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Abstract. The aim of this paper is to study the asymptotic behavior of ag-
gregated Weyl multifractional Ornstein—Uhlenbeck processes mixed with
Gamma random variables. This allows us to introduce a new class of pro-
cesses, Gamma-mixed Weyl multifractional Ornstein—Uhlenbeck processes
(GWmOU), and study their elementary properties such as Hausdorff dimen-
sion, local self-similarity and short-range dependence. We also prove that
these processes approach the multifractional Brownian motion.
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1. INTRODUCTION

Fractional Ornstein—Uhlenbeck (fOU) processes are one of the most well studied
and widely applied classes of stochastic processes [8]]. Recently, in [10]], an inter-
esting class of processes, of interest for various applications, has been introduced
employing sequences of fOU processes with random coefficients.

Let us first present a brief summary of their construction. Let BY =
{BH(t),t € R} be a fractional Brownian motion (fBm) with Hurst index
H > 1/2, defined on a probability space (Q2zu, Fga, Pgu ). Consider a sequence
of stationary fOU processes X, k > 1, with random coefficients defined by the
stochastic integral

t
(1.1) Xfp= [ ewt=lgBH — teR,
—00

with initial condition X} = fi)oo e (t=9) gBH  The random coefficients
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Yk, k > 1, are independent random variables on a probability space (€2, F,, Py)
and forany k > 1, —y, ~ (1 — h,\) with0 < h < 1 — H and A > 0.

Assume that the family {7, & > 1} is independent of B*. The processes
X}, k > 1, defined above are P,-almost surely fOU processes (see [8]). Let

(1.2) Ya(t) = ikf Xi(t), tER,
=1

denote the so-called aggregated process. It has been proven that as n — oo,
(Y3)n>1 converges weakly and in L*(Qgu) for fixed time, P,-almost surely to
a stochastic process denoted by Y* := {Y*(t), t € R}, given by the stochastic
integral

t A 1-h
(1.3) YA(t) = f(Ht_S) dBE, teR.

—00

The limiting process Y is stationary, almost self-similar and exhibits long-range
dependence (see [13]] or [10]). The asymptotic behavior of Y* with respect to
has also been studied, as \ varies between oo and 0. The process Y ranges from
a fBm with index H to a fBm with index h + H.

When B is a standard Brownian motion (i.e. H = 1/2), Gamma-mixed
Ornstein—Uhlenbeck processes have been studied in [13]].

Our goal is to construct a new kind of processes, called Gamma-mixed Weyl
multifractional Ornstein—Uhlenbeck (GWmOU) processes, in analogy to the lim-
iting procedure that leads to the process defined in (I.3). In our construction we
replace the processes Xi, 1 < k < n, in the aggregated process by Weyl
multifractional Ornstein—Uhlenbeck (WmOU) processes mixed with Gamma ran-
dom variables defined by the Wiener integral

1 t
k _ _ at)—1 yk(t—s)
Xawn(®) o) 7{0 (t —s) e dBs, teR,

where B = {B(s), s € R} is a Brownian motionon (Qp5, Fp, Pg),and v, k > 1,
are independent random variables on (2, F,, P ), also independent of B, and for
any k > 1, =y ~ I'(1 — h,A\) with 0 < h < 1 and A > 0. Moreover, « is a
Holder continuous function with exponent 0 < 3 < 1. The processes X, k > 1,
are P,-almost surely WmOU processes (see Section 2).

We define a GWmOU, denoted Yoj\, by

Ao LA N ey
Ya(t)(t)_r(a(t))if ppr— (t —s) Bs, teR.

It is non-stationary, locally asymptotically self-similar and exhibits short-range de-
pendence. We will also study the Holder exponent and the box and Hausdorff di-
mension of the process Y. In addition, we will investigate the asymptotic behav-
ior of YC;\ with respect to A; we will prove that Yoj\ approaches the multifractional
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Brownian motion (see [[17]) as A\ — oo, while its integrated renormalized process

(here we suppose that the function « is constant) converges to a fractional Brown-
ian motion modulo a constant as A — 0.

The motivation of this work comes from two facts. On the one hand, Gamma-
mixed processes are good models for various applications; for example, the limit-
ing process Y defined by is a successful model of heart rate variability and
could also be a good model of a lot of Gaussian stationary data with long-range de-
pendence (see [10], [13] for more details). Moreover, the so-called Gamma-mixed
Poisson processes (also named P6lya processes) have many practical applications,
one of them being the study of reliability of engineering systems [9]]. On the other
hand, multifractional Ornstein—Uhlenbeck processes are omnipresent in physics.
For further details and references, we refer the reader to [[15]]. Also, for more details
about the construction and study of several classes of multifractional processes,
see e.g. [3], [21, (SN, (4], [17], [19]. The above motivate mixing multifractional
Ornstein—Uhlenbeck processes (Weyl version) with Gamma random variables, in
order to introduce GWmOU processes, as a counterpart of the limiting process
Y?, a new candidate to model several short range, variable fractal dimension and
non-stationary physical phenomena.

The paper is structured as follows. Section 2 presents a short summary of re-
sults on WmOU processes. In Section 3 we introduce GWmOU processes as lim-
its of aggregated Weyl multifractional Ornstein—Uhlenbeck processes mixed with
Gamma-distributed random variables. Finally, Section 4 contains some interesting
properties of GWmOU processes including their asymptotic behavior.

2. PRELIMINARIES

WmOU processses have been introduced as a multifractional generalization of
Weyl fractional Ornstein—Uhlenbeck processes (WfOU).

Let us begin with a brief review of WfOU processes (see [[14]). First, we recall
some elementary definitions of fractional calculus (see [[16], [18]). The Weyl frac-
tional derivative of order o > 0, denoted by ,Dy*, for a = —o0, can be defined by
its inverse using the Weyl fractional integral,

DL ) = T = s [ o) s e

Forn —1 < a < n, Dy is defined as the ordinary derivative of order n of the
Weyl fractional integral of order n — «,

= (d/dt)" . DY
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W{OUs are stochastic processes obtained as solutions of the fractional Langevin
equation
(oDt +w)*X(t) =W(t), a>0,w>0,

where W (t) is a Gaussian white noise. They are defined explicitly by the stochastic
integral

1 t
Xa(t) = @) [ (t—s)>"levt=9)gB, teR,

where B = {B(s),s € R} is the standard Brownian motion and o > 1/2 to
ensure that X, (¢) has finite variance.

Similarly to the generalization of fractional Brownian motion to multifractional
Brownian motion (see [17]), an extension of WfOU processes is obtained by re-
placing the parameter o by a Holder continuous function with exponent 0 < 5 < 1,
i.e. there exists a constant K such that

la(t) —a(s)| < K|t — 5|B Vs, t,

and «(t) > 1/2 for all ¢.

Let us recall WmOU processes and their properties needed in what follows. For
more details we refer the reader to [[15]].

A WmOU process is a Gaussian process defined by the Wiener integral

1 t
t—g)-1leg—wl=s)gp e R.
O A

Xa(t) (t) =
We have

Q1) Ep[(Xaw(t+ ) — Xaw(1))’]
_’8’2(1(15)—1

- 952wt 20 (wls)).
I'(2a(t)) cos(ra(t)) 2|s| Sty (w]s])

where Sy(x) is a continuous function given explicitly by

- ﬁ 00 x2m
Sy(x) = T 8T (0) cos(nd) LZO 22m(m + 1)IT(m + 5/2 — o)
me

2\ 201
_<2> n;022m(m+1)!r(m+3/2+0)

forevery x > 0 and 1/2 < 9 < 3/2. The relevant variance is equal to

(2w)' =21 (20a(t) — 1)
I(a(t))?

E[Xow) ()] =
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On the other hand, for s < ¢ the covariance of the WmOU is given by

E[Xo1)(t) Xags)(s)]
e—w(t—s) (t _ s)a(t)—i—a(s)—l
- P(als), als) + alt); 2w(t — s)),
M) ( )
where 1 («,; z) is the confluent hypergeometric function. The variance and the
covariance functions are divergent when w — 0. However, if we set Z ) (t) =
Xa)(t) = Xqa)(0), it has been proven in [[15] that for a(t) € (1/2,3/2) and by
identifying a(t) with H(¢)+1/2, when w — 0 the process Z, ) (t) approaches (in
the sense of finite-dimensional distributions) By ;) (t), the multifractional Brown-
ian motion (with moving average definition) defined in [17] by

1
o) = v + 1)
X ( } [(t — s)HO-1/2 _ (_)HO-1/21gqB, + }(t _ s)H®-1/2 dBS>.
7, /

For the basic properties of WmOU processes such as short-range dependence, local
self-similarity and Hausdorff dimension, we refer the reader to [15]].

Let us now recall a sufficient criterion for weak convergence, which will be
needed in what follows. By Prokhorov’s theorem, the convergence of finite-di-
mensional distributions and tightness yield weak convergence. For processes X,
Xn, n > 1, with paths in C([a, b],R), one has the following sufficient criterion
(Billingsley [6, Theorem 12.3], or [7]).

THEOREM 2.1. Suppose that the finite-dimensional distributions of the family
(Xn)n>1 converge to those of X. If, in addition, there exist constants > 0, 6 > 1
and c¢ 9, depending only on  and 0, such that for all s,t € [a,b] with a,b € R,
a <b,

E[IXn(t) = Xn(s)[] < ccolt — s/°

foralln > 1, then the family (X,,)n>1 is tight and consequently

Xn, — X weakly in Cla,b] as n — oo.

3. AGGREGATED WEYL MULTIFRACTIONAL ORNSTEIN-UHLENBECK PROCESSES
MIXED WITH GAMMA DISTRIBUTION

Let us now consider a sequence of WmOU processes mixed with Gamma distribu-
tion random variables X* := {X s( " (t),t € R} defined by the following Wiener
integral:
K L (-1 l1-9)
3.1 X7 () = t— )8 dB teR
(3.1 a(t)( ) F(a(t)) 7foo( 8) € ER) €ER,
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where B = {B(s),s € R} is a Brownian motion defined on a probability space
(Qp,Fp,Pp)andforany k > 1, =y ~ (1 —h,A\) withO < h < land A > 0
are independent random variables, also independent of B, defined on a probability
space (§2,, Fy, Py).

The processes X*, k > 1, are P,-almost surely WmOU processes defined on
(Qp, Fp, Pp). We define their empirical mean by
1 n
=3 Xaw(®)

Yo?(t) (t) = n =

foreveryt € Randn > 1.
Throughout the paper we assume that

where aips = infcr () and agyp = supsep o(t).
We will also need the following notations:

s myla,b] = min{a(t) : t € [a,b]} and My[a,b] = max{a(t) : t € [a,b]} for
all real @ < b. Ep and FE, denote the expectations with respect to Pp and P,
respectively.

« C denotes a generic constant depending only on [a, b], A and h.

« C*"Y denotes a generic constant depending on [a,b], A, h, = and y such that
0<x<2mgfa,b]—1and 0 <y < 3/2 —h — M,|a,b).

» CpY denotes a generic constant depending on [a,b], A, h, z and y such that
0 <z <2mgla,b]—1,0 <y < 3/2—h—DM,la,bland 0 < n < mgla,b]—1/2.

3.1. The limit of aggregated processes. If 0 < h < 3/2 — oyp, We define a zero
mean Gaussian process Y} := {Yof\(t) (t),t € R} by

33) Y2 _ ! t A o —5)M-14p R
(33)  Yyu) P(a(t))_] - (t—s) s, teR.

It is easy to see that the Wiener integral in (3.3) is well-defined. The process Y}
will be called a Gamma-mixed Weyl multifractional Ornstein—-Uhlenbeck process,
abbreviated as GWmOU.

Given a compact interval [a,b] C R, the following result proves that P,-a.s.,
asn — 00, Y1, (t) converges to Ya)‘(t) (t) in L?(Qp), uniformly in ¢ € [a, b].

THEOREM 3.1. Fix real numbers a,b such that a < b. If 0 < h < 3/2 —
M,la,b), then Py-a.s.,

(3.4) Yin®) —= Yoot in L*(Qp)

n— oo
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uniformly int € [a,b]. In particular, if 0 < h < 3/2 — oup, then Py-a.s., for every
teR
(3.5) Y (8) —= Yo (8)  in L*(2p).

n— oo

Proof. We prove (3.4)). For every z > 0, n > 1, set

7) = iéew, o(x) = B[] = ( A )M.

Az

By the law of large numbers, we have P,-a.s., for every x > 0,

1 n
(3.6) falw) =2 2, €™ = cla),

n k n—00
and forevery ¢ > 0and d < 3/2 —h
1 ene ene _ AhD(3/2—d—h)

( T

37 — E '
G0 nkgl(_')’k)d_lﬂ noeen T (= )12 (1 — h)(A+ c)3/2—d=h

Using the change of variable u =t — s, we can write

:F(att [(f t—ga(t (fn(t—s)_c(t_s))dB )2}
- F(att))Q _f (t— )2 (fo(t —5) —c(t—s))" ds
= R ) — el

Hence, for every m > 2 and ¢ € [a, b],
(3.8)  Ep[(Ygy(#) — Yo (1))
(att U w072 (fo(u) = e(u)) du+f u?*O72( £, (u) — c(u))? du
] 0202, ) = )
<K [f N A (T )—c(u))2du+?u2Ma[avb1—2( Fulw) — c(u)? du
+ 7{ w2V 2 (£ (0) — e(w)? du

:= K[A(n,m) + B(n,m) + C(n,m)],
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where K is the maximum of the continuous function z +— 1/T'(z) on the interval
[mala, b], Mo[a, b]].

Combining (3.6), fn(u) < 1,c¢(u) < 1 and (3:2) with Lebesgue’s dominated
convergence theorem, we conclude that P,-a.s, for every m > 2,
(3.9 A(n,m) —— 0,  B(n,m) —— 0.

n—oo

Now we will estimate C'(n, m) for all m > 2. We have

Cln,m) = [ (Ja(u) — e(u)Puel2 du
< 2ffn(u)2u2Ma[a,b]*2 du+2fc(u)2u2Ma[“vb]*2 du

Moreover, by the change of variable v = (—7v; — v,)u and 2,/(—v;)(—v) <
Vi — Yk

2 2Ma [a,b]—2 i n% viu Yeu, 2Mq|a,b]—2
ffn du z [ etety du
n? L Zm
1 " 1 7 2Mq[a,b]—2 ,—v
_ 5 P} = )2Ma[ab . f )v e Ydv
= m(—=7; =k
91-2Mafab] n e~ 7 (=vi—m)

UQMQ [a,b]7267v/2 dv

<
) R ol
n ( V) 2
< I'(2M, [ab—l( Z Ma[ab] 1/2>.

Combining this with (3.7) we get, Py-a.s.,

o
lim supffn(u)zumwa[a’b]*2 du

n—o0

ARD(3/2 — Myfa, bl — h) 2
< F(2Ma[a, b] - 1) (F(l - h)(()\/—i‘ m/2)3[/2—1]\/[a[a,b)]—h> m—oo 0.

On the other hand, since

f( > UQMQ [a,b]—2 du
o \A+u

= \2Malabl=18(3 _ 901, [a,b] — 2k, 2M,[a,b] — 1) < oo,
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we have

00 A 2—2h
c(u)2u2Ma[a,b]—2 du = f ()\ " u) UQMa[a,b}—Z du m} 0.

3—38

m

which implies that P, -a.s.,

(3.10) limsup C'(n,m) —— 0.

n—oo

Therefore, by applying the convergences (3.9) and (3.10) in (3.8) we deduce that
P-as.,
limsup sup Ep[(Yal, (t) — Yo, (1)) = 0,
n—oo tela,b)

which finishes the proof of (3.4).

Finally, the convergence (3.3) is a direct consequence of (3.4), (3.2) and 0 <
h <3/2—asp. =

The weak convergence of the sequence (Y,),>1 is established in our next the-

orem.

THEOREM 3.2. Fix real a < b. Suppose that 0 < h < 3/2 — M,|a,b] and
min{2mqla, bl — 1,28} < 1. Then Py-a.s.,

(3.11) Y —— Y2 inCla,b],

X pooo

where C|a, b] is the space of continuous functions on |a, b].

Proof. First, since P,-almost surely, ;' and Ya)‘ are zero mean Gaussian pro-
cesses whose finite-dimensional distributions are determined by their covariances,
(3.4) implies the convergence P, -almost surely of the finite-dimensional distribu-
tions of (Y,""),,>1 to those of Y. Thus, in order to prove it remains to prove
the P,-a.s. tightness of (Y)'),,>1 by using Theorem 2.1

Throughout the proof all the results are given P,-almost surely.

Lett, t + 7 € [a,b] be such that |7| < min(\/2,1). Then

(3.12)  Eg[(Yily ot +7) = Y1)

= b Kn é(xi‘iaw (t47) = Xag (t))) 2]
<oms (25t eom (235w ],

where

Utk(T) = Xg(t) (t+7)- Xﬁ(t) (t), Vtk(T) = XS(t—i-T) (t+7)— sz(t) (t+7).
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We will first prove that for every n > 1,

n 2
(3.13) fo [(i 3 Utk(’i')) ] < Cfppmalati1,
k=1

To this end, by using Holder’s inequality and (2.1)), we can write
| RN I k()2

Bo(5 S ukm) | <1 35 Bt
N k=1 N k=1

_|T|2a(t)—1

L & —2a(t
= T@at) costra@) ~ 2w 2 W S ()

Since 1/2 < «(t) < 3/2 and cos(ma(t)) < 0, we get

_Sa(t) (_7k:|7-’)
_ VT 5 (=)™
8I'(au(t)) cos(ma(t)) ,i=o 22™(m~+1)IT(m+5/2—«a(t))

- ﬁ <_7k‘7—’>2a(t)_1 00 (_,Yk’,r‘)%n

8T (a(t)) cos(ma(t)) 2 mzzo 22m(m+1)IT(m+3/2+a(t))

. VT <—7k|r|>2"‘“>—1 - (=yelr])*"

8T (a(t)) cos(ma(t)) 2 mz::O 22m(m+1)IT(m+3/2+a(t))

[e%s) . T 2m
<C ( Yk |T’)2a(t 2::0 QQSn(’Z]:T‘L—I[)l)!)T

where the last inequality comes from I'(m + 3/2 4+ «(t)) > (m + 1)! and the
fact that the functions I'(z) and cos(wz) are continuous at every x with 1/2 <
meala,b] <z < Myla,b] < 3/2.

As a consequence,

(3.14) Ep [(i fj Uf(ﬂ)j

k=1

- L& (=l
=er n & i B 2
Moreover, by the law of large numbers, we obtain

R T IR Gl
(3.15) nli%n,gl(_”’“) mZ:O 22m ((m + 1)1)2

_ o (culrh™ ] 1 & TEmas—h) |7\
=B 2 22’”((1m+1)!)2] T(A—R)N 22 227 ((m+1))? <A>

00 2m
<cy 2m+3h)<1> < o0,

0 22m((m+1)1)2 \ 2



Gamma-mixed multifractional processes 279

where we have used the fact that the radius of convergence of the power series

Yoo o yza™ is 1. By combining (3:14) and (3:T3), we obtain (3-T3).
Let us now turn to the second term in (3.12)). It remains to prove that for every
n>l,

1 & 2
(3.16) FEp K 3 Vtk(T)) ] < 0|7 |28,
=1
To this end, from (3.1)) we can write
(3.17) VF(r) = Vi (r) + V5 (1),
where
vk (r) = 1 _ 1 Hf_T(t_i_ _ u)oc(t—i-T)—le’Yk(t-&-‘r—U) dB
P ATt ) " Ta®)) 4T "
1 t+1
k

J(t+7- w) = (o — u)a(t)_l)e%(“”_“) dB,.

—00

Vin(r) = o)

Then
ol (&) | <2 (& o) [eam] (£ ) |

Combining the mean value theorem and the fact that any continuous function has
a maximum on any compact interval, we get

2

! L r@a(t+7) 1) < Cla(t+7) — a(®)%

‘F(a(HT)) I(a(?))

Moreover, since « is 3-Holder continuous, and since 24/ (—7;)(—7k) < =75 — Vk
and 1 — 2a(t + 7) < 0, we have

:< k=1 ) 1 )2 1 n terj’(t_i_T_u)ga(t-w)—26(7j+7k)(t+T—U) du
Mol T()) 7 0

- _ ! 2 15 o y1=2a(t4T)

— (F(a(t+7))_r(a(t))> L2a(t+7)=1)— j;l(_% ) +

1 & —a(t+7 ?
<O [ 2 S5 (et
=1
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Moreover,
Ae(t+7)—1/2

n—o00 F(l _ h) F(3/2 - a(t + 7') — h) < 00.

i (—’Yk)l/Q_a(H_T)
=1

S|

Thus, we conclude that for every n > 1,

n 2
(3.18) Eg [(1 3 v;’;(ﬂ) } < O],
n =1

On the other hand, by the change of variable ¢t + 7 — u = x, we have

H[EP> v;’f2<r>)2]

X 32 [ [+ 7 — D (o - )o@ gy
k=1 —oco

1o %

1 . . | x
~ T(a(0)? n2 ‘kzlg}" T _ Qo120+ g
]7

= - 7 1 Ct T (’Y"”’Yk)m d

for some cf . € (mqla, b}, M, [a, b]), where the last equality comes from the mean
value theorem.

Let 0 < 6 < 2mala,b] —1,0 < p < 3/2 — My[a,b] — h and define p =
1/(2mq[a,b] — 1 — ). Since « is S-Holder continuous, we can write

B (%32 Vt’fzm)z]

B [oz(t—i—T)—oz(t)]2 1 o
=T TP w2

log(z)?x2¢tr—20 ) gy

f 10g(x)2$265’7_2€(7j+7k)x dx
oo
=+ flog(x)2x2cf,7_2e(7j+7k)x dx)

1 00
< C|T|25 <f $2ma[a,b]—2 ) dr + 12 i f CBQMQ[Q b] 2+2pe(%+7k) dl‘)
0 n= k=11

o0
< C‘T’% (M + % i f 22Malabl=242p (i +k)x dac)
" k=170
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1 & T(2M,[a,b]—1+2p)
< C 25 _ Y
I <M+n2 j,kzzl (—=j =) Malatl-1+20

1-2p—2Mafab] n _
<c\7|25(u+2 ; T )
n = (_,yj)(_,yk))2Ma[a,b]fl+2P
=C|r|*#
91=20=2Male P(2 0, [0, b~ 142p) 3 : 2
x  p+ (2Ma[a, b]—1+42p) 5;; Malabl=1/24p ) )

Combining this with

1 n 1 AMalab]—1/2+p
n ; ) Malab]=1/2+p n—oo I'(1—h)

I'(3/2—Myla,b]—h—p) < oo
we deduce that for every n > 1,
12 2
(3.19) Ep [(n 3 Vt]f2(7')> ] < OO |7 |28,
k=1

Thus, combining (3.18)) and (3.19), we get (3.16).
Therefore, from (3.12)), (3.13) and (B.16)) we obtain, for every n > 1,

(200 Bpl(V i (t+7) = Yy (1)) < Ol rintmeleti=120),

« «

Let a < b. For s < t € [a,b], we can find 2k + 2 points uy, ..., ust+2 € [8,1]
with b —a = kmin{A\/2,1} + ¢, 0 < ¢ < min{\/2,1} and 0 < w41 —u; <
min{)/2, 1} such that [t, s] = 2"+ [us, wis1].

Using Minkowski’s inequality, (3:20) and Proposition @ (because 0 <

min{2my[a,b] — 1,28} < 1) we conclude that for every n > 1 and s,t € [a, b],

Ep[(Y2(t) = Y (5))°) < O]t — s|min(emalati=123),

Consequently, given 7 > 0 and using again the fact that Y is P,-almost surely
Gaussian, there exists a constant C. depending only on r such that

n n r n n r/2
B[Vl (£) = Y ()] = Cr(BB[(Y1) () = Y2 (s)?)"
< Cr(c5,p)T/2|t _ s|rmin{ma[a,b]fl/2,6}

for all n > 1 and s,t € [a, b]. If we choose so that  min{m|a,b] — 1/2,8} > 1,
Theorem 2.1} implies that the family (Y),,>1 is tight, as desired. m
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3.2. Properties of GWmOU processes and asymptotic behavior with respect to \.
In this section we study several interesting properties of the GWmOU process Yof‘,
such as the Holder exponent and short-range dependence. In addition, we investi-
gate the asymptotic behavior of Y when A — oo and when A — 0.

Let us first compute the variance and the covariance of Y)'. An easy computa-
tion shows that for all ¢ € R the variance is given by

(3.21) EB[YCZ\(t)(t)Q] - 112‘2(%2 jt’ A+t —8)2h2(t - )2a(t)—2 ds
\2a(t)-1
= T2 B(3 = 2h —2a(t), 2a(t) — 1),

where 3 is the beta function defined by 3(z,y) fo =11 — w)y~!du for

x,y > 0. Hence a GWmOU process is in general not statlonary
In addition, for s < ¢, using the change of variable z = \/(\ + s — u), the
covariance of YC;\ is given by

(3:22) EB[Y3<t><t>Ys<s)<s>1
1
(o (D) (a(s))

X j A o A 17h(t — )7 (s — )2 gy
oo A+t—u Ad+s—u

Aa(t +a(s)—1

)
= Ta@)(a(s) F 0@t =5/,
with
| Glasbye,d) = [ L+
GHOD =L A+ d—1]z)e

In order to study the local properties of GWmOU processes we will need the fol-
lowing result.

(1 . 2)6—122—[a+b]—2¢: dz.

PROPOSITION 3.1. Fix a compact interval [a,b] C R.

(1) If 0 < h < 3/2 — My]a,b], then there exists a constant C%* such that

B2 BVt +7) — V()] < COrrjmintemaled 129
forallt,t+ 7 € [a,b] with |T| < min{\/2,1}.

(2) If 0 < h < 3/2 — M,la,b], Myla,b] < 1and a(t) —1/2 < 8 for all t, then
(a) there exist constants Co and € < 1 such that

G2 EBl(Yalesr) (¢ +7) = Yol (0)%) > (Co/2) r Mol

«

forallt,t+ 7 € [a,b] with |T| < ¢,
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) ast — 0,
(325 Epl(Yalern(t+7) = Yoy (0] = Colr|* 0712+ O(fr*071).

Proof. The inequality (3.23) is a direct consequence of (3.20) and (3.4).
Let us now prove (3.24)). For convenience, for all ¢, ¢ + 7 € [a, b] with |7| < 1,
we set

UtA (1) = Yoi\(t) (t+7)— Yof\(t) (t), Vf\( )= YA(H-T)( +7)— Yoi\(t) (t+7)
= Vt,l(T) + V;S?\Q(T)»

where
t+r 1—h
Vi) = <I‘(a(1—i—7)) _F(al(t))> ERG i P
‘@2(7’) = F(al(t))
><iZ[(t—I—T—u)O‘(HT)_l—(t+7—u)a(t)_1] ()\—l—tij-—hu)l—h dB,,.
Hence

(3.260)  Ep[(Yaisr)(t +17) = Yy (1)°] = Ep[UN)*] + 2Ep[U7 (1)V, (7))
> EplUN(r)’] = 2B[UN (r)"] 2BV (7)) /2.

The last inequality follows from the Cauchy—Schwarz inequality. By Lemma [4.1]
below and the inequality (.10}, there exist constants C; and Cy depending only
on [a, b], A and h such that

(3.27) C’Q|7—|204(t)—1 < E[(Ut)‘)Q] < C«l|7_|2a(t)—1
On the other hand,
Ep[VA(1)? < 2(EslVA(1) + Ep[Viy(r)?).

A standard computation combined with the mean value theorem and the fact that
any continuous function has a maximum on any compact interval, we obtain

1
(Fat+7 " T(a(t))
< Cla(t+71) —at)* < Cl7[*7.

2
) /\2“(t+7)*1ﬂ(3 —2a(t+ 1) — 2h,2a(t + 7) — 1)
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Moreover, by the change of variable x = ¢t + 7 — u, we have

Ep[Viy(7)?]
)\2 2h 4T
= W f t+7—u)” a(t+r)— (t—l—T—u)a(t)71]2()\—|—t—|—7'—u)2h72 du
)\2 2 o0
- f Oz(tJrT)fl_xa(t)fl]Q()\+x)2h72 de
0

)\2 2h t -
_ [ ((‘E T)— flog 2,205, =2 () 4 2)2h2 gy
for some af . € (mqla,b], My[a, b)), the last equality following from the mean

value theorem. Let 0 < 0 < 2mgyfa,b]—1and 0 < ¢ < 3/2—M,[a, b]—h. Since «
is 8-Holder continuous, for ¢ = 3—2h—2M,[a, b] —2¢ and d = 2M,[a, b]—1+2¢
we have

A22h[a(t 4+ 7) -
[(a(t))?

Bp[Viy(r)?) = ( [ log(@)?a*= "2 (A 4 2)* 2 da
+ flog(x)2x2af77—2<)\ + w)2h72 dw)
1
1 0o
< C|T’26 (f p2malabl=2—0 g, | f $2Ma[a,b]—2+2q()\ + x)Qh—Q dx)
0 1

< CIr*P(1/(2mala,b] — 1 — o) + B(c,d)) < C7|7|*.

We then deduce that

(3.28) Ep[V) 7)Y < Co¢ |78,

Combining (3:27), (3:28)) and the Cauchy—Schwarz inequality yields

(329) [E[UXMHVAT)] < E[UN7)]VPEV A (7))]M? < Cos|rPro® =1/,
Thus, by plugging (3.27) and (3.29) in (3.26), we get

Ep[(Y1m)(t+7) = Yoy (£)2] > Colr[PeO~1 — ¢os|7|o0=1/245
> |r[2Melabl=1(c, — 0os|p|f—Malabl+1/2),

By assuming that a(t) — 1/2 < My[a,b] — 1/2 < f3, the function

g:T— 02 o CU,g‘T|,BfMa[a,b}+1/2

is continuous in 7 and converges to Cy when 7 — 0. So there exists € > 0 such
that g(7) > C' = C; for |7| < ¢, which gives the inequality (3.24).
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On the other hand, by the assumption a(t) — 1/2 < My[a,b] — 1/2 < /3 and
using the equivalence @.TT)), (3.28) and (3.29), we immediately obtain (3.25)). =

In the following, we state interesting properties of GWmOU processes such as
continuity, Holder exponent at ¢, Hausdorff dimension and local asymptotic self-
similarity. The same properties hold for WmOU processes, the proofs of which
are based on [15, Lemma 3.1], of which Proposition [3;1'] is the counterpart for
GWmOU processes. Having Proposition [3.1] at hand, the proofs for GWmOU pro-
cesses proceed analogously to those in [15]. Therefore, we omit them.

3.2.1. Continuity

PROPOSITION 3.2. The process {YC;\(t) (t),t € R} admits a continuous modifi-
cation.

In the following properties: Holder exponent, Hausdorff dimension and local
asymptotic self-similarity, we make the additional assumptions that o(¢)—1/2 <
for all ¢ in the domain of a and M, [a,b] < 1.

3.2.2. Holder exponent
PROPOSITION 3.3. Let [a,b] C R be an interval. For any 0 < n < mg|a,b] —
1/2, with probability 1, there exists a constant C’g’p such that

Y2y (8) = Y3 ()] S CPlt— 7 Vit,s € [a,b].

(e}

We now turn to the Holder continuity of GWmOU processes. Let us first recall
the following definition.

DEFINITION 3.1. A real-valued function is said to have Holder exponent (3 at
a point tq if

o £t + 1) = f(t0)]

=0 foranyy < g,

h—0 ||
t h)— f(t
limsup|f(0+ ) = flto)] =00 forany~y > .
h—0 |h|’Y

PROPOSITION 3.4. With probability 1, the Holder exponent of Yof‘(t) (t) at a
point ty in the domain is o(to) — 1/2.

3.2.3. Hausdorff dimension. Let dimy A, dimp A, and dimp A denote the Haus-
dorff dimension, the lower box dimension, and the upper box dimension of a set A
in R", respectively. Given a compact interval [a, b] C R, Gy[a, b] = {(¢, Yof‘(t) (1)) :
t € [a, b]} stands for the graph of the process Yo?( " (t) restricted to [a, b]. For more
information on these notions see [[11]]. We now formulate our result.
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PROPOSITION 3.5. Let [a,b] be an interval in the domain of definition of c.
With probability 1, dimy G, la,b] = dimp G, la, b = dimpg G, la,b] = 5/2 —
Mela, b].

3.2.4. Local asymptotic self-similarity. WmOU processes are locally asymptotically
self-similar, in the following sense defined in [4]].

DEFINITION 3.2. Let X (¢) be a Gaussian process. We say that X (¢) is locally
asymptotically self-similar with parameter H at a point % if the limit process

{ lim X(to+hu)—X(t0)’u€R}

h—0+ hH

exists and is nontrivial for every tg.

This property holds true for GWmOU processes. Before stating this result, let
us first recall that a fractional Brownian motion with Hurst index H is a centered
Gaussian process with covariance

BB (t)B" (s)] = 5[t + [ — |t - s|*"].

PROPOSITION 3.6. For any tg the stochastic process

lim

Yolto-any (fo + hu) = Y3, (to) v eR
h—0+ ho(to)/2—-1/4 ’

is, modulo a constant, a fractional Brownian motion with Hurst index o(to)/2
—1/4.

3.2.5. Short-range dependence. We are now interested in the strength of the depen-
dence of GWmOU processes.

DEFINITION 3.3 ([12]]). Let X (¢) be a Gaussian process with covariance de-
noted by ¢(s,t) = cov(X(s), X(¢)) and correlation p(s, t) defined by

c(s,t)

pls,t) = c(t, t)c(s, s)

We say that X (t) is long-range dependent if
o
f lp(t,t + 7)| dr = o0,
0

and it is short-range dependent if the integral is finite.
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The following lemma provides an upper bound for the inverse of the variance
of the process Y with 0 < h < 3/2 — agyp and 1/2 < «(t) for all ¢.

LEMMA 3.1. For all t the functiont — 1/Ep| a(t)( )?] is upper bounded.
Proof. From (3.21)), we find that

1 Al=2a() [24,(t)

— 1T (a(t)*T(2 — 2h)
BalY2, 0%~ Ta()I(3 |

(a
2h — 2a(t))

r

The functions z — A72% 2 — 22 — 1, z — I'(2)%, z — I'(22) and 2z +
I'(3 — 2h — 2z) are continuous for z € [1/2, agyp). As a consequence,

1
3.30 — < C.
-3 Epy ), 07 S "

We are thus led to the following short-range dependence property of GWmOU
processes.

PROPOSITION 3.7. For 0 < h < 1—agup, the GWmOU process is short-range
dependent.

Proof. Sety = 7/\. Using (3.22) and (3.30), we have
0< pa(t,t+7) <CG(aft+ 1), a(t), h,y).
Since 0 < w < land1/2 < a(t) < 1 for all ¢, we obtain
Ga(t+7),a(t),h,y)

u27[a(t)+a(t+7')}72h(1 _ u)a(t)fl(l + yu)hil(yu +1— u)a(t+7')71 du

O%»—l

N

ya(t+7)—1 <y + l)h_l u—a(t)—h(l _ u)a(t)—l du.

oO—r

Therefore,

f]patt—i—T\dT f altHdy)=1(y 4 1)k 1dyfu°‘ h(1—u)*®O1 gy
0
CB( —h — agup, 1/2)5(1 — h— a(t), a(t)) < oo,

since 0 < h <1— agyp. =

We are now interested in the asymptotic behavior of the process Y when
A — 00.
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PROPOSITION 3.8. Let {Y(;\(t) (t),t > 0} be a GWmOU process restricted to
t > 0and set a(t) = H(t)+1/2with0 < h < 3/2— agup. Then for fixed t in R,

Yo (t) = Y3 (0) — Buw(t) in L*(Qp).

A—

Proof. Foreach s < tsetcy(t —s) = (A/(A+1t—s))'™" foreacht > 0 let
Xé(t) (t) = Yoj\(t) (t) — Yoj\(t)(()), and denote

0
Ay ® = [ (fealt = 9)(t = 5)1072 — 3 (=s) (=) 7012
— [t — S)H(t)fl/Q . (_S)H(t)71/2]) dB,
0
=: _f [A?,H(t) (t,s) — Al,H(t) (t,s)] dBs,

Diyp(t) = j(t — )HO=12(¢y(t — 5) — 1) dBs.
0

By substituting o(t) = H(t) + 1/2 we get

Xé(t) (t) = Bu(t) = X?I(t)—f—l/?(t) — B (1)

- MW o(8) + Dy ()]
Thus,
Ep[( X34 ()= Br(t))*] = F(H@;WEB[(A?{@) (t) + Dy (1))
N 1“(H(1t)2+1/2)2 (EBlAY 0 ()*]+Es[Diy) (1))

Let us first evaluate the asymptotic behavior of Ep [A}\i( " (t)%] when A\ — oo.
For fixed ¢ > 0, it is easily seen that

(331) Al H(t) (t, S) E— Al,H(t) (t, 3).

A—o00
Using the elementary inequality, for any p > O and z,y € R,
—_92)t+ 1)t
|zl = [ylP| < (p v 1272 [Jo = y [P + [y| P [ — y ]

and the fact that ¢y () < 1 for all z > —\, we have, for s < 0,

ex(t = $)(t = 5)1O712 — e (=s) (=) 1O/
x(t = 8)|(t =) 1O = () 1O () TO 2, (¢ - 5) — c(—s)

<
< |(t_S)H(t)—1/2_(_S)H(t)—1/2|+2t1—h(_8)H(t) 1/2( —S)h_l.
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Moreover, for fixed ¢ > 0 such that H(t) # 1/2, when s — —oo we get
((t o S)H(t)—l/Z - (7S)H(t)—1/2)2 ~ (H(t) _ 1/2)21‘52(*8)2}](0_3.
As aresult, s — ((t — s)H®=1/2 _ (_g)H({)=1/2)2 jg integrable at —oo, because
2H(t) —3 < —1,and as s — 0~ as well, since 2H (¢) — 1 > —1. Consequently,
0
J (- s)HO=-1/2 _ (—S)H(t)fl/Q)Q ds < oo.

—0o0

Also, by the hypothesis 2 — 2H (t) — 2h > 0,

0
[ (=) OV — 5)?h=2 g = HOF2h=23(9 2 (t) — 20, 2H (1)) < ©.

—0o0

The dominated convergence theorem shows that for fixed ¢ > 0,

A—00
Similarly, one shows that for fixed ¢ > 0, limy_.o. EB [Dg(t) (t)?] = 0, which
proves the desired result. =

On the other hand, we now consider the asymptotic behavior of Yaf‘ when
A — 0. In the following result, it is assumed that «(t) = «a forall t, 1 — a <
h<3/2—aandl/2<a<l.

PROPOSITION 3.9. Let {Y}, t > 0} be the process defined by

0

Then

VA0 — Yalt) in I2(2p),
where
Yo (t) =

1 ¢ hta—1 hta—1 ¢ hta—1

t— et (= = dB, t— = dB,|.

Ma)(h+a—1) [foo( u) (—u) + L(/;( u)

Moreover, the process (Yo (t))i=0 is (modulo a constant) a fractional Brownian
motion with Hurst index h + o — 1 /2.



290 K. Es-Sebaiy et al.

Proof. Foreacht > 0, we have

\h-1 ;{Y;‘@) ds = F(loz) _j‘ dB, jt'o (A +s— u)h_l(s . u)a—l ds
0 t
B
+ F(la){ dB, f()\ + s — u)h_l(s _ u)a—l ds.

Using the same computations as in the proof of Proposition[3.8] it is easily checked
that for every ¢ > 0,

Yoj\(t) Y Ya(t) =
1 [ j‘ (t _ u)h—i-a—l _ (_u)h—I—a—l dB, + j‘(t _ u)h—i—a—l dBu}
Ma)(h+a—1) 0

—0o0

in L2(Qp). Moreover, it is obvious that the process (Y4 (t)):>0 is (modulo a con-
stant) a fractional Brownian motion (with moving average definition) with Hurst
index h+a—1/2. =

4. APPENDIX

PROPOSITION 4.1. Forall0 <p < landk > 2,

k

k
4.1) S aP < 9(k—1)(1-p) <Z l’i)p ifx; 20 fori=1,... k.
i=1 i=1

Proof. Fork > 2,0 <p < landz; > Oforallt =1,...,k, we will denote
by A(k) the inequality

k k D
Alk): Y al < 2(k*1)(1*p)<2 xz> :
i=1 i=1
Let k = 2. Since the function x — 2P, x > 0, is concave forevery 0 < p < 1, we
get

2y <2 (@t ),
so A(2) holds true.

Let us assume that A(n—1) holds. Using A(2), A(n—1), by easy computations
we get A(n). Thus by induction, the proof is complete. m
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Throughout the appendix, it is supposed that 0 < h < 3/2— M,|a, b, M, [a, b]
< 1 and my[a, b] > 1/2 for any compact interval [a, b] C R.

LEMMA 4.1. Fix a compact interval [a,b] C R. There exists a constant C
depending only on [a, b], A and h such that

Ep[(Ya(t +7) = Y3y (£)*] < Ofr 207

forallt,t+ 7 € [a,b] with |T| < 1.

Proof. Setn =3 —2h — 2a(t),v = 2a(t) — 1 and y = |7|/\. Using (3.21),
we get

42)  Bp[(Yoy(t+7) =Y, (0)%]
= E[(Yo (t + 7)) + Eg[Ya) (t)*] — 2EB[Y ) (t + 7)Y (1)]

B F(Z)\(ty))ﬂ(n’ v) = 2Bp[Yyjy (t + 7)Yy (1))

Let us first evaluate the second term on the right hand side. By (3.22) we have

43) 2BV, (t+ 7)Y (1)

_ v 1
- r<2<?>>2 S (1= w) O (1 4+ yu)" (yu+ 1= w)* O du,
«a 0

By applying the mean value theorem to the function ¢ — (1+yt)"~! fort € [0, u],
we obtain

44)  —2Ep[Y],)(t+ 7)Y, (1)

—9)\V 1 U a(t)-1
— n—1 _ v—1
7I‘(a(t))2 {u (1 —wu) (1—|—y1_u> du
2\(1—h) 1L _ alt)— o)
r(ém)z)yf (14 yCo)" 2" (1= w)* " (yu + 1 = w)*0 " du
0

=: A)\,h(a(t)v y) + BAyh(a(t)v y)

Let us begin by providing an upper bound for A, ;. Using the inequality

yu u a(t)—1
LR
1—(1—y)u\< +y1—u> ’
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for y # 0 we have

4.5)  Axn(a(t),y)

—2)\” ! 227y L (1 —w)r!
u( )Y du + du
T | Ma@P) 1-1-y)
—2X’ 2\y
= 5B, v) + 25(V7n+1)2F1(1,n+173—2h,1—y),

[(af(t)) ['(f(t))
where o F} is called the hypergeometric function, and the last equality is due to

Euler’s representation integral of o F (see [[L, Theorem 2.2.1]).
Using Euler’s transformation formula (see [1, Theorem 2.2.5]), we get

(4.6) oF i (1,n+1,3—2h,1—y) =y>**D72,F(2—2h,v,3 —2h,1 —y).
Seta =2 —2h, b= 2mg[a,b] — 1 and ¢ = 3 — 2h — 2M,[a, b] + 2m4]a, b]. For
y # 0, we have

“4.7) 2F1(a,l/ a+1, 1—y)

Fa—i—l

1
= 211 —2)"1 - (1 —y)z) de
L()[(n+1) {

< C{xb_l(l —2) 1 - (1 —y)x)"%de = CF(y) < C,

the last inequality coming from the fact that the function F' is continuous on
[1,1/A]. By plugging (4.6) in (4.3) and using (4.7)), we infer that

-2\
(4.8) Axn(e(t),|7]) < Wﬁ(nﬂ/) +Cr”.

On the other hand, since n, A, C;, > 0,0 < h < 1, and «(t) < 1, we have

232(0~1(1 — h)
[(a(t))?

where M is the maximum of the continuous function
— (207N (1 = h)/T(2)*)B(2, 2)
on [mgya, b], M|a, b]]. Thus, by plugging (4.8) and @.9) in @.4), we get

—2AV ,
o ())25(77, v)+ (M +C)|r]".

4.9)  Ban(a(t),|]) < Blalt), a(®)|r|*® < Mlr|”,

—2Ep[Y,(t + 7)Y, (1)] <
Then
EB[(Y/\( y(E+7) = YA( ()% < Cilr]",
where C7 = M + C', which establishes the desired result. =
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LEMMA 4.2. Fix a compact interval [a,b] C R.

(1) There exists a constant Co depending only on [a,b], X and h such that

@10 B (Vi) +7) = Yy (1)) > Calr O

(03
forallt,t+ 7 € [a,b] with |T| < 1.
2) AsT — 0,

@11 Ep[(Y(t+7) = Y3, (1)) = Cafr|*D712 4 O(|r 01,

Proof. With the notation of Lemma since a(t) < 1 for all ¢, we have
By n(a(t),y) < Ep[(Yau (t+ 1) = Yoy (£)?].

For 7 # 0, using C, € ]0, 1] we get

1 1 a(t)+h—3
(412) <’T‘ 4 A) ‘7_’204(7&)—2 < (1 +y)h+a(t)—3

< (L—u+yu)* D1+ yCy)" 2.
Set
h(z,x) = (Ax)* 7> " (a + 2)7H73,

a continuous function on [mg[a, b], My [a, b]] x [0, 1], and let C be the minimum
of the function

20%72(1 — h)

OE (4 —2h —2z,z)h(z,x)

(2,2) =

for (z,z) € [mqla,b], Myla,b]] x [0, 1]. Then
Ep[(Yiy(t+ 1) = Y3y (1)) = Calrl",

« [e7
which gives (@.10).
Let us now prove (@.1T)). If instead of (@.12) we use the following inequality for

y#0:

1 1 a(t)+h—3
<H + )\) ‘T‘a(t)—3/2 < (1 +y)a(t)+h—37
T

then (4.10) becomes

Ep[(Yo(t+7) = Yy (1)2] > Colro®71/2
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Combining Lemma |4.1|and the last inequality, we get

Col|*071/2 < By[(¥ ) (t +7) = Yy ()] < Calr <O 112

«

To prove @.T1), it remains to show that Co < C1 = M +C. Since 0 < h < 3/2—2
and z < 1, we obtain

B(4—2h —22,2) < B(z,2) and h(z,z) < N7

Therefore,

2A2-2(1 — )

<
D YBE

B(4—2h —2z,2)h(z,2) < M < Ch,

which completes the proof. m
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