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1. INTRODUCTION

For the most part, work on discrete approximations deals only with upper bounds.
However, lower bounds are also of interest as they often provide some insight as
to the correct order of the upper bounds. Unfortunately, lower bounds, especially
for dependent random variables, are scarce in the literature. This problem for the
case of Poisson approximation to Bernoulli summands is investigated in detail in
[2, Chapter 3]. However, the Poisson distribution has just one parameter which is
usually chosen to match the mean of the approximated distribution. Our aim in
this paper is to obtain lower bounds for two-parametric discrete approximations to
sums of weakly dependent discrete random variables. These results complement the
upper bounds derived in [S].

Let Z denote the set of nonnegative integers. A sequence { X} },>; of random
variables is called m-dependent if, for 1 < s < t < co,t — s > m, the sigma-
algebras generated by Xi,..., X and Xy, X¢41,... are independent. We can
reduce each sum of m-dependent variables to a sum of 1-dependent ones, by
grouping consecutive m summands. Therefore, we consider hereafter, without loss
of generality, sums S,, = X1 + - - - + X, of non-identically-distributed 1-dependent
random variables concentrated on Z,. We denote the distribution function and
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the characteristic function of S,, by F, (z) and F, (), respectively. Similarly, for
a signed measure M concentrated on Z, let M (t) = > ;2 e* M {k} denote its

Fourier—Stieltjes transform. The local, Kolmogorov and total variation norms are
defined as

1M [|oo = Sup [M{k}, M|k = Sup [ MA[0, kI, (M = kZO [ Mk},

respectively. Observe that lower bounds for | M |k are also lower bounds for || M|,
since |[M | < || M||.

Let I, denote the distribution concentrated at a real @ and set I = I. Henceforth,
the products and powers of measures are understood in the convolution sense.
Further, for a measure M, we set M? = I and exp{M} = > 2  M*/k!.

Next, we introduce the two-parametric approximations considered in this paper.
Let

Fln = ESn, FQn = (Var Sn - ESn)

1
2
We denote by IT + IT; = exp{T1,(l1 — I)} + exp{T1n(I1 — I)}T2,(I1 — I)?)
the standard second order Poisson approximation. Its Fourier-Stieltjes transform is
() + 111 (t) = exp{T1,2(t) }(1 4+ T'2,2%(t)); here and henceforth, z(t) = it — 1.
Let G = exp{T'1,([1 — I) + T2, (I3 — I)?} be the two-parametric compound
Poisson measure with Fourier-Stieltjes transform G (¢) = exp{T'1n2(t)+T2,22(t)}.
Approximations to G have been used in many papers: see, for example, [1], [8],
and the references therein. Note that when I'y,, < 0, the measure G becomes a
signed measure. If E.S;, < Var S, it is natural to consider the approximation to
the negative binomial distribution, defined as

. _ —\ 2
NB{j}:Wq’”(l—q)j, r(lq_Q)ﬂlm T(lgq) = 2Lz,

where j € Z4, 7 > 0,0 < g < 1and I'(-) is the gamma function.
Note that

N0 = (yger) = (-0

The negative binomial approximation has been successfully applied to a special case
of k-dependent indicators in [L1]]. If Var .S,, < E S,,, we consider the approximation
to the binomial distribution defined by

. r,
Bi=((1-pI+ph)", N=|N|, N=_do  p=-ln

Bi(t) = (14 pz(t)V.
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Here, we use | N | to denote the integer part of N, that is, N = | N | + € for some

0 < e < 1. Note that the symbols g and p are unrelated and § + P # 1 in general.

The binomial approximation to dependent indicators has been discussed in [9].
We define the jth factorial moment of X, by

vi(k) =EXp(X —1)- - (Xp—73+1) (k=1,...,n;5=12,...).

For simplicity, we assume that Xj, = 0 and v;(k) = 0if £ < Oand > = 0if
k > n. Next, we introduce some technical notations which are used in the proofs.
Let {Y) }x>1 be a sequence of arbitrary real- or complex-valued random variables.

We assume that E(Y7) = EY; and, for k > 2, define E(Y1,...,Y}) by
~ k=1 __
E(Y1,Ys,...,Y,) =EV1Y2--- YV, — Y EW,....Y;))EYjq -+ Y.
j=1
For k > 2, let
Ef(X))=EX;, E'(X;,X3)=EXXo+EX;EXo,
Et(X1,...,Xs) =EX;... X,

k=1 .
+ STEN( Xy, X)) EXj 1 X0 Xg,
j=1

Ef (Xp—1, Xp) = ET(Xp_1(Xpm1 — 1), Xp)
+ EY (X1, Xp (X — 1)),
Ef (Xp—9, Xp_1, X3) = o (Xp—2(Xpo2 — 1), Xp—1, Xi)
+ B (X2, X1 (Xppm1 — 1), Xy),
B (X1, Xi) = B (Xpm1 (X1 — 1)(Xpor — 2), X5)
+B (Xp—1 (X1 — 1), Xp(Xi — 1))
B (X1, Xp(X5 — 1)(X5 — 2))

and
Ty = é 3™ (us(k) — 3mn(k)vak) + 203 (k)
k=1
- éwk — 1)+ w1 (R) (X1, X)
—I—Eé( Xk 1 Xk 1—1) Xk)—i-E(Xk,l,Xk(Xk—l)))

n o~
+ > E(Xj—2, Xi—1, Xi),
—3

Eod
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Ry =Y {wa(k) + v (k) + EXp1 X},
k=1

{1/1 ) 4+ v1(k)va(k) + v3(k)

+ [ 1(E=2)+uv1(k—1)+v1(k)] E Xp_1 X
+ ES (Xpo1, Xp) + B (Xpo2, Xeo1, Xi) },

7

Ry = 3 {v () + 13 () + va(h)
+ [k -1)+ Vl(/f)}[ 5(k) + Ef (X1, Xp)]
+ (B Xj_1X})? +Zu1 — DEN(Xp_2, Xp—1, Xi)
+ E;(Xk—%Xk—lan) + B (Xp1, Xp)
+E+(Xk:—37Xk—27Xk—2,Xk)}-

It is shown in [5]] that

(12) ’fln 0o
Loy = 3 S (va(k) — v (k) + S E(Xp_1, X).
k=1 k=2

As our method of proof does not yield small constants, we focus on the order of the
accuracy of approximation. The symbol C denotes generic (but different) positive
absolute constants. Sometimes, we supply C' with indices, to avoid ambiguity. Let 6
denote a real or complex number satisfying |6 < 1.

2. THE MAIN RESULTS

In this paper, we use the assumptions from [3]:

(2.1) (k) <1/100, 1a(k) <wvi(k), w(k)<oo (k=1,...,n),
= Lin L'in

0D Y < 55 S,

n
> [Cov(Xy—1, X)| <
k=2
Though we assume small means and even smaller second factorial moments, they
nevertheless include the case where all moments are of the constant order.
Our primary goal is to obtain estimates with the so-called ‘magic factor’, which
corresponds to the case I'y,, > 1 (see [2, Introduction]).



Lower bounds for discrete approximations 27

THEOREM 2.1. Suppose that I'1,, > 1 and conditions 2.1)) and (2.2) hold.
Then, for eachn > 1 and any o > 1,

C1T3 Ry
(2.3) Fp—T—Th|g > —2 — :
o T R Y v
Co [ |Tsnl R Ry
(2.4) F,— G|k > ( - -~ .
[F | B\, ol3, ol

Also, when I'y,, > 0,

413
3F1n

1
(2.5)  |F,—NB|g > CS{F 3n
in

a3 VT1n

SRR
afi’n aI‘%n al”lln

and when I'y,, < 0,
(2.6)

. Cy 1
— > =) -
[ =Bl > a? {Fln\/rTn
Observe that all the estimates contain the quantity o which can be chosen
arbitrarily. If all remainder terms are of the same magnitude, then we can get rid of
the negative terms by taking « sufficiently large. Note also that the assumptions of
Theorem [2.1]do not ensure nontriviality of estimates: in some cases, the right-hand
side estimates may be negative.
If all variables are bounded by some positive constant, some estimates can be
simplified.

Np?
3

3n —

R} Ry |F2n|3}_c5r§ne

B 3 2 4 273
aol'y, ol'f, o'y, oIy,

COROLLARY 2.1. Suppose that I'1,, > 1, X < Cy for1l < k < n, and
conditions 2.1) and [2.2)) are satisfied. Then, for eachn > 1 and any o > 1,

CG Rl
F,—-Glg > ———+—=(|T'sn| —— ).
R o Gy
If in addition I'sy, > 0, then
Cy 413 Ry rs
F,—NB|lg > ———F+—| |T'sy, — i — — n .
| " |K Ol?’rln\/ Fln < on 3F1n o 1jln 041_‘?1/12

The corollary immediately follows from the fact that for X; bounded, we have
Ry < CRj and R; < CT'1,,. As shown in [5]], under the assumptions of Corollary

2.1] we have
2.7)  ||Fy—T -1 < C(Ry + RAT.VAHT22 |F. -G < ORiT,Y2,

in in n

If 'y, > 0 or I'g,, < O then, respectively,

2.8) |F, — NB|| < C(Ry + I3, T2,

in
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29) |F, — Bill < C(Ry +T3,T3 9T,

in

In general, comparison of (2.7)—(2.9) to Corollary [2.1]is somewhat complicated. On
the other hand, if we do not deal with triangular arrays, that is, if no X; depends on n,
then I';;, = R; = O(n), and therefore the upper and lower bounds for the G, NB
and Bi approximations are of the same order Cnn /2. As can be expected, in this
case, the second order Poisson approximation is bounded from below by a factor
some C'. In the next section, we demonstrate that lower bounds can be of the correct
order even if X, Xo, ... form a triangular array.

For the local metric, all the estimates are smaller by a factor 1/I'1,,, as seen in
the next result.

THEOREM 2.2. Suppose that I'1, > 1 and conditions (2.1) and (2.2) are satis-
fied. Then, for eachn > 1 and any a > 1,

CsI'3 R
2.10)  ||Fp =T =T > a4F§n 2nF1n B a3r1§n’
Cy (T R? R
In addition, when I'y,, > 0,
(2.12)
[ F = NBlloo > C(;lgo{lé U — ;l?%n - FgR% - 2R2 B F%n2 }’
In | alf, VT, ol VT, al“lé
and when I'y,, < 0,
) C 1 Np3 R?
2.13)  |[[Fy—Bifeo > alsl{r%n T3, — f - ari’nﬁ
B Rs B Lo |3 } B Ch2l'% € .
al? VT, al'f,vTin o213, /T,

It should be noted that our method of proof can also be applied to prove estimates
without the ‘magic factor’, that is, for small I'. As an illustration we formulate one
result for IT 4+ II; and G.

THEOREM 2.3. Suppose that I'1,, < 1 and conditions 2.1) and 2.2) hold.
Then, for eachn > 1 and any o > 1,

C R?+ Ry +13
|Fn—H—H1|K>O§<|F3n|—m>,

Ciy 2
‘Fn_G|K> 3 ’F3n|_
o «

The same accuracy is achieved for the local norm.
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3. SOME APPLICATIONS

In this section, we discuss some applications of the results stated in the previous
section.

3.1. Approximations to the Poisson-binomial distribution. The Poisson-binomial
distribution, which has been comprehensively investigated in numerous papers,
provides a good possibility for checking the accuracy of our estimates. We consider
Theorems [2.T]and [2.3]only. Let W,, = &1 + - - - + &, where the ; are independent
Bernoulli variables with P(§; = 1) = 1 — P(§ = 0) = p; < 0.01. Further, let
Ai=T1=> 0" prand Xj := > pl. If A > 1, then Ry < CA3, Ry < Ay,
I's, = —X2/2 and '3, = A3/3. From Holder’s inequality it follows that A < A)s.
If A > 1, then by choosing a sufficiently large absolute constant «, we obtain

This estimate is of the correct order and was already obtained in [7]]. The lower
bound in (2.3) for the second order Poisson approximation compares well with the
upper bound estimate in the following way (see [S]):

CisAs  Cir)s CigAs N Ci9As
A2 AWVA A2 WA
If p; = p, then the upper and lower bounds are of the same order Cp?. Since

I'y,, < 0, we next obtain a lower bound for the binomial approximation, which has
not been investigated in the literature. By definition,
A2 A2 4 A Y 1 C
—, Np°=—=+4+00—, —<—.
» PO M ENTYRY NS A
Putting all the estimates in (2.6 and choosing « sufficiently large, we obtain
Co (X3 A Cn )\3>

(3'1) |£(Wn) - Bi|K Z ﬁ (/\ — F — )\ﬁ

<L) =TT -1IL| <

where Bi is defined in (1.1)).
The upper bound in total variation is of the order

L Caa(d3 A5 Oa3)3
LW,)—-Bil|l<—=| —=—- =
e - il < 2 (52 - 334 S22
(see [4] for more precise estimates). If all the p; are different and uniformly bounded
away from zero, we get
vn vn'
On the other hand, if p; = p, then £(W),,) = Bi and one can expect the lower bound
to be zero, which is not the case in (3.1)), as it becomes negative.

> + exp{—CauA}

< |L(W,) — Bilk < [|£(W) - Bi]| <
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3.2. Approximations to (k;, ko)-events. Let 7; be independent Bernoulli Be(p)
(0 < p < 1)variablesandlet Y; = (1=0j m1) - (L=1j—ky)Mj—kot1 - -~ Mi—17j5
j=m,m+1,....n, k1 +ky=m.Then N(n;k1,ke) =Y + Y1 +---+Y,
denotes the number of (kj, ka)-events in n Bernoulli trials. We denote the dis-
tribution of N(n; ki, ks) by H. Let a(p) = (1 — p)*p*2. It is well known that
N (n; k1, k2) has limiting Poisson distribution if na(p) — A (see [6] or [10]). Note
also that N (n; k1, ko) is the sum of m(>2)-dependent random variables Y7, Ya, . ...
However, as already mentioned in the introduction, we can switch to 1-dependent
random variables by grouping consecutive summands:

N(nyki, ko) = (Y + Yig1 + -+ Y2p1)
+ (Yam + Yomqr + -+ Yamo1) + -

K+1
= > Xj
j=1

where

el e

Further, we assume that k1 > 0, ko > 0, m < n/2, ma(p) < 0.01 and
(n —m+ 1)a(p) > 1. Then, as shown in [5]], all the X; are 1-dependent Bernoulli
variables and

a*(p)
Iip=(n—m+1a(p), Ta=-— 5 [(n —m+1)(2m —1) —m(m — 1)],
_a*(p)
sy, = o [(m—m+1)3m —1)(3m —2) —4m(2m — 1)(m — 1)],
Ry < C(n—m+1)m?a®(p), Ro < C(n—m+1)m3at(p),
=3 3
s, = NTP a ém) (n —m + )m(m — 1) + 0Cm3a®(m).
Using the theorems of the previous section, we obtain
Corm?a®/?(p) Cagm*a(p)
H—Glg > 20 W) g _ g, > 22308
=G> =yt M2 300
2.3/2
g G Co
Vn—m+1 V(n—m+1)a(p)
Cs1m?2a(p)

|H - Bifloo >

(T
n—m+1 \/(n—m+1)a(p) ‘
These estimates match the following upper bounds for the total variation:

033m2a3/2(p)
n—m-+1

Cg4m2a(p)

H-G| < ,
| | n—m+1

) ||H_GHOO <
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) Csm2a®?(p) ) Csem?a(p)
H - Bi —_ H - Bi < —"
| I'< Vn—m+1 | H""\n—m+1

(see Theorem 4.3 and [5, remark at the end of Section 3].

4. AUXILIARY RESULTS

We now present some useful auxiliary results. Let

N 5 50 T3 e|z(t)[?
Vi) = 3P0, V) = NP0 + D3nel=(t)”

3 51 12 7
V(0 =5 220, iy - 2 EREOL
LEMMA 4.1. If conditions (2.1) and (2.2)) are satisfied, then
(41)  |Dol <008T1,. NpP< CEZ, p< 5201‘32‘ <
42 |Fu(t) - G(0)| < CRil=(t)P,
(4.3) |Fa(t) = G(#)(1 + T 2®(1))] < C(RT|2(1)[° + Ral2(t)[*),
(44) |G ()] < IT(t)| exp{|Tan [2(t)[*/2} < exp{—0.42D1,[2(t)[*},
4.5) Bi(t) = G(t) exp{Vi(t) + 6Va(t)},
(4.6) IG(t)| exp{[Vi(t)] + Va(t)} <1,
4.7) NB(t) = exp{T'1n2(t) + 36T'1,,|2(t)|?/28},

48)  NB(t) = G(t)(1 + My(t)) + COMs(t) + | My(t) ).

Proof. The estimates of Lemma . T] are proved in [3] or easily follow from the

estimates obtained there. Indeed, the estimates (@.1) are proved in [5, Lemma 6.10],

(@.3) is given in [, proof of Theorem 3.2] and @[) is proved similarly. For the proof
of @), check that |TI(¢)| = exp{—2T1, sin(t/2)} = exp{—0.5'1, |z(t)|?} and
apply (@.I). Estimates (#.3) and (.7) are given in [5, Lemmas 6.9 and 6.10]. For

®.0), _apply (#.4), @.1) and the trivial inequality |z(¢ )| < 2. To prove (@.8), note
that |G() exp{| 31 ()] + Ma()} < 1and NB(t) = G(t) exp{ My (1) + 0M(1)}.

Then

M OHOML()  G(1)eM ) (1 1 g1, (1) )
MO 4 O, (1) G () M DM (1)

(14 My (t) + 0.56| My [2el M O1) 637y (1)

(1+ M (1)) + 0.50| M (£) 121G (1) | O] 1 91T (1)
(

1+ M (1) + 0(Ma(t) + | My (H)]?). m

&)
T

~~

~— Y~ ~— —

o
Q) O ) ) 0

t

~
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The following lemma is the main tool for our proofs.

LEMMA 4.2. Let M be concentrated onZ, w € R and v > 1. Then
o 9o~ t .

[ et /2M<>e_1t“ dt
oo v

f e_t2/2]/\4\<t>e_it“ dt’.
v

—00

4.9) M|k > Csr

i

C
(4.10) 1Moo > =2

The estimates in (4.9) and 4.10) remain valid if e /2 s replaced by te=t*/2,

A proof of the above lemma can be found in [3, Lemmas 10.3 and 10.4].

5. PROOFS

Proof of Theorems[2.1|and We will often use the trivial estimate |z (¢)| <|¢|
and the inequality |e* — 1| < |a| for a complex number a with nonpositive real part
(see [3, (1.34)]). Then applying Lemma[.T] we have

[TL(#)[exp{T2nz*(1)} — 1 = Tau22(t) — (T202°(£))*/2)]

—~ I‘3 6 t 1 F . 3 t 6
< H(t)Zn;() f(l - 7')2 GXp{TF2nz2(t)}d7' < ‘22|Z()‘,
0

~

e M [F, (t) — TI(t) — Ty (£)] = e { [Fa(t) — G(t)]
+ ﬁ(t) [exp{an,ZQ(t)} —-1- anz2(t) — (anZQ(t))2/2]
I 240 — 1)+ T

13, (it)*
_ T30
2

[e 1 TI(¢) — 1] + 5

2

+OC{Ra|z(t)]” + [Ton|2($)|° + T35, [t + T3, [t°T1n .

Apply Lemmawith u = I'y, and v = by/I'y,,, where b > 1 is a constant,
and (4.1), to get

I3 Ry T2, T3 I3
|F, —H—H1’K20392n—040< + — + o+ o
" birs, w2 VT, psr?/2 0 bT,
15,  CuRi
VT3, erd?

> Cyn

for sufficiently large b. Note that we can assume b3 > Cyg > 1. The proof of (2.3)
is completed by choosing a® = b3 /Cyg. For the local estimate in (2.10), one has to
use the second inequality in Lemma4.2] The lower bounds for G are proved in a
similar way. Using Lemmal4.1} we get
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G(t)z°(t)
s (it)® + D (23(t) — (it)®) + T2 () (e T G(t) — 1)
D3, (it)3 + 0C T3, [t2(|t] + T1nt?),
(52) e Mn(Fy(t) - G(1))
e Tt (g, G(1)23(t) + i (t) — G(t)(1 + T3n2%(1)))
= e "Iy, G (1) () + 0C (RY[2(1)[° + Rol2(t)[*).

(5.1) e Twiry, G

Next we apply Lemmawith u=T1,,v=0byTi,texp{—t?/2} and b > 1
to obtain

Ci2Tsn|  CuslTsn|  Cuallsn| CusRI CusRo
[ — Gl 2 3/2 - 32 32 p6TS T pAT?
b3 ATy prye Iy, b,

2
G (Il () Cu O\ Cu( B Ry
b\ 12 b b2 b \T%, T3,

>051 Tsn|  Csa [ B2 R
2l ()

when b is sufficiently large. We can always assume that C9/b < 1. If we choose

a = b/C5g, the proof of (Z.4) follows. The local estimate in (2.11) follows from
Lemma[4.2]immediately.

For the proofs of (2.5)) and (2.12), let Ms(t) = T'5,23(t) — M (t). Note that

—~ —~ CT?2
|1+ T3,23(t) — (14 Mi(8)(1 + Mz(t))| < F12n

e TiINB(1)23 () = (it)® + (2°(t) — (it)®) + (e " NB(t) — 1)2°(¢)
= (it)3 + OC|t|3(|t| + T1t?).

Also, it follows from Lemma [4.1] that

Fy(t) — NB(t) = NB(t)M3(t) + [Fa(t) — G(t)(1 + T302°(2))]
+[G(t)(1 + T323(t)) — G + M1< ) (1 + Ms())]
+ (1 + M (t))[G(t) (1 + My (t)) — NB(2)]

= NB(t)Ms(t) + 00 R2|2(1)|° + Ra|2(t)[*

3 413 p
+ =2 D, — —22|2(t
T, 3Fln\()!
412 3
+ (14T, — 2“zt3>2'”t41+F zt2}
( i = gps [FOF ) 52 2O+ Taal()P)
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—_— o~ IENETOIR
= NB(t)Ms(t) + 00{R%|z(t)|6 + Ro|z(t)|* + 2”F|2()|
1n

I3, [2(8)|(1 + Tanlz(8)*)
r%n z(t)6< n: + 1)}

(1 +Tap|2]?)

413
3y,

= NB(t)2%(t) (rgn = ) + 9C{R%|z(t)6 + Rolz(t)[!
F%n\z(t)|4 4F%n L%n Z(t)|6
F%n 3F1n Fln .
The proofs of (2.3) and (2.12) are completed by an application of Lemma [@.2] with
u = 1y, v = by/T1, texp{—t%/2} and for sufficiently large constant b.

The proofs of (2.6) and (2.13) are similar to that for the negative binomial
approximation. It suffices to replace M (t), Ma(t), Ms(t) by Vi(t), Va(t) and
V3(t) = I'3,23(t) — Vi(t), respectively, and note that

G()(L+ V(1) - Bi(t) = G(t)(L + Vi(t) — exp{Vi(1)})
+ G(t) exp{Vi(£)}(1 — exp{Ta(1)})
= 0C(Vi(1)]” + Va(t))

oo (TP | TanP 0| Thel()P
- 2 2 ’
I‘1n Fln

+ |

3n

413
3F1n

(1 + F2n|z\2) + |I'sp, —

+6C

N73
Ty, — §‘|t|3(|t| T

Proof of Theorem[2.3] Using (5.1)) and (5.2), we obtain

o™y (1) — TI(t) — T (¢))
= e (Fy(t) = G(1) + e (G(r) — TI(t) — T (1))
= D35, (it)® + 0C[|T3n| D1 [t® + [Tnlt* + RIS + Rot?]

+ 0C|TI(t) (exp{Tanz?(t)} — 1 — T9,22(1))].
From Lemma[4.1] it follows that
|TL(t) (exp{T2,22(t)} — 1 — T2, 2%(t)))|
1

< |TOT3,24 1) [(1 = 7) exp{IT2022(0)|/2} dr| < CT, ¢
0

It remains to apply Lemma[.2| with u = I'1,,, v = b and choose b sufficiently large.

The proof of Theorem [2.3]is almost the same as that of (2.4), the main difference
being in taking v = b in Lemma[4.2] The details are omitted. m
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