I It is known that every Hilbert space is a Sazonov space. On the other 
hand, since every Sazonov space S is of cotype 2, every symmetric Gaussian 
measure on S is the continuous image of a symmetric Gaussian measure on a 
Hilbert space. Then Garling's theorem can be stated as follows: 

A Banach space E is of cotype 2 iff every symmetric Gaussian measure 
I on E is the continuous image on a symmetric Gaussian measure on a 

- 
Sazonov .space. 

We want to extend this fact to spaces of S-cotype p. 
PROBLEM 2. IS it true that a Banach space E is of S-cotype p iff every 

I 

symmetric p-stable measure on E is the continuous image of a symmetric p- 
stable measure on a Sazonov space? 

In the proof of Theorem 1 we have shown that; 
lo if every symmetric p-stable measure on E is the continuous image of 

a symmetric p-stable measure on a Sazonov space, then E must be of 
Scotype p; 

I 2" if E is of S-cotype p - E (p > I), then every symmetric p-stable measure 
on E is the continuous image of a symmetric p-stable measure on a Sazonov 
space. 

I 1  
I It should be noted that if the answer to Problem 2 is positive, then the 
I answer t o  Problem 1 is also positive. 
i ' 
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