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ON OPTIMAL MATCHING OF GAUSSIAN SAMPLES III

BY

MICHEL LEDOUX (TouLOUSE) AND JIE-XIANG ZHU (SHANGHAI)

Abstract. This article is a continuation of the papers [10], [11] in which
the optimal matching problem and the related rates of convergence of em-
pirical measures for Gaussian samples are addressed. A further step in both
the dimensional and Kantorovich parameters is achieved here, proving that,
given independent random variables X1, . .., X, with common distribution
the standard Gaussian measure p on ]Rd, d>3,and pup = % Z?Zl 0x, the
associated empirical measure,

1
np/d

E[W5 (kn, 1)) ~

for any 1 < p < d, where Wy, is the pth Kantorovich—Wasserstein metric.
That is, in this range, the rates are the same as in the uniform case. The proof
relies on the pde and mass transportation approach developed by L. Ambro-
sio, F. Stra and D. Trevisan in a compact setting.
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1. INTRODUCTION AND MAIN RESULTS

Given p > 1, the Kantorovich, or Kantorovich—Wasserstein, distance (see [6] for
the terminology) between two probability measures v and p on the Borel sets of R?
with a finite pth moment is defined by

1/p
(L) W) =int( [ o= yPdn(an)
R4 x R4

where the infimum is taken over all couplings 7 on R? x R? with respective
marginals v and p. Here |z — y| denotes the Euclidean distance between x and y
in R%.
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Denote by X1, ..., X,, n > 1, independent random variables in R? with com-
mon distribution p and let

53
Hn = — ox,
"on i=1

be the empirical measure on the sample (X1,..., X, ). The question investigated
here is the order of decay in n of the expectations

(1.2) E[WP (kn, 1)]
when the random variables X7, ... ,QXn are independent with the same standard
Gaussian distribution du(z) = e~ l=l*/ 2(27‘3% on R¢. The optimal matching prob-

lem would consist in the study of E[W}(s,,1,)] for two independent samples
X1,...,Xpand Yy, ..., Y, with i, = 25" 6y, and v, = L 377 | 6y, which
is easily compared to (1.2).

As this is a continuation of [10], we refer to that article for more background
and motivation for the study of the optimal matching problem and rates of conver-
gence in Kantorovich metrics of empirical measures of Gaussian samples. As an
introduction to the results of this work, we nevertheless recall the picture for the
uniform distribution on [0, 1]%, as well as the known results so far in the Gaussian
(and more general) setting.

Throughout the paper A < B between two real positive numbers A and B
means that A < CB where C' > 0 is either numerical or depends on p, d, but
not on anything else. In the same way, a sentence like “A is bounded from above
by B” has the same meaning. The equivalence sign A ~ B indicates that A < B
and B < A. In particular, these extended inequalities will then hold uniformly over
n = 1. Actually, n may always be assumed to be larger than some fixed integer ny,
large enough for obvious inequalities to hold true.

If 11 is uniform on [0, 1]%, then (see [11, [16], [10]), for every 1 < p < oo,

. ifd=1,
(1.3) E[WE (i, )] ~ § (lsn)P/2if g — 9,
— ifd > 3.

The particular, and critical, case d = 2 is the famous Ajtai—-Komlés—Tusnady the-
orem [1]].

Before addressing the Gaussian model, it is worth mentioning that, by a sim-
ple contraction argument (see [10]), the expected cost E[WD5 (uun, pt)] when p is
uniform is bounded from above by the corresponding quantity when g is the
standard Gaussian measure. Hence, the rates in the uniform case provide lower
bounds for the Gaussian model. This comparison is used implicitly in the follow-
ing descriptions.
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Let now p be the standard Gaussian measure on the Borel sets of R%. It has
been shown in [6] that in dimension d = 1,

—7 if1<p<2,

(1.4) E[WD (jin, p)] 2 § loglosn —jf p — 9,

1 .
(logm)PT2 ifp > 2.

In view of (I.3)), it therefore appears that, already in dimension 1, the rates for p > 2
are rather sensitive to the underlying distribution. The proof of in [6] relies
on monotone rearrangement transport and explicit one-dimensional distributional
inequalities. For p = 2, the exact limit

n
lim ———FE[W3 =1
nLH;O loglogn [ 2(“717/"6)]
is established in [15] (see also [7]] for numerical evidence).
In dimension d = 2,

(1.5) E[WE (pn, p)] ~

Again, a specific new feature appears as p = 2. As we will see, the case p > 2 is
essentially open. The proof of the case 1 < p < 2, and the upper bound for p = 2,
given in [10] is based on the pde and mass transportation approach developed next,
while the lower bound for p = 2 in [[17] relies on the generic chaining ideas of [16]
together with a scaling argument. An alternative proof of this lower bound using the
pde-transportation method was presented soon after in [[11]. When p = 1, the upper

bound E[W (pin, )] < 10% has been shown in [19] to hold for distributions p
under a mild moment assumption. While the contribution [2]] establishes the exact
limit
E[WE (i, )] = ——

41

in the compact uniform case, the corresponding limit in the Gaussian setting is a
challenging open question.

In higher dimension d > 3, a general bound using dyadic decompositions in
the spirit of the Ajtai-Komlés—Tusnady theorem, and actually holding for distribu-
tions p with enough moments, has been obtained in [8], [9], stating that

1
np/d

whenever 1 < p < d/2. For Gaussian samples, it is extended up to p < 2 in
dimension 3 in [[10]]. It is also known from [8]], [9] that

) n
lim
n—oo logn

(1.6) E[WE (1, 1)] S

(1.7) E[W} (pns )] S

Bl
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when p > d/2, with an extra log n in the numerator when p = d/2. The method-
ology used, however, will never produce anything better than this 1/4/n rate, and
the upper bound is actually far from the potential lower bound deduced from
(I.3), and not satisfactory already when d = 1.

The purpose of this work is to make some progress in the understanding of the
rates in the Gaussian setting when d > 3, with the following statements.

THEOREM 1.1. Let X1, ..., X, be independent with common law the standard
Gaussian distribution p on R d > 3, and set Un = %Z?:l 0x,, n > 1. Then,
forl <p<d,

E[Wi(un, )] = ol

In this range 1 < p < d, d > 3, the rates for the Gaussian are therefore the
same as for the compact uniform model. The result extends from p < d/2 to
p < d. This might look as only a small step, but it overcomes the 1/,/n rate and, as
the proof will amply demonstrate, the amount of work to reach this conclusion is
rather significant. Due to the results in [8]—[[10] when 1 < p < 2 mentioned above,
only the values 2 < p < d have to be considered.

As identified by when p = d = 2, the case p = d might be of special
interest. We have been able to reach the following conclusion, not definitive how-
ever.

THEOREM 1.2. Let Xy, ..., X, be independent with common law the standard
Gaussian distribution p on R d > 2, and set L = 1 Z?:l 0x,;, n > 1. Then

n

(log n)"

E[W(sm, )] S

where i
+6 : _
K = { 8 lf‘ d B 2’ 3’

2
& -3 jrd>4

The case d = 2 recovers the claim in (although the proof developed here
to study every d > 2 is more involved than the ones in [10]] and [17]). The lower
bound provided by the uniform model is 1/n when d > 3. A possible conjecture
might be that

/2
Emﬂwwﬂwmﬁ?
for d > 3. This is what is suggested as a lower bound in [17]].

At this point, we do not have any reasonable conjecture for p > d (= 2).

The proof of the preceding main results relies on the pde and transportation
approach developed by L. Ambrosio, F. Stra and D. Trevisan in their breakthrough
article [12]] towards the exact limit for the two-dimensional uniform model in Wy,
already exploited in the Gaussian case in [[10]. This approach relies on a heat ker-
nel regularization argument together with transportation bounds in terms of dual
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Sobolev norms. Compared to the compact case, the Gaussian model involves the
so-called Mehler kernel as underlying dynamics, which is unbounded. One of the
features of [10] was the introduction of a localization step in order to take into
account the infinite support of the Gaussian measure and the associated Gaussian
tails. A further main step is achieved here by a randomization of the regularization
time, together with estimates on the Mehler kernel.

In the note [17], M. Talagrand gave a proof of the exceptional case p = d = 2
in (T.3) by means of a scaling argument (for more general distributions than the
Gaussian). It is certainly possible that the tools that he developed therein could
lead to the main results presented here, and to determining some of the left open
rates, in particular in the case p = d. However, that note is rather difficult to grasp
and we could not extract further conclusions at this stage. On the other hand, the
pde and transportation method may be used to recover the main result of [17] for
p = d = 2, for the Gaussian model, as was shown in [[11]].

Turning to the content of the paper, Section [2] collects several formulas and
bounds on the Mehler kernel as substitutes of uniform bounds in the compact case.
Section [3| briefly recalls, in the Gaussian context, the transportation inequalities
needed for the proofs, already emphasized in [2], [10]. The proof of the main The-
orem [I.T]is divided into the next two sections, addressing respectively the cases
p = 2 and p > 2. It could have been possible to present the proof directly for
p > 2, but the case p = 2 is easier to handle and provides a good warm-up for
the general case. In Section [f] we discuss how the parameters may be adjusted to
reach Theorem

2. PROPERTIES OF THE MEHLER KERNEL

This short section collects basic and classical properties of the Mehler kernel and
the associated Ornstein—Uhlenbeck semigroup which will be of use throughout this
work. The reference [4] (and the bibliography therein) covers most of the claims
emphasized below. In contrast to the compact case, the main issue here is that
the Mehler kernel is spatially unbounded, and so various pointwise and integral
controls have to be identified.

Let du(z) = e l#*/2 © T‘f)ﬂ 75 be the standard Gaussian measure on the Borel

sets of R?. The Mehler kernel is given, for t > 0 and z,y € R?, by

Q2.1 pz,y) =pe(y,x)
1

o2t
T (1 — e 2y eXp<_2(1 Y

ol + 19~ 22 3] ).
Here || denotes the Euclidean length of x € R?. We have

[ iz, y) duly) =1
Rd
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forallt > 0 and = € R%. Moreover, the Mehler kernel satisfies the basic semigroup
property with respect to p,

(2.2) f Ps ({L‘, z)pt(z, y) d,u(z) - ps—i—t(xa y)
R4

forall s,¢ > 0 and z,y € R%
To simplify the notation, we set a = e~ € (0, 1) in some of the statements.
When = = y,

1 |2 1 j|2/2
. SR — e P . — .
(2.3) pe(z, ) i a2)d/261+ a2
Further, it is easily seen that for all z,y € R4,
(2.4) Pil,y) < el
. t\Ls X (1 — a2)d/2 .

Combining (2:2)~(2-4) also shows that for every ¢ > 2 and all z € R,

(2.5) [ ez, y)?du(y) = [ pe(z,9)" *pi(z,y)? di(y)
R4 R4
_ 1
T (1 — a?)(a1)d/2

cla=Dlel?/2

The Mehler kernel generates the Ornstein—Uhlenbeck semigroup

2.6) Pf(z ff Y)pe(z,y) du(y ff e'x 4+ V1 —e2y)du(y)

for all t > 0, z € R% and any suitable measurable function f : R* — R, with
the natural extension Py = Id. The family (Pt)@() defines a Markov semigroup,

symmetric in L2(z1), with infinitesimal generator L = A — x - V for which the
integration by parts formula

2.7) J f(=Lo)dp= [ Vf-Vgdu
R4 R4

holds true for any smooth functions f, g : R* — R. The spectrum of the operator L
is N.

The semigroup (%), consists of contractions in all LP(x)-spaces with
norms || - ||, 1 < p < oo. The spectral gap induces exponential decay for mean

zero functions f in L2 (u),

(2.8) P flly < e_t”fHQa t > 0.
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The hypercontractivity property on the other hand states that
(2.9) 1P flly < 171

whenever 1 < p < ¢ < oo and €% > Z;_}. It will be convenient later on to combine

the preceding smoothing properties in the following form: for any f : R — R in
LP(u), p > 2, with mean zero,

(2.10) 1Pefll, < Ce™2Ifllp, ¢ >0,

where C' > 0 only depends on p. The decay e~*/2 is far from optimal but good
enough for our purpose. For the proof, let g > 0 be such that ¢’ = p — 1 > 1, so
that by (2.9), for every t > ¢,

HPtpr = HPt/Q(Pt/2f)Hp < HPt/2f”2'

By the exponential decay (2.8)),

Pafll, < e 2| flly < e*t/QHpr and hence

1Pf N, < e 21111,

If ¢ < to, then || P f|, < [If]l, < Ce /| f||,, with C = e'/2. The claim 2.10)
is established.

The following pseudo-Poincaré inequality is another useful tool: for any real p,
1 < p < oo, there exists C = C(p,d) > 0 such that for every smooth function
f:RY - Randevery 0 <t < 1,

2.11) [|Pf — fIPdu < C2 [ |V P dp.
R4 R4

For p = 2, this inequality may be easily deduced spectrally. For a proof in the
general case, let g : R? — R be smooth with ||g| ¢ S 1such that

1Pf = fll, = [ 9(Pf — f)dp
Rd

where % + % = 1. By symmetry of the semigroup (Pt)t20 and integration by parts,

t t
[ 9Bif = fldu= [ [ gLP.fduds =— [ [ VPig-Vfduds.
R4 0 Rd 0 Rd

The integral representation (2.6)) and one more integration by parts indicate that, at
any point z € R,

VPyg(z) =e* [ Vgle *z+V1—e25y)du(y)
Rd
6—5

= N f ygle z + V1 —e25y)du(y).
— 2
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Hence, by Holder’s inequality,

f VPsg-Vfdu
Rd

Vﬁg;ﬁaééy Vf(x 1 —e 25 y) du(r) du(y)

< e (v viEp ) du(y))” '

where it is used that

[ [ lg(e x4+ V1 —e2y)|9du(z) du(y) = [ |g|9du <
R4 Rd R4

Finally, after partial integration with respect to du(y),

J [y VI@Pdu(z)duly) = C [ [V dp
R4 Rd Rd
where C' > 0 only depends on p. The claim (2.11) then easily follows.

We will make use of an important and delicate property, the Riesz transform
bounds. In the Gaussian setting, they were established by P. A. Meyer [12] (see
also [3]]) and state that, for every 1 < p < oo and every suitable f : R — R,
(2.12) JIViPdu~ [|(-L)"2fPdp

Rd Rd
(with the implied constants only depending on p) where (—L)~ 1/2 i5 defined spec-
trally on mean zero functions f, for example by the classical formula

1 ofo 1
N RVCa
Finally, some technical tools related to energy estimates will be required. The

reverse Poincaré inequality for the Gaussian measure [4, Theorem 4.7.2] states that
for every Borel set A in R? and every s > 0,

(2.13) (-L)~V2 =

1
=gl s—1°

Combining this with (2.11)) for f = P51 4, forevery s > 0,¢ € (0,1) andp > 1
we get

‘VPS]IA‘Q <

PS<]1,24) - (PSHA)Z} < o2

CtP/?
_ p - -
(2.14) glauzLQ F@u]du<<§s_1wknﬂéJVﬂﬂﬂdy
CtP/2e—s
= (€25 —1)(p—1)/2 uoA)
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where, in the last step, it is used that VP; = e P,V and

limsup [ [VP:14]dp < p(dA)
e—=0 pd

for a measurable subset A of R? with smooth boundary 9 A.

3. MASS TRANSPORTATION BOUNDS

This short section presents the key functional-analytic tool to bound Kantorovich
distances in this context. It was already put forward in [[10] (see also [13], [13])).

PROPOSITION 3.1. Let p > 1. For any dv = f du with f — 1in H-1P(p), we
have

W(v, p) < pllf - IHH—LP(H)

where the H=1P (1) negative Sobolev norm is defined by
1/p
I9lh1-10 = (J 1V(-1)"0) 1" )

for any g : R* — R with mean zero such that the right-hand side makes sense.

It may be emphasized that in the particular case p = 2,

2 7 2

(3.1) Igll-r20y =2 [ [ (Psg)? dpuds.

0 Rd

Indeed, since (—L)~! = fooo P ds, by integration by parts we have

2 oo
fIV DPdp= [ g(-L)gdu= [ [ gPygduds,
R4 0 Rd

from which the claim follows by the symmetry of P;.
When p # 2, by using the Riesz transform bound (2.12), for 1 < p < o
Proposition [3.1] takes the form

(3.2) W2(v, 1) f| “12(F — )P dp.

4. THE CASE 2 =p < d

Here we prove Theorem [I.1] for 2 = p < d. Although the proof in this case is
actually contained in the more general proof for 2 < p < d, it is easier to access
due to the semigroup representation (3.1)) of the negative Sobolev norm.
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The ﬁrst step is the localization argument introduced in [10]]. For R > 0, let
du® = B B ) 1, du where Bp, is the Euclidean ball centered at O with radius R.

Define independent random variables X ZR, 1 = 1,...,n, with common distribu-
tion 1t by
XR _ X, if X; € Bp,
! Z; if X; ¢ Bp,
where Z1, ..., Z, are independent with distribution 1%, independent of the X;’s.

Setting p? = % Yor o XA by definition of the coupling we have

4
n;

3\H

n n
W3 (s ) < Z 1X; — X7 < Z X1y x, >Ry

Therefore

E[W3(pn, )] <4 [ |2 dp.
{lal>R}

Since f{| >R} lz|2du = Cy foo d+1e=r%/2 g is of the order of Rie /2 as
R — o0, choose R = /2clogn for some ¢ € (2/d, 1) so that

1
(@.1) E[W(tn, )] S —575

As a result, we concentrate on the study of E[W2 (1%, 1)]. Note furthermore that
w(Br) > 1/2 for n large enough so that this normalization factor may essen-
tially be neglected throughout the investigation. For further developments, it will
be convenient to refer to a random variable X with distribution 1 and to X with
distribution 1.

A new step is the introduction of a randomized regularization time by means of
the decomposition of Bp as the union of m annuli

Dk:{xERd; -1 < x| <mK}, k=1,...,m,

where 0 =rg <7 < --- < rp, = Rwithr, = vk, k = 1,..., m. In particular
m = R? = 2clogn. Then define amap T : B — (0,1) as T((z) = t;, if x € Dy,
where 0 < £ < --- < t;, < 1 will be specified later.

For this map 7', consider the (random) probability density

n

1
n ZpT(XiR)(XiRvy)? y e Rda
i=1

fly) = (y) =

and set duff T = ff T dpi. By convexity of the Kantorovich metric W3 [18], The-
orem 4.8] and the representation formula for the Ornstein—Uhlenbeck semigroup
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(2:6), conditionally on the X *’s,

NE

W2(M7§a #E T) (5XR pT(XR)( ) dp)

@
I
—

M=
= =

X = yPPppoxem (X y) du(y)

&

R

(1= e TXOPIXEP +d(1 - T

S|I= 3| S\H 3\>~
M I

A

[T(XXS P + T (X))

-

@
Il
A

where in the last step we have used the fact that (X ) € (0, 1). Averaging over
the X', and dropping X * in T'(X ) for simplicity, we get

42)  E[W3(uy, )] S E[T?|XTP) + E[T]

< (bR + DE[T] = (tn B2 +1) 3" taa(Dy).
k=1

From the localization (4.1]) and regularization (4.2) arguments, and the triangle
inequality for Wy, we deduce

1 m
43)  E[W3(pn, 1)) S EW3 (" )] + —575 + (bR +1) kZ tri(Dy)-
=1

From now on, we concentrate on E[W?3 (s, AT 1)), for which we make use of
Proposition [3.T]and (3.1)) with
— _ fRT L& -1 Rd
9=90) = 1" (W) = 1= Xlprxm(Xy) - 1], yeRY,
i=1
to get
20, RT RT 2 7
E[W3 (" )] SAE[ " = Ugg-r2] = 8 [ [ El(Peg)*] duds.
0 Rd

In order to develop probabilistic arguments, it is convenient to center the elements
Pr(xR) (XE,y) in the definition of g. Write therefore, for every y € R,

9y) =—-> [pT(XR)(XiRvy) - E[PT(XZ.R)(XZRJ/)H + E[PT(XRa?/)] —1

1
n =1

=9(y) + o(y)
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E[pT(XR,y)] — 1. Recall that here T' = T'(X ). For every s > 0,

where ¢(y) =
2? < 2E[(Psg)?] + 2(P;)? so that

E[(Psg)

<16ffE duds—l—lﬁff qu dpds.

E[W3(uy" s 1
0 R4 0 Rd

Now, since

~ 1 &
Psgly) = > [Porrix ) (X y) = Elpgrxm (XS 9)]]

i=
and since the X Z-R’s, 1 =1,...,n, are independent and identically distributed, for
each y € R? we have
~ 1
E[(P:g)’] = —E[(ps47(X",y) = Elparr (X, y)))?].

P;¢(y)+1, and as we aim to control fooo fRd (Ps¢)? dp ds,

But E[p, (X", y)] =
)] by 1 in the latter, to obtain

we may as well replace back E[pr, (X%, y

f (Ps+r(X 72/) - 1)2] du(y) ds

:\*—‘

o—8 o—3

@4 EWH(p)

R4
+ [ [(Ps¢)* dpds.
R4

The most important term on the right-hand side of (4.4)) is the first one, on which
we concentrate next. Divide the integral in s according as s € (0,1) or s € (1, 00)

to get
(4.5) TllCZRf (P4 (X, y) = 1)* dp(y) ds
= 3] L Bl (X < 1Pt s
+ iTRdE[(pHT(XR,y) — 1)?| dp(y) ds.

Recall in addition that by definition of 7',

1 i]@ﬁ%xy 112 dpu(a).
lek

E[(ps+7(X",y) — 1)°]
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The first term on the right-hand side of (@.3)) may then be simply upper bounded as

El(ps+7 (X%, y) — 1)?] du(y) ds

O%H

S|

Rd

i Pstty (7, )% du(y) ds du(z).

k=1 Dy

3\*—‘

OHH

R4

By 2.2), 2.3) and integration in s, forevery z € R4 and k = 1,...,m,

1 1

1 22
[ [ psve @) du(y)ds = [ paore(z,2) ds S e 2/2.
0 Rd 0 iy,

Hence, since A\(Dy,) ~ k421,

1 1
46)  — [ [El(psrr(X™ ) — 1) dp(y) ds
0 Rd
1= 1 1™ )\(Dk)
S=>0 2 du(z) < =Y
np=1 fk tzﬂ ! np=1 tim_l

On the other hand, for the second term on the right-hand side of (.3)), by the
exponential decay (2.8) in L?(u),

“4.7)

S|

T [ Ellpssr (X, y) - 1) duly) ds
1 Rd

= l 1 3 T X — 2 S X
- TL/L(BR) kzz:le{Rd[ps-‘rtk( 7y) 1] dlu’(y)d dN( )
< % 5 f ofoe * [Ip1(z,y) — 11> du(y) ds dp(z)
k=1Dy 0 Rd
< 1 f: A(Dy) = l>\(BR)
n = n

where it is used again that f]Rd pu(z,y)2du(y) = po(z, z) < el*?/2,

Inserting (.6) and (@.7) in (@.3), it follows that

o JEprer(X7.3) =17 dn)ds 5
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(recall that d > 2). Plugging this estimate into (4.4) and (4.3), we obtain

1 m g\ 421 m
(4.8) E[W3 (tin, 1) E > ( ) + (tmR* +1) > tru(Dy)
1

-l—ff 5¢ duds.

The choice of the t;’s is now determined by optimization between the first
two terms on the right-hand side of @38). Using pu(Dy,) < k%2 1e /2 set t), =
n*2/dek/d, k=1,...,m.In particular,

1

te St = n2(1—c)/d

N

forevery k = 1,...,m = R? = 2clogn, ¢ € (2/d, 1). For these values, and since
d > 2, it follows that

= > <> + (tmR? +1) Y top(Dy) S —a27d
f=1

ng=1\lk
Therefore yields
1
(4.9) E[W3(ttn, 1)] S —575 + I J (P duas.

0 Rd

We are left with the study of the centering term fooo fRd(Psgﬁ)Q dp ds. To this
end, recall that

Py¢ = Epsir(XH,-) — 1]

- H(;R) zi[PSH’“]le — 1(Dr)]
= M(]lgR) kil[Ps+tk 1p, — Pslp, |+ N(;R) kil[Ps]le w(Dy)]
- N(;R) g::[PSHlek ~Bln (;R) [Ps1py — 1(Br)]

AVARRE->
O

Hence, for every s

m 2
J(Pd)?du s [ [Z Pyyiydp, = Pl du+ [[Pg, — p(Br)? dy
Rd Rd k=1 Rd
and we treat the two expressions on the right-hand side separately. The second one
is easy since by the exponential decay (2.8) in L?(u),

—2s

Ig:i[Ps]lBR - N(BR)]Q dp < 6723[1 - M(BR)] S n2/d

@
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by the choice of R. For the first one, by the triangle inequality and (2.14),

I[Pt - pan] oz (5] figuonn] )

Rd k=1 k=1LVe* —1
e’ m 2
< vavie)

S 628_1’; 1V 1(ODy)

Combining the preceding estimates gives

[ J(Peoy?duds 5 (3 Vie/w@D) + =z

0 Rd

Since u(0Dy) < k(d=1/2¢=k/2 the choice of t;, = n~2/dek/d |k = 1,... m,
easily shows that this centering contribution is at most 1/ n?/4_Inserting this into
(4.9) concludes the proof of the theorem for 2 = p < d.

5.THE CASE 2< p< d

The pattern of the proof will be similar to the one of Section[d]but with significant
increase of the technicalities since is no more available and the arguments go
through the more involved Riesz transform bound (3.2)). The scheme of the proof
is then similar to the one developed in [10] in the compact case (1.3)), but again
unboundedness of the Mehler kernel requires several delicate estimates.

As in the preceding section for p = 2, we truncate in the same way to a ball Br
with R = /2clogn for some ¢ € (p/d, 1) for which we find similarly that

1

R

) E[W (s 1f9)] S =7z
We decompose again Bp as the union of m annuli

Dy ={z € ]Rd; re—1 < |z| < 11},

k=1,...,m,where 0 = rg < r; < --- <1, = R, and consider also the map
T : Br — (0,1) defined by T'(z) = tj, if x € Dj,. We will use the same choices
re = Vkand t, = n=2/4%"/e L =1, .. m.In particular, for further purposes, it

is important to notice again that

1

(5.2) T <ty < aijd’

k=1,...,m,

which is small enough for a number of subsequent issues (recall that n > ng is
assumed large enough throughout the investigation).
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For thismap 7" : Br — (0, 1), set similarly
f( ) fRT ZPTXR z7y)7 yERdv

and d,uff” = 1 du By convexity [18, Theorem 4.8] and the representation
formula for the Ornstein-Uhlenbeck semigroup (2.6)), conditionally on the X,

1 n
W (") < — .le (6xr Prox ) (X -) dp)
1 n
=~ 3 [ IXT = ylproem (X ) duy)
i=1Rd
12 _7T(XR _
< - Z[ 1— e TP I XEP 4 (1 — 2T, ))p/2]

s
Il
i

Noticing that T(X[?) € (0, 1), it follows after taking expectation that
(5.3)  E[Wh(uy, pt")] S EITP|XP) + E[TP?] S (9 RP + 1E[T7?]

where we recall that T' = T'(X ).
From (5.I), (5.3) and the triangle inequality, and since t,, < 1/n>(1=9/d by
(5.2)), we have therefore obtained

G4 E[WD(un, 1)) S EWD (", )] + —70 + Z /2 (Dy)
1
< 14
SEWE (", )] + — 7
where we have used t;, = n~2/%e*/4 and (D) < k¥? e ¥ k=1,...,m.

As in the previous section, we thus concentrate on the study of E[W5( TR
which we control by applying Proposition [3.1] together with the Riesz transform
bound (3.2)). To this end, set

g_g(y) RT( —1—nZ:1LPTXR) 7 7y)_]~]’ yERd~

Therefore

(WA, )] < BT = 151 ) S E| S I(-1)72g1 du]
Rd

Center then the terms Pr(xR) (X Z.R, y) in the definition of g with respect to random-

ness in the XR’S. To this end, write, for every v,

gly) = 712 il[pT(XR)(XZR,y) = Elprx (XS 9)]] + Elpr(X T, y)] - 1

=g(y) + é(y)
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with ¢(y) = E[pr(X %, y)] — 1 so that
(WA, )] S E[ [ 1(=L)7/2g du| + [ 1(=1)7/26[" dp.
R4 R4

Rosenthal’s inequality [14] states that for independent centered random vari-
ables V1, ..., V, with a pth moment, p > 2, we have

s E[Lu] <o xEmr+ o (S Ev)"

where C, > 0 only depends on p. For each fixed y € R?, apply this inequality to
the independent identically distributed and centered random variables

(_Ly)71/2 [pT(XZR) (X’LR7 y) - E[pT(Xﬁ) (XzR7 y)]]a 1= ]-7 RN [
to get

E[[(~Ly) " 25)"] < _IE[M—L@,)*/Q[pT(XR,y)—E[m(XR,y)ﬂ i

+ = B((<Ly) ™ 2lpr (X7, ) — Blpr(X ")) ]

Since E[pT(X R 4)] = ¢(y) + 1, and we eventually aim to control the integral
fRd L)~1/2¢[P dy, we may replace back E[pr (X%, )] by 1 in the preceding,
that is, we get

np

(56)  E[Wp(u" m)] S — [ E[|(=Ly) " 2[pr(X",y) - 1]7] du(y)
R4

+# IE[((—Ly)_l/Q[pT(XR,y) 1)) ]p/QdM( )
R4

In this expression, the random variables (—L,)~"/2[pp(X ®, y) — 1] will be studied
with the help of the spectral representation (2.13)), that is,

(~Ly) P pr(XFy) — 1] = = | L

\/’f\[[ps—I—T( ,y)—l]ds,

and similarly for (—L)~/2¢.

According to (5.4) and (5.6), the proof of the theorem will therefore be com-
plete once it is established that

= L*]7

(5.8) WﬂiE[({\/g[pm(XR,y)—l]ds)Q] duly) S — 7

5.7

[—= f psrr (X", y) — 1] ds p} du(y) < ﬁ
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and

00 p
(5.9) f P¢ds

f 1
R2I 0O \/g
The centering term ((5.9) will be examined at the end of the proof. We concentrate
on the first two terms, starting with (5.8) which is the most delicate one.

Study of (5.8). Fix y € R? to begin with; by definition of the map T,

E[Cz;%bﬁqﬁXﬁy)—lhk>T

m

1
<

ﬁ ! [Pstty (z,y) — 1] dsrd,u(x),

Given s € (0,1), k = 1,...,m, to be specified, we decompose the integral in s
into integrals on (0, sx) and (s, c0) and study separately, by the triangle inequal-
ity, the resulting two pieces in (3.8)), showing that

p/2

510z (S 0[] St -] ww) w3

k=1 D,
and

p/2 1
< —
duy) S — 7

@u>pﬂﬂzfpﬁmmwwuﬁzmﬂ

k=1 Dy, Lsy,

Concerning (5.10), for each k = 1,...,m and y € R?, by Fubini’s theorem,

Sk 1

2
f {f ZiPeru(@y) - 1]ds} dy(z)

Sk Sk 1

f { f \/g ps-‘rtk (x y) 1] [ps’thk (x, y) — 1] ds ds' du(x)

0

Sk Sk

< ff \/7 fp5+tk T y)ps’-&-tk(x y) d:u( )deS,Jr,LL(Dk).

Summing over k, it is clear that the contribution p(Dy) will be irrelevant for the
final bound and it is therefore ignored below. Now, a standard calculation with the
explicit expression of the Mehler kernel p;(x, y) yields

(512) f ps-i—tk ('T7 y)Ps’—&-tk (:U7 y) d,LL(.T) = ps—}—s’—i—?tk (y7 y)lu’(ﬁk)
Dy
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where l~7k = —gy + aDy,

2 2
9 a b a b
=1 =
@ trat T Pt

with @ = e~ b = =%~ For further purposes, note that

2 1—a)(1-1b

(5.13) o 1 = w_
I3 a+b

We examine separately the expression ps s 121, (¥, Y) w(Dy) in (3.12) accord-

ingasy € ¢ Dk or not via the bound

(5.14)  pargrran, (u, y)u(Dy)
S Pststion (U 9) [Tz p, (U) + 1 a2 ) (W)H(Dp))-

B

Accordingly, the study of (5.10) is divided into two parts, and the task is to show
that

(5.15)

S dsds| duy) <
) —F—DPs+s’ 5 ]la S —
o {5 [ Gt waad| i < 2

and
(5.16)

1 m Sk Sk 1 _ ) p/2
) s+s 1 @ Dy)dsd d
np/glil[’;{{ —Dsts 21, (Y, Y) (;Dk)C(y)'u( k) ds s] 1(y)

< L
~ np/d

Start with (5.13) and fix now s, = 1/Vk, k = 1,...,m. By (5.13), it may be
verified that for every 0 < s, s’ < s,
o2

B

Hence, together with (2.3) and a simple integration in s, s/, for every y € RY,

Dy C By ={z € RY rpy < || < (1 +8/k)r}.

Sk Sk 1
f f Fps+s +2t, (Y, y)]l ( ) ds ds’ < S e, (v) td/2_1 €

k
It follows that the left-hand side of (5.13)) is bounded from above by

wl2/2.

1 L 172 e
Pl f Z 1g, (y d/g € dp(y)-
Rd b
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Observe that forevery k = 1,...,m, F) C UIZSO D, (with the obvious extension

of Dy, when k > m). As a consequence, the latter is bounded from above by

1 m+80 1 274
t(d/2—1)p/2 l{ ePlyl*/ du(y)
k

k

2
np/? =

1 m+80 1

< - - 7d/2-1 _(p/2—-1)k/2
S kz::l t}({d/2—1)p/2k € :

Now tj, = n~2/dek/d | = 1,... m, so that since p < d the latter is of the order
ﬁ, proving (5.13).

We turn next to (3.16). Fix k = 1,...,m.If y ¢ %Dk, then (draw a picture) it
is clear that

)

Yol

To get rid of the prefactors, let o € (0, 1) (which will depend on p and d only) so

that )
~ 1— "
u(Bo) S esp(~157 (2l - o) )

Hence, together with (2.3),

inf{|z| e R%; z € Dy} = ‘i\y| —arg

where 75, = ry, or r,_1. Thus

uDn) 5 (1+| 2ol - o

Ds+s'+2ty, (y7 y)]l(ch Dk)c(y>:u’(Dk)
1 1—0 (B N\ ab o,
< - _ ) _
~ (1 _ a2b2>d/2 exp< 2 <C¥|y’ ark‘) + 1 +ab‘y| >

Now, since

/82 2ab 9
L A
a2 1+ab

it is easily seen that

L0 (Blp—ai) +—L P < (1 - o)A+ ZiyP?
- —ly|* —ar <(1l-0o =
9 ay k 1—|—aby 2y

where
A=—L® = 1)y + Brly| — 30’7
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We would like to choose numerical non-negative constants X and L such that

A<A = *Iy!2 Erzf

forally € R%and k = 1,...,m. This may be achieved provided that K + L > 1
and L < 1. Indeed, the quadratic form

B=A—A=1*-1+K)ly|* - Brrly| + 2(a® + L)7}>
is positive semi-definite if Q = 82— (a® 1+ K)(a®?+L) < 0.When K + L > 1
and L <1,

1 — a?v? 2ab
@= _(1£a2)(1 —)b2) <K+L_ 1+ab) + L0 -K)

(1= a’b?) L 2ab L2
(1—a?)(1-10?) 14 ab
Ay
<_ (1 —ab)
(1—a?)(1-10?
As a consequence of this analysis, it follows that, provided K + L > 1 and
L <1,

+IL°<-1+L%°<0.

=~ 1 1 1 1"
/ < A" < A

uniformly over s, s’ < sp and y € R?, where
o l1—0)K+o (1—0)L _
Sl = d-0)f+o 5 WP+ L2

One may now integrate in 0 < s, s’ < sy, for every k to find that the left-hand
side of is bounded from above by

A" =(1-0)A +

p/2
(5.17) np/Qf[Z d/21 ] du(y),

still under the conditions X + L > 1 and L < 1. The definition of A” shows after
integration that

1 mo1 P p
o [ ]

p/2
(1_0-)1 ~ 2 (1—U)K+
Tk p[ O]|y|2 (y)

1 m 1
= ——e
np/?2 u{l[kzl Z/2—1

m 1 (1 U)L}Q p/2

< 1 1 {Z
Sl (11— oK + o)) Lim ¢
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provided that £[(1 — o) K + o] < 1. Since t;, = n=2/dek/d | = 1,... m, and
7w = Vk or vk — 1, it is necessary in addition that (1 — ¢)L < 1 — 2/d in order
that the preceding bound yields the correct rate 1/ nP/4. Provided that o € (0,2/p),
the preceding two conditions are indeed compatible with X + L > 1 and L < 1.
As an interesting example, we can always set K = 0, L = 1l and o € (2/d,2/p),
simplifying the exposition. The preceding construction will however be needed
later in the case p = d (Section[6). As a conclusion, (5.16)) is established.

As announced, the two controls (5.15) and (5.16) together yield the expected
bound (5.10).

We turn to the analysis of the second part (5.11)) concerned with the values of
s = sg. The first step is a Minkowski integral inequality to exchange the order of
integration. For this purpose, it is convenient to rewrite the left-hand side of (5.11)

as

1 29\ p/2

. — [(E|| [ —=[pssr(XT. y) — 1] ds d
(5.18) w/?é( M\/g[p (X7 y) — 1] D 1(y)

where S : Bg — (0, 1) is defined by S(z) = si ifx € Dy, k =1,...,m. As for

T = T(XT), we write here S = S(X%) to simplify the notation. As announced,
by Minkowski’s inequality since p > 2, (5.18)) is less than or equal to

n;/QE[(Hg; pd'u(y)>2/p]p/2‘

Now, and conditionally on the randomness of X%, also by the triangle inequality,

21

<1

g[ ﬁ[psw(XR,y) —1]ds

f z\}g[szrT(XR,y) —1]ds| du(y) < <CZ LSHPHT(XRv )= 1Hp dS)
Rd

where || - ||, is the LP(du(y)) norm. By (2.10), for every s > 5,

pssr (X7, ) = 1, S e |lps (X7, ) = 1],

so that

% 1 p
519 ([ Jalper(X) <1l ds) S IasCX) -1
S

< 1 _wixERe
~ Q(p—1)d/2

where (2.3) is used in the last step. Therefore, with the choice of s = 1/ \/%,
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(5.18)) is bounded from above by

/2
Ll b auymixrp)”
i\ g1

) m B N p/2
i/(z | (1-1/p)d/2 Df e1=1/p)lal? du(w>)
k

< L (S Ko
n k=1

Recalling that m = R? = 2clogn with ¢ < 1 yields an expression of at most the
order 1/ nP/? o that (5.11)) is established.
As a consequence of (5.10) and (5.11]), the bound (5.8)) is established.

Study of (5.7). We address here (5.7) following the steps developed for but
in a simplified way. Decomposing the integral in s simply into integrals on (0, 1)
and (1, 00) as in the case p = 2, we see that (5.7)) will hold provided

11

5200 | f]] () -1 dutn)| £
R4

and

(5.21) ng}_lE[ﬁL?\}g[szrT(XR,y)—l] dpy )} L/

The main simplification here with respect to is that Fubini’s theorem applies
between the expectation [E and integration against du(y).
Starting with (5.20), recall that by definition of the map 7', for every y € RY,

o

7 2,

1

gl

f\}g[szrT( 7y

p

1
i du(z).

f \/E ps-‘rtk x y) ]dS

0

u

Then, by the triangle inequality, for every k = 1,...,m,

1 P
J f\}g[??sm(l‘,y)—l]ds dp(x)

D10

1 1 p
i [f ﬁpsﬂk(%y) ds] dp(z) + p(Dg),

Dy L0



260 M. Ledoux and J.-X. Zhu

and it is clear again that we may ignore the contribution p(Dy) in what follows.
By @4), for all z,y € RY,

1 2 1 2
< lz2/2 « _ *  |x|?/2
pSthk(xay) (1 _ 6*2(5+tk))d/2e ~ (S +tk)d/26

in the range s < 1. Hence, after integration in s, for all 2,y € R?,

1 2
1 ||*/2
{ﬁps+tk($79) ds S t,(cd_lwe ’

Therefore, for every k,

19 »
f f[f %szrtk(-T,y) ds} du(y) du(x)

Dy RALO

S S e f f [f JePerleny) ds du(y)e® D12 dyy(z).

[\

Now

1
Slps+s’+2tk (JJ, x) ds dsl

IRV S
/2

2

is, by (2.3)), of the order of at most d/2 -el”l*/2 1t follows that

1 m 1 1 p
- —=Ps+,, (T, Y dS} du(y) dp(x
nplkl[{de[{\/g 'Hk( ) () ()
1 2
< P DR g1 (2)
np—1 k;l t](epdfpfd)ﬂ bfk
m d/2—
1 A A
~ el t}gpd—p—d)/2 ~ pp/d

by the choice of ¢, = n=2dek/d ] =1, ... m, together with the fact that p < d.
Hence (5.20) holds true.

Concerning (5.21)), the arguments developed for (5.18) may essentially be re-
peated. In particular, making use of (5.19), the left-hand side of (5.21)) may be seen
to be bounded from above by

L pomnixmry
np—1

2/\

e=Dz?/2 4 dp(x)

= U%

d/2-1,(p-2)k/2

i MS I MS

3

Again since m = R? = 2clogn with ¢ < 1, this contribution is of the order at
most 1/nP/?, proving (5.21).
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As announced, as a consequence of (5.20) and (5.21)), the bound (5.7)) is estab-
lished.

Study of (5.9). In the final part of the proof, we take care of the centering term

© 1q p
—P.pds| d
TN ateeds] dn
of (53.9). Recall that by definition
1 m
=E@pr(XE ) —1= P, (1p,) — u(D
¢ (pT( ) )) N(BR) kz::l[ tk( Dk) :u( k)]a
and write
m 1
PS¢: k: 5+tk :H‘Dk PS(:H‘Dk)] + H(BR) [P (:H‘BR) (BR)]
( )(¢sl+¢52

By means of Holder’s inequality (with respect to ds), for any 0 < k < p/2 — 1,

[e'e) 1 p
(5.22) —sPsqﬁds < [ P21 ReRs | PP ds
0

S

o —8 o—38

o0
sPI2T1=ReRs | 1P ds + / SPP2TITRERS g o|P ds.
0

We examine successively the contributions of ¢, 1 and ¢ 2 in the preceding.
By the triangle inequality,

16l d= [ |32 [Pase, (1n,) = Pu(1p,)])| di
R4 R k=1

< (3 1P () — Pi(1nl,) "

k=1
Using (2.14), for any s > 0 and since ¢, < 1, we have

efs/p

‘|Ps+tk(:ﬂ‘Dk) - PS(:H'D}C)”p )(pfl)/( )\/Eﬂ(aDk)l/p

For x > 0 small enough, it follows that

_

(5.23) fSp/Q e f (65,117 dpds S (Z Vi 1(0Dy) /p) ~ ppld

U

since tj, = n~2/%eF/ 4 and p(0Dy,) < k@-D/2e=k/2 E=1,... m.
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On the other hand, it is easily seen as in the case p = 2 that, again for k > 0
small enough,

(5.24) fsp/zflf"e'“sf |p2,sP dpeds < fsp/zflf”‘e”sf |po.s|* du ds
0

R4 0 Rd
< /2—1 2 1
< p/2—1—kKk _Kks—2s c <
~ {S € ILL(BR) dS ~ np/d

by the choice of R = \/2clogn.

Together with (5.22)), it follows from (5.23) and (5.24) that the bound (3.9) is
established. Altogether, the proof of Theorem I.1]is complete.

6. THE CASE p = d

This section addresses the proof of Theorem for p = d (> 2), by carefully
adjusting several parameters in the various steps developed in Section[5] The proof
of the case p = d = 2 was actually provided in [10], as a simpler version of what
is developed here.

The first step is truncation to a ball Bp, this time with R = /2 log n, for which
we have similarly

log n)®/?
(6.1) E[W(tn . 1)) < “572)
The ball Bp, is again decomposed as the union of m annuli
Di={zeR% r_ <|z|<mr}, k=1,...,m,

where 0 = rg < r; < --- < 1, = R. Consider again the map 7" : Br — (0,1)
defined by T'(x) = t; if z € Dy. We will use the same choices r,, = /k, but
modify the values of ¢ as

ok/d

th=
k n2/d\/E’

k=1,....,m.
Setting
RT L& R d
fly) = fi" (y) = ﬁng(xf)(Xi Y), yeERT
1=

and dplt? = £I7 4y, the preceding choice of the #4’s now yields in (3.3) the
estimate

(10g n)max(d/Q—l,d/4)

(6.2) E[W3(ull, uf7)) <

n
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Next, to estimate E[(W¢( ph ™ )] as in Section we need to control the terms

d
(6.3) 1) E [ffpsw(XR,y)—l] ds ]du(y),
R4 0
1 0o 21d/2

(6.4) ) IE[<I [ps7(X 7y) —1] d5> ] dp(y)

n Rd 0
and

d
(6.5) f f =Pspds| du
R4l 0

where ¢(y) = E[pr(X%,y)] — 1 fory € R%

Study of (6.4). Given s, = 1/Vk, k = 1,...,m, it is sufficient to separately
estimate

m Sk 2 d/2
(6.6) # ﬂil <kZ1D [ { \}g[ps+tk(w7y)—1] dS] du(@’)) du(y)
and
2 d/2
61w J(E [T G 1] o)) i

Concerning (6.6)), with the notation of the previous section, we need to investi-
gate

Sk Sk

1 m 7472
©8 5 Hii L; { { Fps+s rvat (Y, ) L o2 a2 b, W) dst] du(y)

and
(6. 9)

m Sk Sk _ d/2
—i7 I[Z{{ N +ztk(y,y)1(<§Dk)c(y)M(Dk)dsds/] dp(y)-

Arguing as for (5.13)), we find that (6.8)) is upper bounded by

d242d
/21 (d/2-1)k/2 < (logn) s
(d/2—1)d/2 ~ "

1 m~+80 1
nd/2

k=1 t;



264 M. Ledoux and J.-X. Zhu

Turning to (6.9), fix & = 1,..., m. The proof proceeds as for in Section [3]
but now with a choice of K = K} and L = Lj depending on k, to deduce that
(6.9) is upper bounded by

k
n k=1 1411 - o) Kk + 0]

(where we recall that o € (0,2/d)). Fix then € > 0 small enough, and, for every
k=1,...,m,let

Ly=-—d4"% g -1-[,=4"7"k

so that K, + Ly, = 1 and L; < 1. With these choices,

2
S i ]d/ T L3t ) g Uosm
" Lg=1 1—4[(1 - 0)K}, + 0] ~ n\/Z ~
d%+6d
As a consequence of the previous analysis, is controlled by %. Con-

cerning (6.7)), it is handled as in the study of (5.11]) and upper bounded by

3d

42
- § k;d 26(2 d)k> = R ——
nd/2 <k1 ~

n

These two bounds lead to the dichotomy d = 2,3 and d > 4 in the statement of
Theorem

Study of (6.3). This term is simpler than (6.4). Following the analysis of (5.7) in
Section[5] the leading term is
— 2
O ola-2k/2 < (108 n)® /4
nd—1 (2—2d)/2 ~ n
k=11,

ek/d

by the choice of t;, = Q/df,k— 1,.

Study of (6.3). Using the method in the previous section, we find that (6.9) is
bounded from above by

(g: \/gu(apk)l/d)d < M_

n

since tj, = and pu(ODy) < k@D/2e=k/2 | =1,

2/d\[
To conclude, it may be checked that all the logarithmic exponents are less than

or equal to
- d>+6d d*> 3d
LY )
thereby completing the proof of Theorem
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