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Abstract. We estimate up to universal constants tails of symmetric and to-
tally asymmetric 1-dimensional a-stable distributions in terms of functions
of the parameters of these distributions. In particular, for values of « close
to 2 we specify where exactly the tail changes from being Gaussian and
starts to behave like in the Pareto distribution.
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1. INTRODUCTION

A random variable X is called (one-dimensional) stable if for any numbers a, b > 0
and independent copies X1, X2 of X there exist numbers c(a, b) and d(a, b) such
that

aXy +bXs 2 ¢(a,b)X + d(a,b).

Random variables of this type constitute an important family used in stochastic
modelling. Let us recall some fundamental properties of stable distributions; for
a comprehensive study see e.g. [12]. It is a classical result that c¢(a,b) is of the
form (a® + b*)'/® for a € (0,2]. The number « is sometimes called the index of
stability and a stable random variable with index « is called a-stable. For o« # 1
the characteristic function of X is given by

Eexp(itX) = exp<—a°‘\t\a <1 — ifsgn(t) tan<7r2a>> + z',ut),
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while for o« = 1 the characteristic function is
) 2 )
Eexp(itX) = exp <U|t| <1 + i8—sgn(t) ln(|t|)> + z,ut) ,
o

where o > 0, 8 € [—1,1] and p € R is a shift parameter. (3 is a skewness (asym-
metry) parameter, while o is a scale parameter. The case 8 = 0 is referred to as
the symmetric case, and § = —1 or 8 = 1 is the totally asymmetric case. When
u = 0 we call X a strictly a-stable random variable, in which case the character-
istic function can be represented as

(1.1) Eexp(itX) = exp (f b(t, ) V(dx)),
R
where
et —1 if a € (0,1),
Vit @) = {eitw —1—itz ifae(1,2),

and v, called the Lévy measure, is given by

C Cs
V(d) = 27 L000)(@)dT + T (oo (2)da

where C, Cy > 0 and C’l + C5 > 0. The relation between C', Cs and [ is given
by the equation 8 = c +c In particular, for the symmetric case we take C; =
(5 = 1 and for the totally asymmetric case C'y = 1 and Cy = 0. Moreover, the
dependence of the scale parameter o on the parameter « and the constants C; and
Cs is given by 0 = I'(—a) cos((2 O‘)w) (Cy + Cy), where T' denotes the gamma
function.

There are usually no closed formulas for densities and distribution functions of
stable distributions. The exceptions are the Gaussian distribution (o« = 2, 5 = 0),
the Cauchy distribution (« = 1, 8 = 0) and the Lévy distribution (o« = 1/2,
B = 1). To deal with the lack of explicit densities for other cases the series expan-
sions were established; see [[17] and [6, Chapt. XVII, Sect. 6]. Foroc = 1,5 =0
there is the following series expansion of the density function of X: for a € (0, 1),

1)”Jr1 [ na 1
— Z na+1)81n<2>xna+1,

T n>1 n!

while for a € (1, 2] (see [15, Chapt. IV, Sect. 1])

et = 2 3 Gn(2 )

am ;37 2n!
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The tail asymptotics of a-stable distributions are well-known [12, Property 1.2.15].
For a € (0,2) we have

1
lim y*P(X > y) = Caﬂoa,
y— 00 2
. o 1-— B «o
lim [y|*P(X <y) =Co—5—07,
y— —00 2
where

Co = ({x smxdac) = T COS((Q_;)W)'
Observe that
1+0(1) asa — 07,
2(1+40(1)) asa — 1,
(2—04)(1—1—0(1)) aso — 27,

For = —1, limy_, o y*P(X > y) = 0, so the rate of convergence of P(X > y)
to 0 is faster than 1/y®. It is known [12} (1.2.11)] that the right rate of convergence
for a € (1,2) is given by

i () (e (2)7)

oo

B = 1. Recall that foraw < 1 and § = 1, P(X < 0) = 0.

There is a rich literature on numerical calculation of stable densities and distri-
bution functions; see for example [7] and references therein. In this article we are
interested in ‘qualitative’ behavior of tails of symmetric and totally asymmetric
a-stable distributions. More precisely, we are interested in the description of these
tails in terms of functions of the parameters of the distribution up to universal con-
stants.

Let X be an a-stable random variable. As presented above, the asymptotic be-
havior of P(|X| > t) as t — oo is fully understood, but the value of the tail
P(X > t) for moderate values of ¢ does not seem to be well investigated. The
study of densities of a-stable distributions goes back to Pdlya [8] as well as Blu-
menthal and Getoor [1]]. Upper bounds for densities of multidimensional a-stable
random variables were given by Watanabe [[16]. The classical work by Pruitt [9]
provides estimates for the tails of suprema of Lévy processes. The idea of truncat-
ing the characteristic function used in both [9]] and [16] is also applied in this work.
Some of the results presented here can be related to much more general work of
Grzywny et al. 2] where estimates for densities were provided together with ex-
plicit constants [3]], which are however of rather intricate form. Also, upper bounds
for $ # 0 can be found in [13]], while lower bounds for |3| # 1 in [4].

where ko, = and exactly the same for the left tails in the case of
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The value of the results presented here lies mainly in the transparency of con-
stants in the estimates, which, as we believe, have not been explicitly presented so
far. Also the approach based on elementary techniques might be of independent
interest especially since it outlines the nature of a-stable variables whose tails are
determined by the analysis of heavy-tailed jumps. The main novelty compared to
the results in [2] is that we also consider the strictly asymmetric case (5 = 1).
Finally, the calculations we provide for « close to 2 allow us to establish the order
of the boundary value at which the tail of a-stable random variable alters from
behaving like a Gaussian and starts to resemble a tail of Pareto distribution (see

Remark [4.7).

2. METHODS

Our approach is based on the analysis of the series representation of a-stable ran-
dom variables as well as their characteristic functions. First, we present a classical
series representation (see [[12 Section 1.4]).

Let (7;);>1 be a sequence of arrival times of a Poissonian process with param-
eter 1,i.e. ; =I'1 +--- + I';, where the sequence (I'y)x>1 is i.i.d. and for u > 0,
P(I'y > u) = e *. Then

e forae (0,1)and =1, X 4 2 (am) e,

e fora e (0,1)U(1,2)and § =0, X < (a/2)7Yea S~ 5Z-Ti_1/a (where ¢; are
independent Rademacher random variables),

e forae(l,2)and 5 =1, X < o Zfil(Tifl/a — a;), for an a-dependent con-
stant c, and compensating terms a; given by a; = 2= (i@ D/a —(j—1)(e=D/e),

Series representations are particularly useful for simulations (see e.g. [L1]). Also,
it is worth mentioning that a more general class of infinitely divisible processes
admit a similar representation, known as Rosiniski’s representation [10]. Working
with this representation turns out to be efficient when estimating tails of both sym-
metric and asymmetric a-stable random variables for a € (0,1). The proof of
convergence of the above series can be found in [12]. To verify the above series
representations, one simply calculates the characteristic function of X in each case
and checks that it obeys the definition (I.1); the following two lemmas might serve
as a tool and will also be helpful in further calculations.

Lemma 2.1. Consider a Borel function f : Rt — RT with fooo f(z)dx < oo.
ThenEY 2, f(7i) = fooo f(z)dx.

Proof. This is a consequence of the fact that for each 7 > 1, 7; has the Erlang
Z,iflefzc

distribution, i.e. its density function is given by =T where x > 0. Since f
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is non-negative and integrable we can put the summation outside the expectation.
The result then follows easily. =

The second lemma uses equivalence between Poissonian arrival times and Pois-
sonian point processes; we omit the proof.

Lemma 2.2 ([14, Lemma 11.3. 3]) For any a >0 and a continuous function
[:RY — Cwehave E]] . _, f(7i) = exp(— Jya dx).

With the above properties the calculations of the characteristic function for the
asymmetric case and « € (0, 1) are straightforward, while in the symmetric case it
suffices to notice that the characteristic function can be expressed as

, < ) dx o . dx
Eeti — exp<£(elt$ -1 - ztx) W + 7{0(611590 —1— ztm) W)

7 itx . —itz da
=exp( [(e™ —1—itx+e ™ —1+itx) ——~ pres)
0

~ exp <22fo(cos(tx) Y xfffjl)

The main trick used when dealing with the totally asymmetric case for o € (0, 1)
is conditioning the series ) -~ (ar;) =1/ on the first term. To this end we observe

that >°°° (ar;) ™1/ can be written as (ar) Y 4+ 3% a~Ve(r + 7)1V,
where for ¢ > 1 we define

(2.1) Ti = Tit1 — T1-

. - d I .
We notice that 7; = 7; and 7;, ¢ > 1, are independent of 7;. For x > 0 define the
series

)= a V(x4 7)Y
i=1

It is well-defined. Notice that S(x) is decreasing. With the use of Lemma 2.2 we
calculate the moments of S(z).

Lemma 2.3. The moment generating function of S(z) is
As(z)(A) = Eexp(AS(z)) = exp(—f(A z)), A>0,

where

2.2) = [1—expla™ Nz +y) V) dy.
0
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Proof. Let a > 0. Then, by Lemma[2.2]

Eexp(A ¥ a7/2(@+7)7) = E ] expra™/ (@ +7)71/%)
Ti<a Ti<a

= exp(— J1- exp(a™ VN (x +y)~Y) dy).

0
Letting a — oo on both sides is allowed since S(x) is a convergent series and
the integral on the right-hand side stays finite. To see this we use the inequality
1 —e* > —2u for small positive u. Consider a sufficiently large constant yo and
the quantity /,, = [ (1 —exp(a™"/*X(z +y)~/)) dy, which is bounded. Then

fONz) =T, + Of(l —exp(aVoNz +y) YY) dy

Yo

> I, — 2ha~ Ve [(z+ y) "V dy
Yo
(e + o))"~V

= Iy, — 2\ 1o > —00. m

Therefore we can calculate any moment of S(z). In particular, we have the
following result. Obviously it could also be deduced from Lemma[2.1

Lemma 2.4. With the above notation we have, for o € (0, 1),

)=/ azx)l—2/a
E(S(z)) = (az) and Var(S(z)) = (az)

11—« 22—«
Proof. Fix x > 0. Notice that f(0,z) = 0 and write % = f, 2f _ .

o2
A simple calculation yields

00 1-1/a
Ewm»:—fuﬂ={a4”@+erWy=“Tla
Moreover, y
[e%s) 1-2/a
e _ -2/« —2/a _ (ax)
f =0 bfa (@ +y) " dy = ——
and

E(S(2)%) = —f"Ix=0+ (")?[r=0;
so Var(S(z)) = E(S(2)?) - (E(S(2)))? = = f"|x=0- =
Now, we describe tools which we use to analyse tails by means of character-
istic functions. For any random variable Z we denote by ¢z(t) its characteristic

function. First, we recall an elementary but useful result which we apply in the
symmetric case for all « € (0,1).
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Lemma 2.5 ([5, Lemma 5.1]). For any random variable Z on R we have

2/
B2 > )<Y [ (st a
—2/y

Next, we introduce the idea of truncating the characteristic function which will
be applied for o € (1,2). Let us start by considering a totally asymmetric random
variable X with characteristic function

2.3) Eexp(ti)—equ (¢ — 1 ita) xaH)-

Unlike the asymmetric case when o € (0, 1), the support of the distribution of a
random variable X with characteristic function is the whole real line. Thus,
we need upper and lower estimates for both right and left tails. The method is to
split X into the sum X = X + X! such that

i itx . dx
2.4) ox, (t) = exp <{(e —1—itz) ma+1)’

oo ‘ d
(2.5) oxi(t) = exp( { (e —1 —itx) Wi)

It is easy to calculate that

dx °° dx it

o0
itx . _ % o
{(e —].—Zt.r)m—{(e 1)3’;a+1 a—1

and thus the characteristic function of X! can be expressed as

1 it
t) = “(oy(t) —1) —
exi( =ew( L er(0 -1 - ).
where the random variable Y has density —%51(;)(x). This means that
X+ ﬁ has a compound Poisson distribution, i.e.

e %Y
= k>
a—-1 ;=

where N ~ Poisson(1/a) while Y}’s are independent random variables all dis-
tributed as Y and independent of V.

Similarly, for the symmetric a-stable random variable X with « € (1,2) with
characteristic function

00 ) d
(2.6) px(t) = exp< [ =1 miﬂ)

—0o0
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we use the split X = X; + X, where

1 ) d
@7 o (t) = exp< [ (e 1) W)

-1

4 d
(2.8) 0z1(t) = exp< [ (e —1) fﬂ )
R\[—1,1] |z|

Analogously to the asymmetric case we observe 1 (t) = exp (2 (¢ (t) — 1)),
where the random variable Y has density M%H Igy\[—1,1] (x). So, again X! is com-

pound Poisson given by X' = 211521 Y}, where N ~ Poisson(2/a) and Y},’s are

independent, all distributed as Y and independent of N.

3. RESULTS FOR o € (0,1)

3.1. Totally asymmetric case. We now present results for a totally asymmet-
ric a-stable random variable X with characteristic function Eexp(itX) =

exp( [y (e — 1) da) and with series representation X 4 S (amy) Ve

THEOREM 3.1. Let a € (0,1) and y > 1. For a totally asymmetric o-stable

random variable X we have the tail estimate

1
(3.1 IP’(X z> — +3y> <
11—«

ay®’
Moreover, fory > 1 and 0 € (0, 1) we have

1

0 2
3.2 Pl X > — >-(1-6)>———.
(3-2) ( 1 a+y> 3( )1+ozy°‘

11—«
ES(l) Y and Var(S( L >> =
ay® 11—« ay®
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Now,

1 1
P X>7 T -1/« -
( 1_a+3y) fe ( +S()>3y+1_a>dx

1/(ay®) o0 1
< [ eFdz+ [ P (S(x) > 3y — (az) "V + 1) dx
0 1/ (o) -
1o W) | [ e 1
<l-e + [ e"P(S(x)>2y+ T o dx

1/(ay™)

< 1a +P<S<1a>>2y+1l) f e *dx
(Oéy ) ay -« 1/(ay®)
1

1 1 %
< o +P<S<a> >y+ES<a>> f e Tdx
(y®) ay Y ) ) |y
Var (S (=L
<Ly ((;y))eaylaz L 1 e*a;a<i,
oy y ay® (2 - a)y” ay®

where in the third inequality we have used the elementary inequality 1 —e™" < u.

Also, if £ > 1/(ay®), then (az)~1/® < 5. Next, we have used the fact that for
> 1 we have y + yll_—_: < 2y + ﬁ and then we have applied Chebyshev’s

inequality.

L)l/a +

. d
We now turn to the lower bound. We use the decomposition X = (m1

S(1). Note that if z < 1/(ay®) then (ax) =/ > y and hence

1/(ay®) 0
> > [ P <S(£L’) > ) dzx.

0 l—«o

P((am) e 4 5(m) >+

Moreover, since y > 1 and z < 1/(ay®) we have S(x) > S(1/«a), so by the
Paley—Zygmund inequality and Lemma [2.4) we obtain

1/(ay) 0 e L f
i e’”]P’<S( ) > )dw J ”P(S () g > dm
J = 0 o 11—«
1/ (ay®) 1 1 1/(ay®) 9 1
= P<S<> g 9E5<a>> de> [ (16— da

(
0 « 0 1+ 5=

o)

where in the last line we have used

w

W > % The conclusion follows from

2—a

the inequality 1 — e~ /% > H% foru>0. =m
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3.2. Symmetric case. The lower bound for the symmetric case coincides for o €
(0,1) and « € (1,2). However, as explained in the last section, a further analysis
is provided to reveal the Gaussian nature of tails in the latter case.

THEOREM 3.2. Let X be a symmetric a-stable random variable. Let y > 0.
For a € (0,1),

4
(3.3) P(X >y) < —,
ay”
and for o € (0,1) U (1,2),
(3.4) P(X >y) > 1;
. Z 1Y) =2 5 2—|—04ya.

Proof. In order to apply Lemma we need a lower estimate for the charac-
teristic function. To this end notice that

ox(t) = exp (_Z(eitx _1) \lefH) — exp (2?(005@@ ) xf’ﬁl)

aoo dz « e 8
= exp| —2|¢| f(l—cosz)m > exp| —|t]* -2 a@—a))

0

where in the last inequality we have used

2
22 dz 4
1 < 9 & _ga. %
(1 —cosz) +1 { 2 zo‘+1 + { zatl a2 — )

S

Denote C,, = a@ &y Then
2/y
Y |t] 8
P(|X| > y) (1—exp< ( ) — ) | dt
| _2f/y 2 ) a2—-a)
1/y

=2y { (1 —exp(—Cys®))ds

2C,, 1< 1 16 8

< < < )
l+ay* ay* (1+a)2-a)  oy®

where in the second inequality we have used 1 — e~ < u and in the last the fact
that o < 1.

For the lower bound we again condition on the first arrival time and use (7;);>1
defined in (2.1)). By symmetry we have
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o _l/a o _1/a [e's)
P(X > y) :P<51 <27'1> +<2> Zé‘i(ﬂ'—l—Tl)_l/a }y)
=1

a 7V NTrE
> Pl e 271 > y and 5 ei(Ti+11) >0
i=1

1 a —1/a 1 2/(ay®) 1 1
=_P — >y) =2 Ty > = ,
5 (51(27'1) y> 4 { e X 2 2F g

—1/u

where we have used the inequality 1 —e foru>0. =m

> 1+u
4. RESULTS FOR « € (1,2)
4.1. Totally asymmetrlc case. We now consider a random variable X with charac-

teristic functlon 3) and we use the spht X = X; + X!, where the characteristic
functions of X3 and X! are given by (2.4) and (2.5 .

Lemma 4.1. Fory > 1 one has the lower bound

1 11 1 1
4.1) P(X'>y— Se Vel 2 5~
a—1 ay® 2y/e y®
and the upper bound
1 x ket 1 2
4.2 P(X'>y— < e Ve — <z
42 < Y a—1> <e k;a’“k!>y"‘ ye

Proof. We notice that

1
a—1

11
P<X1>y_ >>P(N:1)P(Y1>y)=61/a

o y@

and e='/% /o > 1/(24/€), since, by simple calculus, the function o — e~/ /a is

decreasing on the interval [1,2]. On the other hand, whenever Zﬁle Y, > tand
= k then at least forone ¢ = 1,...,k we have Y; > y/k, which occurs with

probablhty no greater than Z P( Y > y/k); thus

IP’<X1 >t — ai1> < ioj P(N = k)(fj P(Y; > y/k)>
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—1/akot!

where we have used the fact that for each £ the function e o

is decreasing

. . . 2
in o, so we plug in & = 1 and notice that ZZO:1 % =2 =

Now we proceed to analyse X7, which is a more delicate task.

Lemma 4.2. For 0 < y < 5-— one has

2—a

1 ¢ I 1, 9\ dx
:exp<22_a+{(e —1—tm—§t$ il )

3 g 1. 31,

For ¢ > 0 we estimate

1 1 s 145,\L 5 do
4.3) ]Eexp(tXl)<eXp<22_a+ <8t +ﬂt e) [x )

1 ¢ N 1 1753+ L st
= X —_— p— - .
P oo a3 als" Tt €

Now, for 0 < y < ﬁ, taking t, = (2 — a)y we get t, < 1. By Chebyshev’s
inequality and (4.3) we get

1 1 1
P(X; > y) < Eexp(ty, X1)e ™Y < exp(—2(2 —a)y® + 3 + 246)

< 61/46—1/2(2—a)y2_
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Similarly, since for tz < 0 we have [e'® — 1 — to — $t%2%| < |t323|, fort < 0
we get

1 £ !t3\ g _dx
(4.4) Eexp(tX;) < exp(22 f potl

e t2 +7|ﬂ
TP 990" 63-a)

Again, for 0 < y < ﬁ, taking t, = —(2 — a)y, by Chebyshev’s inequality we
get

1 8
P(X; < —y) < Eexp(—t,X1)e™? < exp<—2(2 —a)y’ + 6). n

For lower bounds we use the Paley—Zygmund inequality.

Lemma 4.3. For o € (7/4,2) and y € [—2—, 5] one has

V=’ 2-a
1 -2 —(2—a)y?
(4.5) P(X1>y)>107% v,
while for o € (1,2) and y € [\/22_7, 52| one has
1
(4.6) P(Xl < —%y) >e- 10 3¢ (27a)y?,
Proof. Since for tx > 0 we have e!* — 1 — tx — 1t2:1;2 > 0, fort > 0 we get
@.7) Eexp(tX1) > exp( & -
) ex ex
p 1 p 29 _a
Next, notice that for y > \/22_7 we have i < 2%y s0
1 11! 1 2—a 1
2 T o —ay 2 a0 4 YT Y
and for t, = (2 — a)y and A = 1 by (4.7) we have
L OB exp(t, X)) > i xexp( L
— In(AE ex > —1In( dexp| =
t Pl =4 Pl22-a
Lty A1 1 11
— A >

22-a  t, 20 2-ay” 4
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This together with the Paley—Zygmund inequality, (4.7) and (4.3) (notice that
ty <lfory < ﬁ) yields li

1 1
P<X1 > 4y> > P<X1 > tln()\EeXp(tyXl))>
Yy

= P(exp(tyX1) > AEexp(t, X1))

(1L ?(Eexp(t,X1))?
~ e) Eexp(2t,X)

2 y
> <1 _ 1) 2t2€Xp(2a)
€/ exp(5=% +15 + %tge%y)

2—a

2
S <1 _ 1) (1412~ (2-a)y? 5 |20 (2-)?

For negative tails we use the estimate ¢/® — 1 — tx — %tsz > %t?’x‘3 fortz <0,
which for ¢ < 0 yields

(4.8) Eexp(tX;) > Lt 1\153|
) e > exp| = - = )

R G
Next,noticethatfor\/f_ia<y<%wehave%<2fTayand(2_a)2y2<4<
2y, S0

1 1 1 1 1 1 22—« 1 1
e o a2 =
A S i AC R A Uil st U YU
From this for ¢, = —(2 — )y and A\ = 1/4/e, by (4.8) we have
11(>\E (tX))>11 A L 4 1|t3
— N ex zZz — In ex - - =
[ty P |ty P 22—a 67
1|ty Inx 1 ,
== —Z
22-a ] 6
1 1 1 1 1
_ s e 22
2V 5 sy 2 Y 247
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This together with the Paley—Zygmund inequality yields
1 1
Pl(X1<—=vy| 2P X1 < —In(AEexp(ty,X1))
24 ty
= P(exp(tyX1) > AEexp(t, X1))
(1 LY Eexp(t, X))
- Vve/) Eexp(2t,X1)
t2 8
S <1 _ 1>2€Xp(zya 3)
i 2t2
ve exp(5=% +§)
— 2I(Ve1)=5,—(2-a)y? 5 . 1073~y 4
To complete the picture we estimate P(X; < —y) in the case y > ﬁ
Lemma 4.4. Fory > 5= one has
1 1 \\o/(a=1)
Gu+3)
< —
B < ) < expl (L + L)V )
2—« a—1
and
2 1 \\o/(a=1)
ol e (1 1Y) s (1o 1Y (WAt 55)
15 o 4 Yy =z \/é Xp (%+%)1/(a—1)
o T ac
Proof. Fort < —1 we first split
1 1/[t]
dx dx dx
tx _ tr
{(e —1—t:1:)W— {(e —1—tx) a+1+17f|t| —1—t:):)xa+1.
Fort < —land 0 < z < 1/|t| we calculate e/ — 1 — to < 3t22% < t22% and get
1/1t] da 1/[t] d 1
tx 2 2 _ «@
{(e —1—tx)xa+1<ft a+1_mH‘

Next, for > 1/|t| we bound €' — 1 — tx

1

[ (@ —1—tz) u|fx -

a+l
1/1t] /1]

< —tz = |t|x and get

pay (Al LR

Finally, we arrive at

1
dx 1 1 1
\é‘(etmilitl‘)l‘oﬁ”l < <2—O[+O[—1>|t|aa—1|t|’
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which yields, for ¢t < —1,

a

1 1 1
4. E tXp) < E——— 1T
“4-9) exp(tX1) exp(<2_ a—1>| | a—1| |>

Lety > ﬁ and ¢, < —1 be such that

1 1 1
4.1 a1 _ S
(410) a<2—a+a—1>‘t‘y| y+a—1

We estimate

—_
[

1
ty|® — ——1t,| — ylt
s Il = el - )

(
= exp(—(a -1) <2ia + a11> |ty|o‘>
( 1

((y + ﬁ) (a — 1)(a—1)/a/a)a/(a—1)
| )

1/(a—1
(o2a + am1) /o=
1 1 a/(a—1)
< eXp<— (3 (13/ + afll )1/(a1) >,
(70a + a71)

where we have used inf,¢(q,2) = % On the other hand, for ¢t < —1
and 0 < z < 1/[t| we have e’ — 1 — tz > 1t?2? and we get

1/t 1/]t
?l(et’” 1) dz S 4222 gy _ 11 e
0 o+l = , e o+l e 2—q ’

Similarly, for z > 1/[¢| we bound €/ — 1 — tz > — 1tz = L|t|x. So,

1 1
dz 1 dz 1 1
[ R Sy S 1
1714 T e gy 2t ea—l

Finally, we arrive at the estimate

1 1 1 1 1
4.11) Eexp(tX;) > exp<< + 1) [t|* — |t|>,
e _

2—a « ea—1

which for fy < —1 satisfying

1 1 - 1
4.12 —— [y = ——
(412) (2—a+a—1>’y‘ a1 Y
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which is equivalent to

SN N 1 T T
2—a a-—1)""Y oa—1"Y" vl¥

and for A = ﬁ yields

(4.13) |t1| In(AE exp(t, X))
Yy

1 1 -
— | In(A) + — t,|* t
/ty‘(n()+e< )’y 1‘y|>
1 < 1
() + |ty|y) Lol
Rl 2!75y|
To estimate 1/, | notice that from (4.12) for y > 52— > 2 we have
- - —T Tt 2
> [0 = —y >13 2,
7o T a-1 y

which together with (.13)) yields
1 1 1 1
In(AE t, X —y——=2|-—=]y.
OB, ) > Ly - > (- )

Finally, using the estimate just obtained, the Paley—Zygmund inequality, (4.9) and

(4.1T)) we arrive at

1 1 1 -
IP’(XI < —( - >y> > P(Xl < —Nln()\Eexp(tyXl))>
e 4 |ty]

= P(exp(t,X) > AEexp(t,X1)) > (1 _ ﬁ) m

)‘ty|a € a— l| |)
exp((ﬁ—i—j |2ty|a—%|2ty|)

e
(Yl ) o)
|

2oxp (¢ (o1a + ot
1

As an easy consequence of Lemmas [4.TH4.3| we have the following theorem.
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THEOREM 4.5. Let X be a strictly asymmetric a-stable random variable with
characteristic function (2.3)). For any « € (7/4,2) and y € [ T ﬁ] one has

(4.14) IP’(X 2 — 1> <21 oagipeay ,
e} e y*

1
4' > —q) — - (2 a)

while for o € (1,2) and y > 51— one has

1
(4.16) IP’(X > 2y — ) < é,
a—1 Yo
1 31
4.17) PlIX>Zy———|2>16-10"—.
a—1 Yo

REMARK 4.6. Notice that from @]} it follows that for a close to 2 (in fact

fora > 7/4) and y = \/7 (X > 1y— )1soforderO( ).
We seemingly lack estimates for o € (1,7/4) but in th1s case 7= = O(1) and
from (4.17) it follows that for o € (1,7/4) the probability P(X > y — L )isof

order O(1) even for y = 52—.

(03
Proof of Theorem To prove {@.14) we estimate

1 1

To prove (4.15) we write, for y € [\/%a ﬁ]

and then use |i and the upper bound for P(X; > y) from Lemma
and then use {.1)) and Lemma [4.2]to obtain

1 1 15 1
: >y — —— >ty —— > —
(4.18) IP’(X Y _1> ]P’(X v _1>IP(X1 y)
1 40

4/3 _—1(2—a)y?
7 gy gy ()
> L 10 s miematsy
2\/e 25y~
03 1
>

T 2ve g
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Next, for y € [

1 1 1
P X - >P(X'>1-— Pl X, > =
< 4y a_1>/ < =z a_1> < 1/43/)7

which together with (4.1)) and (4.5)) gives

} we also have

\%

1 1 1
4.1 PlX>-y— 102 (2ma?,
(“4-19) ( L - 1) NG
Summing (#.18) and (. 19) we get @.13).
To prove {@.16), we differentiate (2.4) and get
1
dx 1
— 2 —
EX; =0, f prers il

and
1 dx 3 1

EX{ = 3(EX7]) 4 = :
! 1) f atl (2 —«)? + 4—a
From this we easily get for any y > 0 the estimate
EX{ 3 L1
vt 2-a)yt (- apt

(4200  P(X;>9y) <P(X1>9y) <

: 1
and since fory > 5—,

1 1 1 1
4.21 < < —= < —
D oyt S @yt S S
using also {@.2) we obtain (4.16):

P<X>2y— ! ><P(X1>y)+19><x1>y— ! )

a—1 a—1
3 1 5 1 8
7_‘_7_’_77 fa

Ve ye
To prove (4.17), for y > 5= we write
1 1
IP(X >y — > > P(Xl > 3y — )P(Xl > —2y)
a—1 o}
and then use {@.1)) and Lemma[4.2]to obtain

1 1
]P<X y—_1> > IP<X1 > 3y_al>P(X1 > —2y)

11 2
>— —P(x>-—
2\/6 3aya 2—«
4
L L (a3 20050 5 1601070 L

> 5ye oy
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REMARK 4.7. For § € (0,1/e) the equation § - y = Iny has exactly two
solutions 1 < y; < e < ¥g, and the larger one satisfies

11 1 < < gl 1
s NG) S5 ™MG )

From this we see that for a ~ 2, the term contalnlng 7 in 4)) and 1i starts
to dominate the term containing exp(—#(2 — a)y?), k € {1 / 2,1}, already for

-o( ()

Finally, to complete the picture, we analyse the decay of left tails of X.

THEOREM 4.8. Let X be a strictly asymmetric o-stable random variable,
€ (1,2), with characteristic function 1) Foranyy € | 2 2 | one

V2—a’ (2—a)
has
4.22) [[D(X < —y— 1 1> < oA/30—1/2(2—a)y?
a J—
(4.23) Pl X < _iy _ L > 10_36_(2_a)y2_
24 a—1 ’
while for y > 5= - one has
1 1 \\@/(a=1)
1 s(y+ =—
(4.24) P(X < —y— ) < exp < (2(3/ a71)) )
a—1 (LjLL)l/(afl)
2—« a—1
and
1 1 1
425) PX<—-|(-—--)y—
( ) < (e 4>y a— 1>
(4= 2+ gt
> e lexp <— )
1/(a=1)
(2% +a1)
Proof. Estimate (4.22) follows from Lemmaand the fact that X! > —L..
Estimate (4.23) follows from Lemma and the fact that IP(X 1 — *1 ) =
e/ > 1/e.

Similarly, estimate (4.24) follows from Lemma.4]and the fact that
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while (4.25)) follows from the estimate

IP’(Xl = _11> —et/ax
a_

4.2. Symmetric case. In this section we provide tail estimates for symmetric a-
stable random variables in the case when a € (1,2). We follow two different
approaches and as a consequence we obtain two types of bounds. The first method
was already presented in Theorem [3.2] Estimates obtained in this way hold on the
whole real line, but do not capture an important property one might expect for o
close to 2, namely the Gaussian behavior of the tail which has already been pre-
sented in the asymmetric case. For this reason we also give a reasoning analogous
to that in the prev1ous section, i.e. we estimate X ' and X with characteristic func-
tions (2 and 8) respectively. To simplify the notation we denote X1 by X! and
X 1 by X 1.

Lemma 4.9. Lety > 1. Then

Q| =

and Lemmal4.4]l =

11
(4.26) PX'>y)> - —,

ey

11 e ?2/a)kktt 10 1
4.27 P(X'>y) < — = <— —.
“4.27) ( ye 2 ; k! 3y~

Proof. Recall that X! = Zgﬂ Yj, where P(N = k) = eﬂ/akw and each
Y} has density 2|xﬁ++11R\[*1ﬂ (). Arguing in the same manner as in Lemma
we obtain
2 o—2/a L 1 11

P(X'>y)>P(N=1P(Y; >vy) = > ,
( y) > B( JP(Y1 = y) o ey

Q|

since 2 e~2/% is increasing for o € (1,2). For the upper bound we have

P(N = k)IP’(Y > Z)
()

00 —2/a(2/a)kko¢+1 10
2:: k! S3y

672/04 (z/a)kka+l
k!

M8

P(X! > y) <

=
Il
—

N
MS

i
I

sz"—‘

1
e’

1\3 \

where we estimate the function ' for £ = 1,2,3 by its value at
a=2andfork=4,5,... bythevalueataa=1. m

For both upper and lower bounds of tails of X; we need an estimate for its
Laplace transform.
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Lemma 4.10. Let X be a random variable with characteristic function (12.8)).
Then fort € R,
L
t
2 -« >’

(4.28)  E(exp(tX;)) < exp <214t4 (E + %5 cosh(t)>> exp <

(4.29)  E(exp(tXy)) > exp<2 i at2>.

Proof. We simply calculate

E(exp(tX1)) = exp(f (e — 1 —tx) |1;C’iax+1)

= exp (2 Z(cosh(tx) —1) ﬁ)

1 oo ($2,.21k
= exp <2£’; (t(;;))! xif—l)
B
eafpl 3 e o
< exp(2 t_2a n % Zt4x4 <1: + 1% cosh(tﬂ:)) gji)
< exp<2 tja + %# (1451 + 1—15 Cosh(t)> 1 i a>

1 4/14 1 1
< —t7 | — + — h(t ).
eXp<24 <15 * 15 cosh )>> eXp<2 S >
The lower bound is obvious from the fourth line above. =

Lemma 4.11. For 0 <y < =2

2—a’
(4.30) P(X; > y) < e2/15e 1/42-0)y*
and fory € [\/2277, %}
V2 1 2
431 Plx,> Yo ) > — @’
(4.31) ( 12 y) 37°¢

Proof. Denote C(t) = 5;t*(12 4+ <& cosh(t)). By Chebyshev’s inequality and

(@.28) we get

P(X, > y) < E(tX1)

exp(ty)

< exp(C(t)) exp <2 t_Qa - ty> .
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Choose t = 252y, s0¢ < 1. Then since cosh( ) < 2, we have C(t) < 2 and we
conclude that P(X; > y) < etse 1=’

To prove the lower bound we use the Paley—Zygmund inequality in the follow-
ing way. Let A € (0,1). Then

2
Pexp(tX1) > AR exp(tX1)) > (1 - ”2%
2t2
S (1- 2 eXp(2—a) .
L ) ep (22
2t2
= (1—X)?exp(—C(2t)) eXP(‘z — a)'

Choose t = y(f/%a), sot < v/2and C(2t) < C(2v/2). Moreover, since y > —2—,

we have, for A = 1/e,

T IOE exp(1) > 11n<)\eXp< . >> =" T \fy’

13 2—-«
so finally
IP’<X1 > \fy> > P(exp(tX1) > AE exp(tX71))
S (1— e )2 C@VD--ap® 5 L a2

We summarize the above results in the following.

THEOREM 4.12. Let X be a symmemc o- stable random variable, o € (1,2),

with characteristic function (2.6)). For any y € [ e 22a] one has
10 1 2/45 —1/4(2—a)y?
(4.32) P(X>2y)\§—a+e e Y
Y
f 11 1 >
433 P 2= e @y
(4.33) ( >3V 7 % y* ' 548 ’
while for y > 5=~ one has
16 1
4.34 P(X > 2y) < — —,
(4.34) ( )< 3 ”
1 1
(4.35) PX>y) >




344 W. M. Bednorz, R. M. Lochowski and R. Martynek

Proof. We argue as in the proof of Theorem[4.5] For the upper bound we simply

apply @.27) and (#.30) to get

10 1
]P)(X > 2y) < ]P)(Xl > y) +]P)(X1 > y) < ? — + 62/456—1/4(2—04)?!2‘
Yy

For the lower bound we use (4.26), (4.31) and symmetry of X' and X to get
IP(X > y) >P(X >y) > P(X! > y)P(X) > 0) >

and on the other hand

V2 V2 . 1 21
P(x>Y2) >P( X > Y29 ) P(X! 2 0) > ——e @ oW’
< 4y> ( ! 4y> (X7 20) > 5z 2

Summing the above inequalities yields {@.33).
To prove [@.34) we again proceed as in the proof of Theorem .5 namely we
differentiate (2.7) and get

1
dx 2
— 2 _ 2 —
EX; =0, IEXI_Q{x prees il .

and

1
dx 12 2
EX* = 3(EX2)2 +2 [ 2% = )
P=3EX) 2 et st o

b@2-a)
By the same argument as for li and since y > QL we get

—

@36 B(Xi>y) = P(X)] > )
<1EX{121< 12 N 2 ><2.
2yt 2\(2-a)Xyt (“d-ayt) "y
Combining this with (#.27)) yields (@.34):
2 101 161

P(X > 2y) <P(X; > PX!>y)< = +— — < ——.
( y) SP(Xy > y) + P WS T3 m <3

The estimate (4.35)) was presented in the proof of Theorem[3.2] =

REMARK 4.13. Both remarks following Theorem [4.5] apply also in this
2

case. For y = T a the tail probability is of order O(1), and for y of or-

der O(y/5% In 51-) the term y% (Pareto-like behavior) starts to dominate the

exp(—k(2 — a)y?), k € {1/2,1}, term (Gaussian tail).
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