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EXTREMES OF ORDER STATISTICS
OF STATIONARY GAUSSIAN PROCESSES*
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Abstract. Let {X;(t),t > 0}, 1 < i < n, be mutually independent
and identically distributed centered stationary Gaussian processes. Under
some mild assumptions on the covariance function, we derive an asymp-
totic expansion of

P( sup Xy(t) <u) asu— oo,
t€[0,emn ()]

where
me(u) = (P( sup Xy (6) > ) (14 0(1)),
tel0,1]

and {X .y (t),t > 0} is the rth order statistic process of {X;(t),t > 0},
1 < 4,7 < n. As an application of the derived result, we analyze the asymp-
totics of supremum of the order statistic process of stationary Gaussian pro-
cesses over random intervals.
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1. INTRODUCTION

Let {X (t) : t > 0} be a centered stationary Gaussian process with continuous
sample paths. One of the classical results in extreme value theory states that, under
some mild conditions on the covariance function of X,

(1.1) lim P( sup X(f)<u)=¢€"

U—00 te[0,zm(u)]
for z > 0 and m(u) = P(SuPte[O,l] X(t) > u)fl; see, e.g., Leadbetter et al. [IT],
Theorem 12.3.4; Arendarczyk and Dg¢bicki [4], Lemma 4.3; Tan and Hashorva [3],
Lemma 3.3.

* This work was supported by the FP7 project RARE-318984.
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Consider a vector-valued Gaussian stochastic process {X(t) : t > 0}, where
X(t) = (X1(t),..., Xn(t)) with {X;(t) : ¢ > 0}, i = 1,...,n, being mutually
independent copies of { X (¢) : ¢ > 0}. Denote by { X(,.\(t),t > 0}, 7 = 1,2,...,n,
the rth smallest order statistic process, i.e., for each ¢ > 0,

(1.2) X(l)(t) = iiél Xl(t) < X(g)(t) < e < max Xl(t) = X(n)(t)

1<in

1\\

In this contribution we derive a counterpart of (1) for {X,,)(t),t > 0}.

One of important motivations to analyze asymptotic properties of extremes of
order statistic processes is their relation with the conjunction problem. Following
[T4], the set of conjunctions Cr ,, is defined as

Cry :={t€[0,7]: min X;(t) > u},
1<i<n
SO
P(Cry=0)="P in X;(t) <u).
(Oru=0) (tes[%%] i, Xt <w)
We refer to [2], [B], [6], [9], [14] for recent results on asymptotic properties of

P (CT,u 7é Q))

As an application of the obtained result we provide the exact asymptotics of
P( sup Xy(t) >u) asu— oo
te[0,7]

for 7 being a nonnegative random variable independent of X(t). The obtained
asymptotics extends the recent results of Arendarczyk and Debicki [8].

2. PRELIMINARIES

Suppose that X(t) = (X1(¢),..., X, (t)) and {X;(t) : t > 0}, i=1,...,n,
are mutually independent centered stationary Gaussian processes with covariance
function r(t) satisfying the following conditions:

(AD) r(t) =1—t*+o(t*) ast — 0;
(A2) 7(t) < 1ift > 0;
(A3) r(t)logt — 0ast — oo.

Following Debicki et al. [U], let us introduce the generalized Pickands con-
stant as

Hok = Jim S71Ha x(S) € (0,00),

— 00
where

Hoz,k’(S)

k
> wj)IF’< sup min (V2BY(t) —t® —w;) > O)dw € (0,00),

= [e
an P (i:1 tefo,5) L<is<k
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and Bgf) ,2=1,...,n,are mutually independent standard fractional Brownian mo-
tions with Hurst index a/2 € (0, 1], i.e., centered Gaussian processes with station-
ary increments and variance function ¢*.

Let

+1-7r)/2
an  mo) = G e g, (Wzﬂ)
Cn,rlea,n+1fr 2

where
n

Y PR DT PRSI R T
It follows from Theorem 2.2 in [R] that, foreachT > 0and 1 < r < n,

22) P( sup X(t) > 1) = enpo1Hagnrr—r Tu?* (U (u))" 77 (1 4 o(1))
t€[0,T]

T
= () (1+o0(1)) asu— oo,

where ¥ (u) = \/% fuoo exp(—x?/2)dz.

3. MAIN RESULTS

The following theorem constitutes the main result of this contribution.

THEOREM 3.1. Let {X(t),t > 0} be independent and identically distributed
centered stationary Gaussian processes with convariance function r(t) satisfying
the conditions (A1)—-(A3) and assume that 0 < A < B < oo and x > 0. Then

3.1) P( sup Xy(t) <u) —e ¥ asu— oo,
te[0,zm, (u)]

uniformly for x € [A, B|.

Let 7 be a nonnegative random variable which is independent of X. In the fol-
lowing theorem we discuss the asymptotic behavior of P( SUPye(o,7] X (r) (t) > u)
as u — oo. It appears that the qualitative form of the asymptotics strongly depends
on heaviness of the tail of 7.

THEOREM 3.2. Let {X(t),t > 0} be independent and identically distributed
centered stationary Gaussian processes with convariance function r(t) satisfying
the conditions (A1)—(A3), and let T be a nonnegative random variable indepen-
dent of X.

(1) IfET < oo, then, as u — 00,
(3.2)

IP’( sup X, (t) > u) = ETcm«_lenH_Tuz/a (\Il(u))nﬂfr(l + 0(1)).
tel0,7]
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(i) If T has a regularly varying tail distribution at infinity with index \ €
(0,1), then, as u — oo,

(3.3) P(tes[%;;_] Xy (t) >u) =T(1 = NP(T > m,(u))(1+o0(1)).

(iii) If T has a slowly varying tail distribution at infinity, then, as u — 00,

(3.4) P(tes[%%] Xiy(t) > u) =P(T > m(u)(1+0(1)).

The proofs of Theorems Bl and B2 are given in Section B.

4. PROOFS
Before proceeding to the proofs of Theorems B and B2, we give some pre-

liminary lemmas. Let us put 7, = zm,(u) and n, = |7, |. For any € € (0,1) and
1<i<ng,wewritej =[l—1+¢lJand [ =[l—1,1—1+¢].

LEMMA 4.1. Foreach B > A > 0,

@.1)  lim [P( sup X(y(t) <u) —P( sup X((t) <u)| < pie),
U—0o0 te[0,nr] telJ " I

uniformly for x € [A, B|, where p1(¢) — 0 ase — 0.

Proof. Supposethatz € [A, B]. By stationarity, Bonferroni’s inequality (see,
e.g., []) and (), we have

0<P( sup Xy(t) <u) —P( sup Xy(t) <u)

telJrr, 1o t€[0,n,]
= IP’( sup X(r)(t) > u) —IP( sup X(T)(t) > u)
te[0,n,] tel U I
<P( sup  X((t) > u) <nP( sup Xy(t) > u)
el 17 t€[0.e]
5
= :rmT(u)m(l +0(1)) < Be =: p1(e) asu — oo.

This completes the proof. =
LEMMA 4.2. Let ¢ = q(u) = au™2/® for some a > 0. Then

limsup |P( sup X (t) <u) —P( max X (iq) < u)| < pa(a),

U—00 telU'r, I igelJyr I

uniformly for x € [A, B], where pa(a) — 0 as a — 0.
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Proof. Since X;(t) are independent and identically distributed, we obtain

P( max X (iq) > u)

:P( U U {Elkl,...,k:j,Xkl(iq)>u,...,ij(iq)>u})

iqell j=n—r+1

n
=P(U U {3k, ky, X (ig) >y, X, (ig) > u
iqell j=n—r+1

Xk(zq) < u,k 7é kl, .o .,kj})

= > nP(Bigen, Xi(iq) > u,..., X;(iq) > u, Xi(iq) < u, k > j)
j=n—r+1

- P Xi(ig) > u)(1 ).
X cngP(max min, Xi(ig) > u)(L+o(1)

Following De¢bicki et al. [R] we define

1
ro = — 1 (m) _ (¢ < >
“4.2) Hoaj(a) aP<I1?§i( pin (V2B{™(ak) — (ak)™ + nm) < 0),
where 7 = 1,2,...,n,and {B&m),t > 0}, m > 1, are independent and identically
distributed standard fractional Brownian motions which are further independent of
independent unit exponential random variables 7,,,. Using analogous arguments to
those in the proof of Theorem 1.1 in Debicki et al. [8] or Lemma 1 in Albin and
Choi [[I], we have

" Hajla) 1-¢

P(max X,y (iq) > u) =
(quh (i) > u) :;H Hoj Mns1_j(u)

H/a n+1—r(a) 1—-¢
= : 14 o(1 as u — o9,
Ha,n—i—l—r m,r(u>( ( ))

where H',, (@) — Har as a — 0. Therefore, by stationarity, we obtain

0< IP’(Z eIElJaX X (iq) < u) _P(teLSJL’ILP . Xy (t) <u)
1=1"!

< n, max (P(maxX( )(iq) < u) —P(sup Xy (t) < u))

1<i<n, iqel; tel;
<P (X (0) > w) +n,P( sup Xy (t) > u)
te[0,1—¢]

— n, P( qung)alx : X (iq) > u)

= zm,(u) < ( )+ 1_5 Hoami1-r(a) 1_5> (1+0(1))

Ha,n+1—r mr(u)

Han+1—r )

<B(1-tanti=rl@) :
< Hmn—i—l—r > PQ(G)
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where the penultimate expression is due to (Z2). Since pa(a) — 0 as a — 0, the
proof is completed. =

For each 1 < j < m, let {XJ(-k) (t),t = 0}32, be a sequence of independent
and identically distributed centered stationary Gaussian processes that satisfy the
conditions (A1)-(A3). Define

Y;(t)=Xx"(t) iftelk—1,k),
and, for ¢t > 0,
Yy (t) = min Yj(t) < Y(o)(t) < ... < max Yj(t) = Yy (1)

1<j<n
LEMMA 4.3. We have

lim ‘IF’( sup X(r)(zq) ) — P( sup Y(r)(iq) < u)‘ —0.
U—00 quuvw inUln:"'l I

Proof. Define A = NﬁUlnle Lig™t = {iy,i9,...,iq}, where 1 < iy < iy <
. < iq < 00, and observe that

Ay =|P( sup  Xg)(ig) <u) —P( sup Y (ig) < u)
iqgeUiZ, I iq€Up, I

= [P(sup Xy (i) < u) =P (sup¥iy)(iq) < )|
€A €A

Fori € Aand1 < j < n,weput X;; = X, (i) and Y;; = Y;(iq) = ](-Liqﬁl)(iq).
Note that

a3 lk =EX;; X, = EX;(iq) Xk (lg) = r((z —1l)gq )]I{] =k} :=o; ]I{j =k},
o = EYij Y = EX(UQHI)(Z'Q) (Uqu)(lCI)
= r((i — Dg)I{iq) = [lg|}I{j = k} := oy I{j = k}.
It follows from Theorem 2.4 in [[7] that

2 N2
< n(cn—1,-1) o 2(nr) 3 \Ag)\exp (_ (n+1—-71)u )7

Agy <
(r) (27.[.)71—1—1—7’ Ll AiAl 1 + pil

where

pa = max{loji |, o3 [} = [r((i = 1)a) .

o 2(n—r)
PN g Gl L)
il - (1 _ h2)(n+1—'r)/2

i

r((i=1)q) 2(n—r)
- ] el # L))

dh
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Since § := sup{|r(t)|,t = e} < 1, for i,l € A satisfying |iq] # |lq], one has
|(i —1)q| > €, and ’r((z - l)q)’ < 6 < 1. Notice that the integrand in the definition

of AZ({) is continuous and bounded on [0, d], so there exists a constant K such that

A < K Jr((i — D) [I{ Lig) # [lq)}-

Hence
a0 B g (<00
g e (S5)
Mot o T LT ke (- W)
=: P + Py,

where 0 < 5 < (1 —49)/(1+9).
First, we prove that P; — 0 as u — c0. Indeed,

(Y 3 cye v N AN O Sk [l
1 X u ex
(27T)n+1—r q2 1 + )

2/(1+6
n(en-1,-1)" K1 w2 T4 oxp _(n+1-nu? [
(27T)n+1 Tq2 5

2 B-(1-0)/(149)
< Kyut/a-2n=n) (G0 (mti—r=2/0) o <("+1—7’)“>

2

— 0 asu— oco.

In order to show that Po — 0, we put §(¢) = sup{|r(s)log s|, s > t}. By (A3),
we have |r(t)| < 6(t)/logt and §(t) | 0 as t — oo. Moreover,

n+1l-—r 2

log 7, = (1+0(1)) forkq>Tp.

Thus,

o () <on( et~ 2)
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Hence,

{K4u (n= T—exp( (n+1—r)u2)1}

log 7,
q
X7 X Ir(kg)llog(kq)
" TP <kq<T:
w212/ exp ((n 4 1 — 7)u? 1
u4/(a ) exp (—(n+1— r)uQ) )

x & ¥ Ir(kq)|log(ke)
" TP <kq<T,

<KsL S Jr(kg)|log(kq) — 0 asu — oo.
T TP <kq<T;

< Ksu—Q(n—r)

This completes the proof. m
LEMMA 4.4. We have

limsup |P( sup Y (iq) <u) —P( sup Y(,)(t) <u)| <z(p3(a)+e),

U0 igeU I te[0,n,]
where p3(a) — 0as a — 0.

Proof. Since [}, = 1,2,...,n,, are disjoint, {Y{,(t),t € I;} are indepen-
dent, and, by stationarity,

0< IP’( sup Y, (iq) < u) — IP’( sup Y (f) < u)

quUl T tEU?:Tl I
- P( sSup Yv(r) (’LQ) < u)nT - IP)( sSup Yv(r) (t) < U)nr
ig€[0,1—¢] te[0,1—¢]
< ny (IP’( sup Y (ig) < u) —P(sup Y (t) < u))
g€l tel

< Ny (P(Y(r) (0) >u) +P( sup Y(ig) < u)
ig€e[0,1—¢]

—P( sup Y(t) < u))
te[0,1—¢]

ot o) () )

!
<z <1 _ w> —: zp3(a),
an+1l-—r
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where p3(a) — 0 as a — 0. Moreover,

0<P( sup Y(t) <u)—P( sup Y,)(t) <u)

telUr, I te[0,ny]
<P( sup Y(u(t) <u)™ —P( sup Y (t) <u)™
te[0,1—¢] t€(0,1]
< nP( sup Yy (t) > )
te[0,e]
= zm,(u) (1+0(1)) = 2e(1 + o(1)).

my(u)
The combination of the above displays completes the proof. =

LEMMA 4.5. We have

lim P( sup Y(,y(t) <u)=e"

umeo te[0,n,]

Proof. Since

P( sup Yy(t) <u) =P( sup X(y(t) < u)""
te(0,ny,] te(0,1]
= (1 —P( sup X(t) > u))nr
te(0,1]

— (1 _ mr(u)—l)xmr(u)(l + 0(1)) N e—m’
the proof is completed. m

Proof of Theorem Bl The proof of the theorem follows directly from
Lemmas E1-243. =

LEMMA 4.6. For any S > 0, we have
(4.3)

P( sup  Xgy(t) > u) = coro1Hamt1—(S) (T(w)" 77 (1 + o(1))
tE[O,Su*Q/"‘]

as u — oQ.

The proof of Lemma BE-d follows line-by-line the same reasoning as the proof
of Theorem 2.2 in [K], and thus we omit it.

Proof of Theorem B2 (i) For any ¢, u, S > 0, let us put

Nt: {Su;/aJ and Ak = [k‘SU_Z/a, (k’—Fl)SU_Q/a] with k}:(), 1, ey Nt.
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Upper bound. By stationarity of the process {X,)(t),t > 0} and Lem-
ma B, we obtain

P( sup Xy(t) >u) = [ P( sup X(y(s) > u)dP(T < t)
t€[0,7] 0 s€0,t]
u2/a 00
<IP)(supX(r)() )< 5 ftd]P’ )—|—1>
s€Ag
Ha n+1—r(S)

= SO e BT ()" (14 o(1))

as u — oo. Thus, letting S — oo, we get

P( sup X((t) >u) = cnvr_lsHa,nH_ruQ/aET(\Il(u))nH*T(1 +0(1)).
tel0,7]

Lower bound. By Bonferroni’s inequality, we have

8

44) P( sup Xy(t) >u) = [P( sup X((s) >u)dP(T <t)
t€[0,7] 0 s€[0y]
> [P( sup Xy (s) > u)dP(T < t)
0 s€[0,t]

2/a u
> P(sup Xy(s) > u) (u [tdP(T <t) — 1>
s€Ag S 0

— [ > P(sup X()(s) > u, sup X((s) > u)dP(T < t)

0 0<i<j<N;  S€EA; SEA,
= Il — IQ.
Note that
(S _
I = wcn,r_lmu”a(xp(u))”“ "(140(1))

as u — oo. Thus, letting S — oo, we obtain
(4.5) It > oot Hons1—ru® “ET (¥(w)" 7"

Hence, in order to complete the proof it suffices to show that Iy = o(I1) as u — 0.
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Indeed, we have

u Nt

I= [ (Ny—k)P( sup Xy (s) > u, sup X()(s) > u)dP(T < t)
0 k=1 EISPANG) SEA

2/05 u Nu

5 JtdP(T <t) Y P( sup X((s) > u, sup X((s) > u)
0 k=1 S€A¢ sEA

u
<

w2/

Ny
ET Z IP)( sup X(T)(S) > u, sup X(r)(s) > u)
k=1 SGAO SeAk
u2/a Ny
< Cnr1—gET P( sup min  X;(s) > u, sup X (s) > u
g BT L B(sup min | Xils) >, sup Xo(s) > u)
u2/a

Ny,
< 1—ETY P i X; i X;
S BT P(sup | min  Xi(s)>u, sup | min, | Xi(s)>u)

<

2/ Ny
u

_1—ET P i X, X
tnr1mg k; (sseufo |<iSntl—r i(s) >, sselg)k () >,

. be <
SSEuApk 1§ig}3£1,r Z(S) X ’LL)

=: Iy + Ioo.
Since

NTI
i . i (<) <
glp(sseuﬁ) BB, Xils) > w sup | min, | Xi(s) <, 59P Xir(e) > u)

< NP( sup Xq(s) > u)n+2_r,
s€Ng

we get I = o(I1) as u — 0o. Moreover, using the relations

u2/a Ny
Iy <eppro1——ET > IP’( sup Xi(s) > u, sup Xi(s) > u)
S S selo s€A

1 Ny n+r—1
—— > P( sup Xi(s)>u, sup Xi(s >u> ,
§1/(n+r=1) kgl (SEAO 1( ) SEA 1( ) )

n+r—1

< Cn,r1u2/aET<

we are left with finding a tight asymptotic bound for

1 Ny
— P( sup X1(s) > u, sup Xi(s) > u),
g7 X (S0P Xi(6) >, sup Xi(6) > u)

which follows by the same argument as that given in the proof of Theorem D.2 in
[I2] (see also the proof of Theorem 3.1 in [4]), with the minor exception that the
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first term in the above summand is bounded by

P( sup Xi(s) > u, sup Xi(s) > u)

SEAO SEAl
<P( sup  Xi(s) >u, sup Xi(s) > u)
s€[0,5u—2/e] [(S+Sl/(2(n+7‘71)))u72/a7
(2$+Sl/(2(n+r—1)))u—2/a]
+P( sup Xi(s) > u).

56[0751/(2(714»7”71))“{72/(1]

This completes the proof of Theorem 3.1(i).
(ii) For any 0 < A < B < oo and sufficiently large u, we make the following
decomposition:

P( sup X (t) > u)

te[0,7]
Amy(u)  Bmgr(u) 0o
=( J 4+ [ + [ )P(sup Xp(s)>u)dP(T <t)
0 Amy(u)  Bmy(u) s€[0,t]
=1L+ 1L+ I

We analyze 11, I5, I3 separately.

Integral Ij. Since the process {X(,(t),t > 0} is stationary, by Bonfer-
roni’s inequality, we have

Amy(u)
(4.6) L <P(sup X((s) >u)( [ tdP(T <t)+1)
s€[0,1] 0
=P( sup X((s) > u)
s€[0,1]

Amy(u)
X ( { P(T > t)dt — Am,(w)P(T > Am,(u)) + 1).

Using Karamata’s theorem, we get

Amy(u)
[ BT >t)dt = %Amr(u)P(T > Amy(u))(1+0(1)) asu — oo,
0

which, combined with (E6) and Theorem 2.2 in [K], implies that

6L < %AP(T > Amy(u)) (1 + o(1))
= %Ak)‘P(T >m,(u))(1+0(1)) asu— oo.
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Integral I3.Itis straightforward that
I3 <P(T > Bmy(u)) (1 +0(1)) =B *P(T > m,(uv))(1+0(1)) asu— co.

Integral Is. Forany e > 0 and sufficiently large u, applying Theorem B,
we get the upper bound

L= [P( sup X()(s) > u)dP(T < am.(u))
A 56[0 xmy(u)]

(1+¢) fl—e dP(T < am,(u))

B
e) [ e "P(T > am,(u))dz — (1 +¢)(1 — e_B)IP(T > Bmy(u))
+(1+e)(1—e" ) (’T>Amr( ))

and similarly we obtain the lower bound

I, > (1—¢) 76 P(7 > zm,(u ))da:—(1—5)(1—673)]P’(T>er(u))
A
+(1—-¢e)(1—e" )]P’(T > Amy(u)).

Since 7 has a regularly varying tail distribution at infinity, by Theorem 1.5.2 in [5],
we get

B
iefx]P)(T>$mr(u))dx =P(7T >m.(u)) efwﬂf)‘di(l—i-o(l)) as u — 0.

e

Thus, forany ¢ > 0and 0 < A < B < oo, we obtain
I
limsup——

(u))
(1+e¢ (jEix xdl’—(1—673)37)\—'—(1—@714)%17)\)
0

and
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Therefore, letting A — 0, B — oo, and € — 0, we find that /; and I3 are negligi-
ble, and
L=T(1-XNP(T >my(u))(1+0(1)) asu— oo,

which completes the proof of Theorem 3.2(ii).
(iii) Lower bound. From Theorem B, for any given B > 0, it follows
that

P( sup X((t) >u) =P(  sup  X((s) > u)P(T > Bm,(u))
tel0,7] s€[0,Bmy(u)]
=(1- e_B)IP’(T > my(u)) (14 o(1))

as u — oo. Thus, letting B — oo, we obtain the asymptotic lower bound

P( sup X(t) > u) 2 P(7T >my(u)(1+0(1)) asu— oo
t€l0,7]

Upper bound. For given A > 0, we get

P( sup X(t) > u)

t€[0,7]
Amy(u)
< P(sup X()(s) > u)dP(T <t)+P(T > Am,(u))
0 s€[0,¢]
Amy(u)
= [ P(sup Xgy(s)>u)dP(T <t)+P(T >m(u))(1+o0(1))
0 s€[0,t]

as u — 00. Due to the stationarity of the process { X,(t),t > 0} and Bonferroni’s
inequality, we have

Amy(u)
“4.7) [ P( sup Xy(s) >u)dP(T < t)
0 s€[0,¢]
Amy(u)
<P( sup X((s) > u)( [ tdP(T <t)+1)
s€[0,1] 0
Amy(u)
<P( sup Xi(s) >u)( [ P(T >t)dt+1).
s€[0,1] 0

From Karamata’s theorem (see, e.g., Proposition 1.5.8 in [8]), we get

Amy(u)
[ P(T > t)dt = Am, (u)P(T > Amy,(u)) (14 o(1))
0
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as u — 00, which, combined with (BZ) and Theorem 2.2 in [B], implies that

P(tes[lépl'] Xiy(t) >u) < 1+ AP(T > mp(u) (1+0(1))

as u — oo. Letting A — 0, we obtain (B4). This completes the proof of Theo-
rem3.2. m
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