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Abstract. This paper studies a time-changed stochastic control problem,
where the underlying stochastic process is a Lévy noise time-changed
by an inverse subordinator. We establish a maximum principle for the
time-changed stochastic control problem. We also prove the existence and
uniqueness of the corresponding time-changed backward stochastic differ-
ential equation involved in the stochastic control problem. Some examples
are provided for illustration.
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1. INTRODUCTION

Uncertainty is inherent in the real world and changes over time, putting people’s
decisions at risk. A decision maker wants to select the best choice among all pos-
sible ones. Stochastic control theory serves as a tool for such dynamic optimization
problems. The world has witnessed many applications of stochastic control theory
in various fields such as biology [16], economics [3], and finance [[15].

A well known approach to stochastic control problems is based on the maxi-
mum principle. This method for the It6 diffusion case was first studied by Kushner
[8] and Bismut [2] and further developed by Bensoussan [1], Peng [14], and oth-
ers. The jump diffusion case was formulated by Framstad, @ksendal and Sulem [4].
The idea of the maximum principle approach is to define a Hamiltonian function
and derive the adjoint equations, which involve a backward stochastic differential
equation. Under some sufficient conditions, the optimal control is a solution of a
coupled system of forward and backward stochastic differential equations.

Time-changed stochastic differential equations and related fractional Fokker—
Plank equations have become an indispensable tool in applied scientific areas. An
example is dX (t) = dB(E;) where X (0) = 0 and {E}:, t > 0} is the inverse
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FIGURE 1. Log price of the Kalev stock [5]

of an a-stable subordinator [[10]. The subdiffusion B(E}) is governed by the time-
fractional diffusion equation 0*q(z,t) = 92q(w,t). Some time-changed stochastic
differential equations are used to describe real world phenomena. For example,
quantitative financial analysts exploit the Black—Scholes framework in derivative
pricing, in which the stock price is modeled by Brownian motion. However, some
stocks are not actively traded and their prices stay constant for some time periods.
Such phenomena can be modeled by time-changed Brownian motion but not by the
standard Brownian motion (see Figure[I). Fruitful studies in this area are available
(51, (91, (L, [13).

As time-changed stochastic processes have been adopted in more and more ar-
eas, the traditional stochastic control problem framework needs updates to fit the
time-changed cases. For example, a mutual fund manager, whose investment port-
folios consist of stocks whose prices follow time-changed Brownian motions as
shown in Figure |1} will find the time-changed stochastic control a better tool to
manage the portfolio than the traditional stochastic control. A biologist, who in-
vestigates how outside interferences affect the movements of insects, may find the
time-changed stochastic control problem better describing the experiment since
some insects sometimes move and sometimes stay still. Because time-changed
stochastic processes better describe many phenomena and people seek the optimal
choice based on them, we believe it is necessary to study stochastic control prob-
lems based on time-changed stochastic processes, which will build up a framework
to solve potential optimization problems.

In this paper, we investigate time-changed stochastic control problems using the
maximum principle method. Specifically, we consider the following time-changed
stochastic process [[7]], [12]:

(1.1)  dX(t) = b(t, By, X (t—), ())dEt+a(t,Et,X(t—),u(t))dBEt

+ [ 2t B, X (t-),u(t), y) N(dE;, dy),
lyl<c



Time-changed stochastic control problem 195

with X (0) = xg # 0 and the corresponding performance function

T
(1) J(w) =E| [ gt, B, X(2), u(t) dF; + H(X(T))|,  ue A
0

where u(t) = u(t,w) € U C R is the control and A denotes the set of admissible
controls. The compensated Poisson random measure N is defined as N (dt, dy) =
N(dt, dy) — v(dy) dt where v is a Lévy measure such that fR—{o}(’yP A1) v(dy)

< 00, and F is the inverse of a subordinator D(¢) with Laplace exponent ¢(\) =
J. OOO (1—e~**) v(dx). In equation (T.T), dE; describes the drift of the time-changed
stochastic process, B, is the Brownian motion with time changes incorporated,
and the N (dE4, dy) captures the jumps in addition to the Brownian motion. We
establish a maximum principle for the stochastic control problem of finding u* € A
such that

(1.3) J(u*) = sup J(u).
ucA

In (T.2)), the performance function can be the utility function, energy consumption
function that we care about. For example, the performance function in Example
is the utility function exp(—dt)u(t)?, where u(t) is the consumption rate. Given
the wealth level described by the time-changed process X (¢), we seek the optimal
consumption rate u*(t), as indicated in (I.3)), that maximizes the overall utility
performance J(u) = E[fOT exp(—dt)u(t)? dt].

Then we extend our result to a more general time-changed stochastic process
involving a time drift d¢ term:

dX (t) = p(t, By, X(t—), u(t)) dt + b(t, By, X (t—), u(t)) dE;

+o(t, B, X(t=),u(t)) dBg, + [ ~y(t, By, X (t=),u(t),y) N(dE;, dy)
lyl<c

with X (0) = xg # 0, and the corresponding performance function
J(u)

= Eﬁ £t B, X(0),u(t)) i+ [ gt, B, X (0), u(t) dE+h(X(T))], ue A
0 0

The current stochastic problem framework is built upon the combination of a back-
ward stochastic differential equation and Hamiltonian equations [[1], [2], [14]. This
paper extends the existing literature in two aspects. First, to our best knowledge,
we are the first to study the backward stochastic differential equation with inverse
subordinator as the time change, which paves the way to further time-changed
stochastic control problems. Second, we develop a maximum principle that pro-
vides a framework for solving time-changed stochastic control problems. We also
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provide examples to illustrate the importance of different components in determin-
ing the optimal solution.

As for the remaining parts of this paper, some necessary concepts and prelimi-
nary results will be given in Section 2. In Sections 3 and 4, we develop a maximum
principle for the time-changed stochastic control problems mentioned above and
provide some examples for illustration.

2. PRELIMINARIES

Let (Q, F, (F:), P) be a filtered probability space satisfying the usual hypothe-
ses of completeness and right continuity. Assume that an independent F;-adapted
Poisson random measure N is defined on Ry x (R — {0}) with compensator
N and intensity measure v, where v is a Lévy measure such that N (dt,dy) =
N(dt,dy) — v(dy) dt and fRf{O} (Jy|*> A1) v(dy) < co.
Let {D(t), t > 0} be a right continuous with left limits (RCLL) subordinator
starting from O with Laplace transform

2.1) Ee PO = ¢=t¢(V)
where the Laplace exponent ¢(\) is f 0 e ) v(dx), and define its inverse
(2.2) E;:=inf{r > 0:D(r) > t}.

LEMMA 2.1 ([7, Lemma 8]). Let {E;, t > 0} be the inverse of a subordinator
{D(t),t > 0} with Laplace exponent ¢ and infinite Lévy measure. Then E[e "]
< ooforall N € Randt > 0. In particular, for each t > 0, the moments of E; of

all orders exist and are given by
(2.3) BE = £t —" (1), neN
. = — n
It e 0 el
where L 1[g(s)] denotes the inverse Laplace transform of a function g(s).

Consider the following time-changed stochastic differential equation:

24)  dX(t) = bt, By, X(t-), ())dEt+a(t,Et,X(t—),u(t))dBEt

+ [ At B, X (t=), u(t), y) N(dE;, dy)
lyl<c

with X (0) = xg # 0, where b, 0,7y are real-valued functions satisfying Assump-
tions and below, so that there exists a unique G;-adapted process X (t)
satisfying time-changed SDE (L)) (see [6, Lemma 4.1]). The filtration {G; };> is
defined as

(2.5) G = N{IF :0<y<u]ValE,:y>0]}

u>t
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ASSUMPTION 2.1 (Lipschitz condition). There exists a positive constant K
such that

(26) |b(tlvt27 ZL‘,’LL) - b(tla t27y7u)|2 + |U(t17t27x7u) - U(t17t27 y)u)‘2

+ f ’7(t17t25$)u7 Z) - ’y(tlut2)y)u7'z)|2 V(dZ) < K|$ - y|2
|z|<e

forallti,t; e Ry and z,y € R.
ASSUMPTION 2.2. If X(t) is an RCLL and Gi-adapted process, then

(2-7) b(ta Eta X(t), u(t))v U(tv Et? X(t)7 u(t))a 7(t7 Eta X@)? u(t>7 y) € ‘C(gt)a

where L(G;) denotes the class of left continuous with right limits (LCRL) and G;-
adapted processes.

The process u(t) = u(t,w) € U C R is the control. Assume that u is adapted
and RCLL, and that the corresponding equation has a unique strong solution
X®(t),t € [0,T)]. Such controls are called admissible. The set of admissible
controls is denoted by A.

LEMMA 2.2 (Itd formula for time-changed Lévy noise, 12, Lemma 3.1]). Let
D(t) be an RCLL subordinator and Ey its inverse process as in (2.2). Let X be the
process defined as follows:

2.8)  X(t) =0+ ]u(t, Ep, X(t=))dt + j‘b(t, Ey, X(t-)) dE;
0 0

+ J(t7Et7X(t_>)dBEt +jt‘ f ﬁY(ta Etax(t_)7y) N(dEtady)7

0 Jyl<e

O%H—

where (1, b, o,y are measurable functions such that all integrals are defined. Here
c is the maximum allowable jump size. Then, for all F € C52(R. xRy x R, R),
with probability 1,

2.9)  F(t, B, X(1)) — F(0,0, )

= leF(s, By, X (s—))ds + }LQF(Sa Es, X(s—)) dEs
0

+£ [ [F(s, Ee, X(s=)+7(s, Es, X (s—),y))—F(s, Es, X (s—))] N(dE,, dy)
ly|<c

—1—} F,(s,Es, X(s—))o(s, Es, X(s—))dBg,,
0

where
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LiF(ty,te,x) = Fy, (t1,t2,x) + Fyp(t1, to, ) u(ty, ta, x),
LoF(ty,te,x) = Fy,(t1,t2,x) + Fy(t1, ta, )b(t1, ta, x)
+ $Fya(ti, to, 2)o(t, t2, )
+ [ [F(ti,to,z 4+ y(t, to, 2, y)) — F(t1,t2,2)
lul<e — Fx(tl,tg,x)’y(tl,tg,m,y)] v(dy).
LEMMA 2.3 (Existence and uniqueness for BSDE). Consider the following
time-changed backward stochastic differential equation:
(2.10) dX(t) = —u(t, By, X (t—),u(t)) dEy + u(t) dBg,
+ [ At 2) N(dE;,dz),
R\{0}
with X(T) = X, where i € L>(Ry, R, R R) and h € L?*(Ry,R). If there

exzsts a positive constant Ly, > 0 such that |p(t1,t2, z1,u1) — p(t1, tg, wQ, ug)| <
L (|1 — 22|+ |ur —us)), then there exists a unique solution (X (t), u(t)) of 2.10).

Proof. To prove uniqueness, suppose (X1 (t),u1(t)) and (Xg(t), us(t)) are two
solutions to (2.10) in L?(2 x Ry) x L2(Q x R,). By the It6 formula,

Q@11 [Xi(T) = Xo(T)P* — [ Xa(2) |—f|u1 — uz(s)|* dBq

T
+ { 2(X1(s) — Xa(s)) [~ (1(s, Es, X1(5),u1(s)) — (s, Bs, Xa(s), ua(s))) dEs

+ (u1(s) — uz(s)) dBg,]
Thus,

T
(2.12)  [Xi(t) = Xo ()] + [ fui(s) — ua(s)|* dE;
T
+ {2(X1(8) — XQ(S))(Ul(S) — uz(s)) dBg,
2(X1(s) — Xa(s)) (u(s, Es, X1(s), u1(s)) — p(s, Es, Xa(s), ua(s))) dEs

2L, X1(s) — Xa(s)[(1X1(s) — Xa(s)| + [u1 — uz|) dE

N
S IR S w%bﬂ

2L | 11(5) = Xo(o) 4 130 0) = X)) (o)

T T
= (2L, + Li) { 1X1(s) — Xao(s)|* dE, + { lui(s) — ua(s)|? dE.
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Take expectations on both sides to get
T
2.13)  E[X1(t) — Xo()]?] < (2L, + Lﬁ)E[[ 1X1(s) — Xa(s)? dES].
t

Note that we apply the martingale property to derive inequality (2.13]) and give
some details below.

T
{(Xl(s) — Xo(s))(u1(s) — uz(s)) dBE,

= OLZl{tgséT}(Xl(S) — X5(s)) (u1(s) —ua(s)) dBg,
= Zol{t@(s)gT} (X1(D(s—)) = X2(D(s—))) (u1(D(s—)) —u2(D(s—))) dBs,

since (X1 (t),u1(t)) and (Xa(t), ua(t)) are in L2(Q x R,),

< E?l(Xl(D(S_)) — X2(D(5-))) (u1(D(s—)) — ua(D(s—)))|*ds < oo,

Next we apply time-changed Gronwall’s method of [17, Lemma 3.1]. Define
= LT | X1(s) — XQ(S)\2 dEs. Then F(T) = 0 and

_d(F(t) exp(kE,)) = — exp(kE;) dF(t) — kexp(kE;)F(t) dE;
— exp(bE) (1X:(0) — Xa(0) — b [ 11(5) — Xa(o)* dE.) dE,
thus t
—F(T) exp(EFr) + F(0) exp(kE)

T T
= [ [expk) (1X0(5) = Xalo)? k[ 161 (0) = XKoo a5, ) | B
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Taking expectations and letting k = 2L, + Lﬁ implies that

ﬁ exp(kE,) <|X1(s) — Xo(s)]? - k} |1 X1 (u) — Xo(u)|? dEu) dEs}
t , s
= E[E [‘tf exp(kFEy) <|X1(S) — Xo(s)[?
T
— k[ 1Xa(w) = Xo(w)? dBu) 4B | {o(Fsys € (7))}

_E [? exp(kEs)EQXl(s) — Xy(s)?

k[ 1X1(0) ~ Xa(u) 2 dE, ) dE, | {o(Eys € (1.7)}]

< 0.
It follows that
(2.14) E[F(t)] < E[F(t)exp(kE;)] <0,

so Xi(s) = Xo(s) a.s. forall s € (t,T). By (2.11)), since X (s) = Xa(s) for a.e.
s € (t,T), we have ftT |u1(s) — uz(s)|?dEs = 0, thus uq(s) = us(s) for a.e.
s € (t,T). The uniqueness is proved.

To prove the existence, let ug(t) = 0, and {(X,,(t), un(t)) : 0 <t < T}p>1 be
a sequence defined recursively by

T T
X1 (t) — Xn(t) = — [ { 15, B, Xpo1(8), un_1(s)) dEs — {un,l(s) dBp.
T ~
— [ | h(s,z) N(dEs,dz)|.
t R\{0}

Then
an(t) = —,U,(t, E;, Xn_l(t>, un_l(t)) dE; + un_l(t) dBEt
+ [ h(t,2) N(dE;,dz),
R\{0}
dX,41(t) = —p(t, By, Xpn(t), un(t)) dEy 4+ uy(t) dBg,
+ [ h(t,2) N(dE:, dz),
R\{0}
Xn(T) = X1 (T) = X.
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By the Itd formula of Lemma[2.2] there exists & > 0 such that
T
| X1 (t) — Xn(t)|2 + f(un(s) - Unfl(s))Q dE;s
t
+2 f n+1(s Xn(5))(un(s) —up—1(s)) dBg,

T
L{ n+1 Xn(s))
’ ( (87 ESa Xn( )a un(s)) - :U(Sa ESa anl(s)vunfl(s))) dEs

T
< 2L, { | Xnt1(8) = Xn(8)|(|Xn(s) = Xn—1(5)| + [un(s) — un—1(s)|) dEs

T T
[ Pua(s) = Xu(s)? By + [ 1X0(s) = Xoos ()] B,

L\DM—~

T
+ = [ Jun(s) — Un_1(s)|? dE,.
t

Taking expectations on both sides implies
1. T
2.15)  E[X,41(t) — Xn(H)* + 5Ef Uun () — un—1(s)|* dE,
t

T T
< KE U X1 (5) — Xn(8)|2dEs + { 1 X,(s) — Xn_l(s)PdEs]

cne oralln > en = U an
Define F), ( ft _1(s)]? dE; for all 1. Then F,,(T) = 0 and

—d(Fpya(t )eXP(kEt)) = —exp(kEy) dFypi1(t) — kexp(kEy) Frg (t) dE
T

= exp(KE) |1 Xn11(8) = Xa(®) = & [ |Xns1(5) = Xo(s)[* dE, | dEy.

By a similar argument to that for uniqueness and using (2.13)),

E[F,1(t) exp(kEy)] [f exp(kE, )[\XnH(S) ~ Xa(s)]?

—k [ X () — Xn(l)\sz,} dES]

s

T
=FE [IE [{ exp(kE;) [|Xn+1(8) — Xu(s)?

T
_ k{ | X1 (1) — Xn(z)|2dEl} dEs] ‘ {o(Es,s € (t,T))}]
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T
=E [‘tf exp(kES)E[|Xn+1(5) - Xn(s)’2

T
— k[ X1 (1) = Xu(D) 2 A B,

S

{o(Eys € (1,1)}]

N
&=

T T
[ exp(kE,)KE [ [1Xn(l) = X1 (D)2 dE,} dE,

{o(Bys € (6T))}]

T
=E| { kexp(kEs)E[F,(s)] dEs | {o(E,, s € (t,T))}}

T
= B[ kexp(hE,) Fa(s) dB],

and letting ¢ = 0 we get

T F1(0)
EFn1+1(0) < E [ke*® F,(s)dEs <E [(ekET)”'] -0
0 n:

as n — oo. Thus, {X,,} is a Cauchy sequence in L?(Q2 x R ). Taking (2.15) into
consideration, {u, } is also a Cauchy sequence in L?(2 x R ;). Thus, the existence
of solution to (2.10) is proved. =

3. TIME-CHANGED STOCHASTIC CONTROL PROBLEM

In this section, we solve a time-changed stochastic control problem through the
maximum principle approach. An example is provided to illustrate how our method
works in a particular case.

We consider a performance criterion J = .J(u) of the form

G J) = Eﬁg(t,Et,X(t), u(t)) dE; + h(X(T))}, ue A,
0

where g : [0, 7] x Ry x R x U — Riis continuous, h : R — Ris C}, T < cois a
fixed deterministic time and

E[}g(t,Et,X(t),u(t)) dE, + h(X(T))] <00, YueA
0

The stochastic control problem is to find an optimal control ©* € A such that

(3.2) J(u*) = sup J(u).
ucA

(3273

7t exists fort > 0 a.e.

Since E} is right continuous and nondecreasing,
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Define the Hamiltonian H : [0,7] x Ry x R x U x R x R x R by

(33) H(tl’t%xauapa Q7T) = g(t17t27 xz, U) +pb(t17t27 JI,U) + qa(tla tQ,I,U)

+ f’y(tlut27$)u7z)r(t272) I/(dZ),
R

or

H{(t, By, X (1), u(t), p(t), q(t),r(t, 2))
= g(t, By, X (1), u(t)) + p()b(t, By, X (t), u(t))
+CJ( ) (t Ey, X ( )7u(t)) +f’7 t Et,X(t),u(t),z)r(Et,z) V(dz)v

where R is the set of functions 7 : Ry X R — R such that the integral in (3.3)
exists.

Define the adjoint equation for the unknown processes p(t) € R, ¢(t) € R,
and r(¢, z) € R to be the backward stochastic differential equation

dp(t) = —Hy(t, By, X (), u(t), p(t), q(t),r(t,-)) dE;
(3.4) +q(t)dBg, + [ r(Ey,z) N(dEy,dz), t<T,
R

p(T) = he(X(T)).

THEOREM 3.1 (Time- changed maximum principle). Let &« € A with cor-
responding solution X = x@ of (L.1) and suppose there exists a solution

(p(t),q(t),7(t,z)) of the correspondmg adjoint equation (3.4)) satisfying

T
U — x @ g))? <A(t)2+ff*(Et,z)2y(dz)> dEt] <
0 R
and
T
E| [ (1) (ot B X0, ul®) + [ (¢, By X (1), u(t), 2)* v(d2) ) dE; |
0 R

< 00,
foru € A. Moreover, suppose that

H(t, Ey, X (b)alt), p(t), 4(1), 7 (¢, ) = igBH(t, Ey, X (), 0,9(t),(t), (. )

forall t, h(z) in (3.1) is a concave function of x, and

A (z) i= mas (b1, 13, 0,9(1), 4(0), 7(1,)

exists and is a concave function of x for all t € [0, T|. Then @ is an optimal control
of the stochastic control problem (3.2)).
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Proof. Letu € Abe an admissible control with the corresponding state process
X(t) = X™)(t). We would like to show that

T
(3.5)  J(@) ~ J(u) = E| [lg(t B, X(2), alt)) - g(t, B, X(2), u(t))] dt
0

+R(X(T)) - h(X(T))} > 0.

Since g is concave, using the It6 formula (2.9) we obtain

E[A(X (T)) = h(X(T))]
> B[, (X(1)(X(T) - X(T))] = EI(X(T) - X (1)) P(T)]
T T T
= B[ (X0 =X @) dp(t)+ [ 5(0) d(X (1)~ X (1)) + [ dp(t) dLX (1)~ X 1))
T T
= B[ (X0 =X @) dp(t)+ [ 5(0) d(X (1)~ X (1)
T
+L(/)1 (j(t) (U(tv Eta X(t)7 @(t)) _U(ta Et7 X(t)v u(t))) dEt
T
+L£LH£’2(’5’ z)(y(t, Ey, X (t),a(t)) —y(t, By, X (1), u(t))) v(dz) dEt},
We have

T A~
B[ p(t) d(X (1) - X (1)

T

—E| JEOICCE X (1), ult)) = b(t, By, X(1),u(t))) dE).
Thus,
(3.6)  J(@) — J(u)
~ B[ [0~ X(0)450) + [ (ot B, X, 600) 9, Er X0 () 45

ﬁ(t) (b(tv Etv X(t), ﬁ(t)) - b(tv Et? X(t)v u(t))) dEt

_l’_

Q(t) (0(t7 Eta X(t), ﬁ(t)) - U(ta Et7 X(t)v ’U,(t))) dEt

_l’_

+
o—HN o —H~ o—~
B

rﬁ(t7 Z) (7(t7 Et7 X(t)7 ﬁ’(t)) - 7(t7 Et7 X(t)7 ’U,(t))) V(dZ) dEt} .
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In addition,
3.7

H(t, Ey, X (1), a(t), p(1), 4(1), 7(t)) — H(t, Ep, X (1), u(t), B(1), 4(), 7(t))
) t7Et7X( ),U(t)))

>

( ) = blt, By, X (t), u(t)))
(U( 7Eta X (t)’ ’EL(t)) - U(tv Eth(t)vu(t)))
t (t),a(t)) = y(t, B, X (1), u(t)) v(dz),

and by (3.4) we have
(3.8)  (X(t) — X(1)dp(t) = X (t)dp(t) — X (t)dp(t)
= X() |~ Holt, B, X (1), (), 5(2), 4(0), (1, ) dEy
+

Q(t)dBp, + [ (t,2) N(dEy, d2)|
R

= X (1) |~ Halt, By, X (1), 0(t), 5(1), 4(2), 7(t, ) dF

+ G(t) dBg, —i—ff(t,z (dEy, dz)

= _(X(t) _X(t)>H (t E, X ( ) ﬁ(t)7 (ﬂ?d( ) A( ’)) dE;
+ (X(1) - X)) (a(t) dBr, + [t N(dE, dz)).

Then, since H is concave in z, inserting (3.7) and (3.8) into (3.6) and following
the proof in [4]], we get

T(@) = () = B[] =(X(0) = X@)Ha( B X(0,0(0),5(0) (0), (0. ) dFy

>0. m

REMARK 3.1. The maximum principle suggests that the optimal control can
be solved using the Hamiltonian framework, which is a boundary value problem
and a maximum condition of a function called the Hamiltonian. The advantage
of the maximum principle is that maximizing the Hamiltonian is easier and more
feasible than directly solving the original stochastic control problem. This leads to
closed form solutions for certain classes of optimal control problems.
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EXAMPLE 3.1 (The time-changed stochastic linear regulator problem). The
linear regulator problem aims to reduce the amount of work or energy consumed
by the control system to optimize the controller. In this example, we consider the
following time-changed stochastic linear regulator problem:

T 2 2
®(zp) = inf E IMdEt+)\X(T)2
ucA 0 2

where
dX(t) = u(t)dE; + 0 dBg, + [ 2 N(dE,,dz), X(0) = 0.
R

Consider the Hamiltonian

% 4+ u?

H(tl,tQ,%’,U,Z?,Q,T): —|—p’l,l,+0’q—|—f"}/2’l/(d2>
R

The adjoint equations are
dp(t) = —X(t)dE, + q(t) dBg, + [ r(Ey, 2) N(dE;, dz),
R

p(T) = 22X (T).

(3.9)

The first and second order condition implies that the Hamiltonian H (t1,t2, x, u,
p, q, ) achieves its minimum at u*(t) = —p(t).

To find an explicit solution of u*(t), suppose p(t) = h(E:)X(t), where h :
Ry — Ry. Then u*(t) = —h(E;) X (t) and

(3.10)  dp(t)

= h(E)dX (t) + W' (E) X (t) dE;
= () (ult)

)dE, + 0 dBg, + [ 2 N(dE, dz)) R(E)X (1) dE;
R

= X(t)(—h(Et)2 + h,(Et)) dFE; + h(Et)O' dBEt + h(Et) f ZN(dEt, dZ)
R

Comparing (3.9) and (3.10) yields —h(E;)? + h/(E;) = —1 and h(Er) = 2). The
general solution to this ordinary differential equation gives

2\ — 14 (2\ + 1)e2(Be—Fr)

3.11 h(Ey) = — .
( ) ( t) oA—1-— (2)\ + 1)62(Et*ET)

Thus, we have an explicit formula for the optimal control, u*(t) = —h(E;) X (t).
Similarly, ¢(t) = h(E¢)o and r(E;, z) = h(E})z. A simulation of the optimal
control u*(t) with A = —1/2,0 = 1,9 = —.01, standard normal distribution v,
and inverse stable subordinator F(t) having o = .9 is displayed in Figure
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FIGURE 2. Simulation of »*(¢) for Example 1, & = 0.9

=1
|
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t

FIGURE 3. Simulation of v* (¢) for Example 1, o = .7

1.0

—

i
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-1.0

0 50 100 150 200
t

FIGURE 4. Simulation of w*(¢) for Example 1, & = .5

Keeping all other parts the same as in Figure 2] we also simulate the optimal
control u*(t) for « = .7 and a = .5 in Figures |3| and E], respectively. Overall,
replacing ¢ by E; would only insert some constant periods into the original process.
As a gets closer to 1, the constant periods vanish gradually.

REMARK 3.2. To demonstrate the above example in an intuitive way, we sim-
plify the specification by letting A\ = 1/2, o = 1, and z = 0. The example problem
becomes seeking the optimal control of the energy consumption system:

T 2 2 2
(3.12) B(ao) = it B| [ XO O XD
ueA [ 2
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where
(3.13) dX(t) = u(t)dEy + dBg,, X(0)= xo.

In this case, h(E;) = 1 and u*(t) = — X (¢). Thus, the optimal control is du*(t) =
—u*(t) dEy — dBpg,, which means that the optimal control keeps the energy con-
sumption constant over time.

4. A MORE GENERAL TIME-CHANGED STOCHASTIC CONTROL PROBLEM

Now we extend the time-changed SDE (I.1)) to a more general case by adding a
time drift term:

dX(t) = u(t, By, X(t=), u(t)) dt + b(t, By, X (t—), u(t)) dE,

+o(t, By, X(t=),u(t) dBg, + [ 4(t, By, X (1), u(t),y) N(dE;, dy)
lyl<c

with X (0) = z¢p # 0, where u,b, 0, are real-valued functions satisfying As-

sumptions [2.T]and 2.2}

Suppose the performance function is given by

T
@D J(w) =E[ [ f(t, By, X (8),u(t)) dt
0
+ }g(t, By, X(t),u(t))dEy + h(X(T))|, wu€A,
0

where the functions f, g : [0,7] x Ry x R x U — R are continuous, 7 : R — R
is C1, T < o is a fixed deterministic time and

T

E[{ F(t, B, X (1), u(t)) dt
b [ ot B X (1), u(t) B¢ + MX(T))| <00, Vue A,
0

The stochastic control problem is to find an optimal control ©* € A such that

4.2) J(u*) = sup J(u).
ucA
REMARK 4.1. The performance functions (3.1)) and (4.1 are slightly different

in terms of their integral kernels. This difference results in different Hamiltonians
and adjoint equations.



Time-changed stochastic control problem 209

Define the Hamiltonian H : [0,7] X Rt x Rx U x R x R x R — R by

H(t17t27x7u7p7qu) - (pﬂ<t17t27x7u) + f(t17t27x7u))
dty

+ (pb(t1, to, z,u) + qo(t1, te, z,u) + g(t1, t2, z, u))dt
1

dts
t1,t t dz) —
+4ijy( 1, 2,.’13,U,Z)7’( 72) V( Z) dt )

or
H(t, By, X(2), u(t), p(t), q(t), (¢, 2))
= (p()ult, B, X (t),u(t) + f(t, B, X (1), u(t)))
+ (p(O)b(t, X (1), u(t) + q(t)o(t, By, X (1), u(t)) + g(t, Et»X(t),U(t)))@

dt
+ [yt B, X (8), u(t), 2)r(t, 2) v(dz) dcit
R

Define the adjoint equation to be

dp(t) = —Hqy(t, By, X (1), u(t), p(t), q(t),r(t,-)) dt
+ ¢(t) dBg, +f r(t,z) N(dE;,dz), t<T,

THEOREM 4.1 (Time-changed maximum principle). Let 4 € A with corre-
sponding solution X = X %) and suppose there exists a solution (p(t), §(t), #(t, z))
of the corresponding adjoint equation (3.4) satisfying

T
4.3) [ { ~ X)) (q(t)2+ ér(t,z)zy(dz» dEt] <0

and for all u € A,

E|

o~

Bt (o (t, B, X (0), u(t))?

+ [t Et,X(“)(t),u(t),z)2V(dz)> dEt] <
R

Moreover, suppose that

H(t, Ey, X (b),alt), p(t), 4(1), 7 (¢, ) = sup H{(t, Ey, X (1), 0,5(t),(t), (. )



210 E. Nane and Y. Ni

forallt >0, h(z) in is a concave function of x, and

(44) FI(I’) = Iglea(}(H(tl, t2a z, U»ﬁ(t)a Q(t)v f(ta ))

exists and is a concave function of x for all t € [0, T|. Then @ is an optimal control
of the stochastic control problem (@.2).

Proof. Letu € Abe an admissible control with the corresponding state process
X (t) = X (t). We would like to show that

J(i1) — [

T
+{[g(t, Ey, X (1), a(t)) — g(t, Er, X (¢), u(1))] dEt+h(X(T))—h(X(T))} > 0.

Ft, B, X(8),a(t)) — f(t, Be, X (1), u(t))] di

O%’ﬂ

Since h is concave, using the Ité formula (2.9) we get

h

=

X(T)) = g(X(T))] > E[ha(X(T)(X(T) — X(T))]
(X ()~ X(T)B(T)]

I
&=

—~

I
&
o

=

|

Il
&=

—

(X() - X(t

o—H o—]H~

(t)) dp(t) { pt) d(X (t) —
(t)) dp(t) { pt) d(X (t) —

_l’_

Q(t) (o (t, By, X (1), a(t)) — o (t, By, X (1), u(t)))d(t) dE;

_l’_

O —H o—~

% P(t,2) (Y(t, Br, X (8), a(t)) = (8, By, X (1), u(1))) v(d2) dEt} :

We have

= E[ [ (2) ((u(t. B, X (), a(8)) — palt, Br, X (8), u(t)) dt
+ (b(t, Br, X (8), a(t)) — b(t, Er, X (£), u(t))) dEt)]
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T
+ { [f(t, By, X (t), 0(t)) — f(t, By, X (t), u(t))] dt

Il
=
o=

D>
=

|

IS
=

lg(t, By, X (8),a(t)) — g(t, Er, X (1), u(t))] dE;
PO [((t, B, X (1), a(t)) — u(t, B, X (1), u(t))) dt
(t, By, X (1), 0(t)) — b(t, By, X (1), u(t))) dEt]

d(t) (U(tv Et7 X(t)7 ﬁ(t)) - U(t7 Eta X(t)7 u(t))) dEt

+

_l’_

_l’_
SN o= > o= o1

%f(tv Z)(7<t7 Etv X(t)v ﬁ(t)) - 7(157 Etu X(t)7 u(t))) V(dz) dEt} .

_l’_

In addition,
(H(t, B, X (t), (t) p(t
= [P, Et (t)

q(t), 7(t)) — H(t, By, X (1), u(t), p(t), 4(t),7(t))) dt
t)) = p(t)u(t, Be, X (8), u(t)) + f(t, By, X (), (1))
— f(t, By, X (t),u(t))] dt

+ (g(t, B, () a(t)) — )

+ (p(E)b(E, By, X (1), () + G(t)o(t, By, X (), a(t))) dE;

— (B®)b(t, By, X (1), u(t)) + 4(t)o(t, By, X (1), u(t))) dE;

+£r t,2) (v(t, By, X (1), (1)) — v(t, By, X (), u(t))) v(dz) dEy,

),
a
(1))
)

(t. B, X (), u(t))) dE;
t

(X(t) = X(0)dp(t) = X(2) dp(t) — X (£)dp(t)
= X(0)|~ Ha(t, B, X(),4(), 5(1), a(8), 7 (¢, ))dt + q(t) dBp,

+ [r(t,2) N(dE,, dz)}

%

- X(t >[ H, (¢, By, X (1), (1), 5(1), 4(1), 7(t, ) dt + q(t) dBr,
+[rt N(dE;, dz)|

= —(X(t) — X (1)) Ha(t, By, X (1), a(t), p(t), 4(t), #(t, ) dt
+(X(t) - X(t))(d(t) dBg, + [#(t,2) N dEt,dz)>.
R



212 E. Nane and Y. Ni

Then, by concavity of H and following the proof in [4]],

EXAMPLE 4.1 (Income and consumption optimization). Consider the stochas-
tic control problem

O(xg) = supIE[f exp(—ot)u(t)? dt|,
uceA 0

where
T7=inf{t >0: X(t) <0}

and
AX (1) = —u(t)dt + X (¢) (b dE, + o dBg, + 0 [ 2N (dz, dEt)),
R
X(0) =z > 0,

where § > 0, o, and 0 are constants and b = — (o2 + 0 fR 22 v(dz))/2.

We can interpret u(t) as the consumption rate, X (¢) as the corresponding
wealth, and 7 as the bankruptcy time. Then ¢ represents the maximal expected
total quadratic utility of the consumption up to bankruptcy time.

Define the Hamiltonian H by

H(t) = —p(t)u(t) + exp(~dt)u(t)*

dFE;
X b o Ozr(t,z)v(dz) ) —,
X (2O + a0 + [ 02082 v(d2))
and the adjoint equation
4.5) dp(t) = —(p(t)b +q(t)o + [Ozr(t, 2) l/(dz)) dE,
R

+q(t)dBg, + [r(t,2) N(dE}, dz), t<T,
R

p(T) = 0.
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+ 2u(t) exp(—dt)) = 0. Then u*(t) = &;) exp(dt). Suppose
that p(t) = h(t) X (£). Then u* () = "OX0 exp(5¢), thus
) =

X ()W (t) dt + h(t) dX (1)
= X)W (t) dt + (—u(t)h(t)) dt

+h()X (1) (bdB; + 0 dBr, + 0 [ 2 N(dz,dE))
R

—
[¢]
-
Q|
o=
I
—~
|
i~
—~
~
N—

=XKW () - h(;) exp(ét)>dt

+R(DX(2) (b dE; + o dBg, +0 [ 2 N(dz, dEt)>.
R

Comparing @.5) and [@.6), we derive that h/(t) = # , or equivalently
h(t) = exp(Qléeét) thus

Moreover,

Some algebra implies that

a(t) = 2exp(—6tyu(t)o,
r(t,z) = 2exp(—dt)u(t)0z.
A simulation of the optimal control w*(¢) with § = —.001, 0 = 1, 0 = 1,

xo = 1, standard normal distribution v, and inverse stable subordinator F(t) hav-
ing o = .9 is displayed in Figure[5]

00 02 04 06 08 10

T T T T T
0 50 100 150 200

t

FIGURE 5. Simulation of «*(¢) for Example 2

Because of the existence of the dt term in the underlying process X (), the
simulated process u*(t) has no periods of constant value. Compared with dE;
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terms, the dt term plays the dominating role in the evolution of the corresponding
wealth X (¢); see [[11] for a detailed discussion. More specifically, the increasing
trend bX (t)dE}; is dominated by the consumption rate —u(t)dt. Consequently, the
optional consumption rate declines as the wealth shrinks in the long run.
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