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Abstract. We study the almost sure convergence of weighted sums of
dependent random variables to a positive and finite constant, in the case
when the random variables have either mean zero or no mean at all. These
are not typical strong laws and they are called exact strong laws of large
numbers. We do not assume any particular type of dependence and further-
more consider sequences which are not necessarily identically distributed.
The obtained results may be applied to sequences of negatively associated
random variables.
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1. INTRODUCTION

Let {X,,n > 1} be a sequence of independent random variables with the
same distribution as the r.v. X. In the case E|X| < co and EX # 0, from the
classical Kolmogorov strong law of large numbers it follows that

1

Jim REX ; Z X, = 1 almost surely.

(1.1

On the other hand, Chow and Robbins [4] proved that in the case E | X | = oo, there
is no sequences {M,,,n > 1} such that

1 n
(1.2) lim — > Xj = 1 almost surely.

A similar result was obtained by Maller [I1] when EX = 0. Thus, we focus on
the case EX = 0 or E | X| = oo, asking if there exist sequences of real numbers
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{an,n > 1} and {b,,,n > 1} such that

n

1
(1.3) lim — > a, Xy = 1 almost surely.

Problems of this kind are called exact strong laws of large numbers and have been
widely studied by Adler (see [[I] where further references may be found). The as-
sumption of independence in (ITl) and (I2) was relaxed by Etemadi [8] and Hong
and Park [[7] to pairwise independence. While there is a lot of results implying ()
under dependence assumptions, the conditions for (I2) and (I3) remain unknown
for dependent sequences and for sequences of r.v.s with different distributions. The
goal of this paper is to fill this gap.

We do not make any particular assumptions on the dependence structure of the
r.v.s. Instead of this we shall make use of the following conditions. The first one is
related to the second Borel-Cantelli lemma.

ASSUMPTION 1.1. Let {Y,,n > 1} be a sequence of r.v.s with the same dis-
tribution as the rv. Y wzth the following property. For any sequence {b,,n > 1}
of real numbers, if > >~ P(|Y| > b,) = oo, then

P (limsup{|Y,| > b,}) = P(|Y,]| > by, i.0.) = 1.

The other assumption is related to the so-called second Kolmogorov-type
maximal inequality for moments.

ASSUMPTION 1.2. Let {Yy,,,n > 1} be a centered sequence of square-inte-
grable r.v.s such that

C M
P( max [S, —Snul>¢e)< 5 >
m<n<M IS k=m+1

for some C > 0, every 0 < m < M, with S,, = ZZ:1 Y:, Yo =0 and Sy = 0.

In order to discuss when the above conditions could be satisfied, let us recall
some definitions. The notion of negatively quadrant dependent (NQD) r.v.s is due
to Lehmann [[T0].

DEFINITION 1.1. We say that {Y,,,n > 1} is a sequence of pairwise nega-
tively quadrant dependent random variables if

P(Yi <, Yim <y) <P (Yi < )P (Vi <)

forall k,m € N, k #% mand z,y € R.

The more restrictive concept was introduced by Joag-Dev and Proschan [K].
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DEFINITION 1.2. We say that {Y,,,n > 1} is a sequence of negatively asso-
ciated random variables if for any finite, nonempty and disjoint subsets A, B C N
and coordinatewise nondecreasing functions f: RC*44 R and g: RC»4B LR,
the inequality

Cov (f (Yisi € A),g(Yj:j € B)) <0

holds whenever this covariance is finite.

A weaker definition of asymptotically almost negatively associated (AANA)
random variables was introduced by Chandra and Ghosal in [3].

DEFINITION 1.3. A sequence {Y,,,n > 1} of r.v.s is called asymptotically
almost negatively associated if there exists a sequence {g(m); m > 1} of nonneg-
ative numbers, converging to zero, such that

(14)  Cov (f(Ym), 9(Yms1s-- - Yiir))
< q(m) (Var (f(Yin)) Var (g(Yini1, . .- ’Ym+k))>1/2

for all m, k > 1 and for all coordinatewise nondecreasing continuous functions f
and g, whenever the right-hand side of (I"4) is finite.

Finally, let us recall the notion of p~-mixing sequences which was introduced
by Zhang and Wang (see [4]).

DEFINITION 1.4. A sequence {Y,,,n > 1} of r.v.s is called p~ -mixing if
p (s) =sup{p (S,T):S,T C N,dist(S,T) > s} -0, s— o0,
where
Cov (f(Yi,i € 5),9(Y),j € T))
\/Var (f(Yi,i€ S)) Var (g(Y;,j €T))

p~ (S,T) := max | 0;sup

and the supremum (in the definition of the mixing coefficient p~ (-, -)) runs over all
coordinatewise nondecreasing functions f and g.

From the properties of the above-mentioned dependence concepts it follows
that Assumption 1.2 is satisfied by negatively associated sequences, AANA with
> q*(m) < oo and p~-mixing sequences with summable mixing coefficients
(see [A]). In Section 2 we shall prove that Assumption 1.1 is satisfied by sequences
of pairwise NQD r.v.s. It should be noted that negatively associated sequences are
AANA and p~-mixing as well as they are pairwise NQD. Among examples of neg-
atively associated r.v.s we can find negatively correlated Gaussian sequences, fur-
thermore the considered classes of dependent variables are closed under monotonic
transformation of the r.v.s. This property will be used in construction examples in
the last section of the paper.
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In this paper we study sequences of r.v.s with different distributions and for
this reason we need the following assumption.

ASSUMPTION 1.3. We say that a sequence { X,,, n > 1} of r.v.s has uniformly
equivalent tails to the tails of the r.v. X if

P(X, < —x) ‘
sup| ———=— 1| —0, z— 400,
neN P(X<—l’)

P(X, > z) ‘
sup| ———— -1/ —0, z — 400,
neN P(X>‘T)

where P(X >x) =0 iff P(X, >xz) =0, as well as P(X < —z) =0 iff
P(X,, < —z) = 0. In such cases we understand that “0/0” = 1

The paper is organized as follows. In Section 2 we extend the results of Chow
and Robbins [4] and Hong and Park [[] on exact sequences to r.v.s satisfying As-
sumption 1.1. In Sections 3 and 4 the results of Adler [[I] are extended to sequences
satisfying Assumptions 1.2 and 1.3. The examples are discussed in Section 5. The
proofs are essentially similar to those known from the case of independent random
variables, but for completeness we present most of the details.

2. EXACT SEQUENCES

In what follows we proceed as in the papers of Chow and Robbins [2] and
Hong and Park [[7], the proofs are essentially unchanged, and therefore we omit
the details. Instead of making the assumption of the independence of the random
variables under consideration, we shall assume that the sequence satisfies the sec-
ond Borel-Cantelli lemma in the form described in Assumption 1.1.

LEMMA 2.1. If {b,/n;n > 1} is positive and non-decreasing, and Assump-
tion 1.1 is satisfied, then ">~ P(|X| > by,) = oo implies

IP’(lirnsup | Xn|/bp, = c0) = 1.

n—oo

LEMMA 2.2. If {b,/n;n > 1} is positive and non-decreasing, and Assump-
tion 1.1 is satisfied, then Z P(|X| > by) < oo implies

IP’( lim | X,|/b, =0) =1.
n—oo
In the next lemmas we deal with the partial sums S, = Y, _; X}, of the se-
quence {X,;n > 1}.

LEMMA 2.3. If {b,/n;n > 1} is positive and non-decreasing, and Assump-
tion 1.1 is satisfied, then ">~ P (|X| > by,) = oo implies

]P’(limsup |Sn| /by, = 00) = 1.

n—oo
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LEMMA 24. If {b,/n;n > 1} is positive and non-decreasing, Assump-
tion 1.1 is satlsﬁed and E|X| = oo, then for any subsequence {ny;k > 1} the
conditiony > | P(|X| > b,) < oo implies P (lim infy,_ o |Sp, |/bn, = 0) = 1.

The main result of this section is an improvement of Theorem 1 in [[Z]. The
proof relies on the aforementioned Lemmas 2.1-2.4 and follows the lines of [[7],
therefore the details will be omitted.

THEOREM 2.1. If Assumption 1.1 is satisfied and E | X| = oo, then for any
sequence {by;n > 1} of constants,

either ]P(hmlnf|Sn/b | =0) =1orP(limsup|S,/b,| =) =1,

n—oo
and in consequence P (lim,, . Sy, /b, = 1) = 0.

From the above theorem we can derive a supplement to the strong law of large
numbers for pairwise NQD random variables proved by Matuta in [17].

THEOREM 2.2. Let {X,;n > 1} be a sequence of pairwise negatively quad-
rant dependent random variables with the same distribution as the r.v. X. Then the
following two conditions are equivalent:

2.1 P(lim S,/n=¢) =1 for some constant c € R;
n—oo

2.2) E|X| < cc.

If (I2) holds, then ¢ = EX. If (I2) does not hold, i.e. E|X| = oo, then for any
sequence {by;n > 1} of constants P (lim,, ., Sy, /by, = 1) = 0.

Proof. We have to prove that the sequence of pairwise NQD r.v.s satisfies
Assumption 1.1. In the case that infinitely many of b,,’s are negative, we have
automatically > >~ P(|X| > b,) = oo as well as P (|X,,| > by, i.0.) = 1, and
therefore the 1mpllcat10n stated in Assumption 1.1 is satisfied irrespective of the
dependence structure of the sequence { X,,;n > 1}. Thus we may and do assume
that b,, > 0 for all n € N. Let us introduce the events A,, = {X,, > b, } and B,, =
{X,, < —by}. From the NQD property, for n # m, we have

P(An N Ap) <P (An)P(An),
P(Bn N By) <P (Byp) P (Bm).

From Y > P(|X| > b,) = co we geteither Y~ | P(A,) = ocory > P(B,
= 0. Thus by Lemma 6.2, p. 200, in [I3] we have P (limsup A,) = 1 or
IP’(lim sup By,) = 1, and consequently P (| X,,| > b,,i.0.) =1. =
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3. EXACT STRONG LAWS - MEAN ZERO CASE

In what follows, log x = In z is the natural logarithm with base e. In this sec-
tion, we shall assume that

(3.1) E|X|<oo and EX =0.

Adapting the notation of Klass and Teicher [9], we define the function
o0
a(z) = [P(|X|>t)dt.
xr

We have also to assume that the random variable X is unbounded (for convenience,
at least unbounded from above). In this case,

P(|X|>t) >0 foreacht> 0.

Since 1(0) = E|X| > 0 and P (| X| > t) is monotone decreasing, we have:
o fi(x) is decreasing to zero,

o f(x) > 0 foreach x > 0,
o limy_oo tP (| X| > ¢) = 0.

LEMMA 3.1 (Lemma 1 in [0]). Assume that there exist a constant B > 1 and
a slowly varying function L(x) such that, for each x > 0,

(3.2) B 'L(z) < 2P (| X| > x) < BL(x).

Then

(@) limy oo 2P (| X| > ) /E(z) = 0,

(b) fi(z) and 1/1a(z) are slowly varying functions,

(¢) lim,_,o logzi(x)/logx = 0.

Now, let us define the following function, which is a slightly modified formula
of that in [0]:

T
- = > 0.
@)= deger ey "0
Let us observe that
dc _ fi(z)(log(w +¢) — 5%5) 1 0.
dx (1(z) log(x + e))2 () log’(z +e) ~

moreover,

o () = (11— 28HLE) _ loglote 0

logzx — o0 asx — oo,
log log
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thus C'(x) — oo as ¢ — oo. This means that C' : [0, 00) — [0, 00) is a continuous,
increasing bijection. Let us denote by ¢(z) = C~!(x) the inverse function. Define
a sequence {c,, n > 1} by ¢, = ¢(n). It is immediate that

lim ¢, = occ.
n—oo

From the definition, we obtain the following equality:
3.3) cn = np(ey) log(ey, + e).

The main property of the sequence {c,, n > 1} is described in the following
lemma.

LEMMA 3.2 (Lemma 2 in [[]). Under the assumptions of Lemma Bl we have

1
lim —8 _ 1,
n—oo logn

Let us define the measure of symmetry of the r.v. X as the following coefficient
(we assume that this limit exists):

EX-I[X~ > x]
4 c= 1
34) €T S EXHIXY > 1]’
where X+t = XI[X > 0] and X~ = —XTI[X <0]. Then X = X* — X~ and
X|=XT+X".
. Cpe P(X<—z) -
REMARK 3.1. As noted in [0], if lim,— oo PX>2) =0, thenc = 0.

The properties of the truncated moments of the r.v.s X, X+, X~ and | X | will
be collected in the next lemma. The proof is essentially included in the proof of
Theorem 1 in [[I].

LEMMA 3.3. Under the assumptions of Lemma Bl we have

@) lim E|X|]E[|X| >x] 1
a—00 p(z)
EXHI[X+ EXT[X~
(b) lim X7 > 2] +EXTIXT >a]
a—00 fi(z)
© g BXTIXY > o] 4 BX X~ >a] _ |
¢ Fa EX+I[X+ > 4] - Te
EX (X~ ¢
) lim X~ >a] _ _c

T—00 ,u,(aj) 1+ E;
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(e) if, moreover, EX = 0, then

Now let us investigate the properties of sequences with uniformly equivalent
tails, i.e. satisfying our Assumption 1.3. For any nonnegative random variable Y
we have the formula

o0
EY =aP (Y >z)+ [P(Y >t)dt,
x
and in consequence, for z > 0,
oo
EXTIXT > ] =2P(Xt >2)+ [P(XT > t)dt
x

=P (X >m)+of]P>(X > t) dt

and

EX I[X™ >a] =aP(X~ > )+ OfoP(X* > t)dt
= 2P (-X > 2) +OfO]P>(—X > ) dt.

Further, under the assumption EX = 0 we have
EXT[|X|< 2] = —EXI[|X]| > 2] = -EXTI[XT > 2] + EX I[X~ > 1.
We shall examine the following quantity for large x:

EX [ X, <z] -EXJI[X >a2]+EX,1[X, > a]
EXHI[X+ >a] EXAI[X+ > x ‘

From our assumptions, for any £ > 0, there exists x(¢) such that for any = > z(¢)
we have

P(X, < —

P (X, >

’IP(();>§))_1'<E foreachn € N,
EX-T[X~ > ]

c— < cCc+e.

*SEXFI[XT > 4
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Therefore,
1-e)P(X >2)<P(X,>2)<(1+¢)P(X > x),
1-e)P(X <—2)<P(X, <—2)<(14+¢)P(X < —2z).
Thus,

EXAX; >l | 1:(16)IP’(X>:U)+(1s){IP)(X>t)dt:1€

EXHI[X+ > ] EXTI[XT > a]

and

oo
2P (X, < —x)+ [P(X, < —t)dt
EX;1[X,; >z] (X ) { (Xn )
EXHI[X+ >x] EXHI[X+ > 7]
_ 1+ oEXTT[X™ > a]

S EXFI[X+ >z

< (1+¢)(c+e).

Consequently, for z > x(¢) and all n € N, we get

EX,I[|X,| < 2]
EXHI[XT > 1]

Thus, for any ¢, — o0,

<-1l+e+(1+¢e)(c+e).

EX,I[|Xn] < cn]

1. S ]..

PSP EXFI[XT >
Similarly we get

lim inf c—1.

n—oo EXTI[XT > ¢, -
We have proved the following lemma.

LEMMA 3.4. Let {X,;n > 1} be a sequence of r.v.s with uniformly equiva-
lent tails to X, and {c,;n > 1} be a sequence of real numbers such that
lim,, oo ¢y, = 00. Then

. P(Xn>cn) . P(Xp<-—cy) . P(Xp|>cy)
m ——=1lm ———> = lim ————% =1;

n—oo P(X >¢,) n-ooo P(X <—c¢,) n—ooo P(X|>c¢p)
in consequence,y | P (| Xy| > ¢p) < ocoiff >~ P(IX| > ¢n) < c0. If, more-
over, EX = 0 and (B4) is satisfied, then

lim EX, [ X < ¢
n—oo EXFI[X+ > ¢,]
EX, [ Xy < ¢

I =1
nooo EXT[|X|<cn]

—z—1,
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and, in consequence,

C EX,I[|Xn| <ca] -1
lim — = — .
n—o0 (cy) c+1

An elementary lemma concerning convergence of real sequences will be need-
ed in the proofs.

LEMMA 3.5. Let {Ap;n > 1}, {Byp;n > 1}, {ap;n > 1} and {Bn;n > 1}
be sequences of positive real numbers such that lim, .., A,/B, = 1 and
limy, o0 Br, = 00. Then

1
lim —ZakAk:a

n—oo n gp—1

for some constant a, iff

THEOREM 3.1. If{Y,,n > 1} is a sequence of centered r.v.s which satisfy As-
sumption 1.2 and ">, Var (Y;,) < oo, then the series | Yy, is almost surely
convergent.

Proof. We proceed as in the book of Petrov (see [[3], pp. 204-205). =

Let us define the normalizing sequences as b,, = (log n)b for some b > 0, and
ap, = by /c, with ¢, defined previously.

THEOREM 3.2. Let {X,,,n > 1} be a sequence of random variables satis-
fying Assumption 1.3 with X such that (B22) holds. Assume that for any nonde-
creasing bounded functions { f,,n > 1}, the sequence Y,, = f(X,) — Ef,(Xy)
satisfies Assumption 1.2. If (Bdl) and

(3.5) S P(1X] > en) < 00
n=1

are satisfied, then

. c—1
n11_>11(r)10 b kgl ap Xy = et D) almost surely.

Proof. Letus define the following functions fi(z) as the monotonic trunca-
tion:
—Ck, T < —cCg,
fk('r): Zz, ‘-r‘ < ¢,
Ck, X > Ck.
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Then we have

12 12

0 > ak F Z k(fe(Xk) — Efi(Xk))

n k=1 k=1

12 1 12
+ — Z akaH(|Xk] >Ck)+* Z akckﬂ (Xk<—ck)—— Z akckﬂ (Xk>ck)

bn E—1 bn k=1 bn k=1

1 2 1 2
+ bf Z arciP (Xk > Ck) — bf Z arcilP (Xk < —Ck)

n k=1 k=1

1 m

n k=1

= A1+ Ay + A3 + Ay

To prove that A; — 0 almost surely, as n — oo, we will show that
>0, Var(fn(Xn)/cn) < oo and apply Theorem Bl together with Kronecker’s
lemma. We have

0o Cn 00 2 nl < cn
5 var (2120 § P (X0l > en) | 2 BXZL(Xal < )

2 2
Ch Ch

n=1

From Assumption 1.3 and Lemma B4 it follows that there exists a constant M >0
such that P (|X,,| > ¢,) < MP(|X| > ¢y) for all n > 1, and P (| X,,| > t) <
MP (|X| > t) forall t > 0. Thus, by (B3),

oo o0
(3.6) SN P(|Xn| >en) S MDD P(|IX] > ¢p) < o0.
= n=1
Moreover,
X EXZI(|X] < 1
37 Y ”(|2| ¢ o5 L = [ P (1X,] > 1) dt
n=1 Cn n=1 TL 0
o0 1 Cn
<2BM Y — [ L(t)d
n=1 % 0
since, by the Karamata theorem, fo t)dt/(zL(z)) — 1 as @ — oo, thus

L(t)dt/(cnL(cn)) < Bi for some By, it follows that the right-hand side of
the inequality in (BZ2) is less than or equal to

< Licn) 2 &
2BMB; Y. = <2B?MB;, . P(|X] > ¢n) < o0.
n=1 ©Cn n=1

The almost sure convergence Ao — 0 as n — oo follows from the first Borel—
Cantelli lemma, which is a consequence of (B33) and Lemma B-4.
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From the relation (B8) it follows that Y > | P (X,, > ¢,) < oo as well as
o2 P(X, < —¢n) < 00, so the Kronecker lemma implies A3 — 0 as n — co.
It remains to investigate A4 = i > opy arEXGI (| Xy | < ¢x) or, by Lemmas
B3-373, equivalently, i Zzzl arfi (ck), but it goes along the lines of the paper

by Adler [I]. =
4. EXACT STRONG LAWS - INFINITE MEAN CASE

In this section we assume that E | X | = co. Define the function

w(z) = [P(X]>t)dt.

o~—s8

Then X is unbounded, and in this case PP (|X| > ¢) > 0 for each ¢ > 0 (for con-
venience, we assume that it is at least unbounded from above) and u(x) — oo as
T — 00.

It may be useful later on to observe that for a nonnegativer.v.Y > Oandz > 0
we have EYT[Y < z] = —2P (Y > z) + fox]P’ (Y > t)dt. Thus,

E|X|1[X|<a]=—-aP(|X|>z)+ [P(|X]|>t)dt,
0

u(z) = ZIP(|X| > t)dt = E|X|I[|X] < 2] + 2P (| X| > 2).

LEMMA 4.1 (Lemma 4 in [[I]). Assume that there exist a constant B > 1 and
a slowly varying function L(x) such that (B2) holds. Then

(@) limg oo 2P (| X| > ) /() = 0;

(b) w(z) and 1/p(x) are slowly varying functions;

(¢) limg_ o0 log pu(x)/logx = 0.

From the above lemma it follows that there exists (L) > 0 depending on the
function L and the distribution of X such that, for z > x(L),

2P (| X| > x) < 1

pla) 2
Now, let us define the function
x
Clz)=—+—— forz>z(L
@) = o 72D

and linear between C(0) = 0 and C'(z(L)) > 0, i.e. for 0 < 2 < x(L). Let us
observe that
dC - % log 2

st >0
dr = p(z)log*(x +e)
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since the denominator attains its minimum value at e. Moreover, for z > z(L),

s ) = (1~ ) _logloata

logx — o0 asx — oo,
log log x

thus C'(z) — oo as  — oo. This means that C' : [0, c0) — [0, 00) is a continuous,
increasing bijection. Let us denote by ¢(z) = C~!(x) the inverse function. Define
asequence {c,, n > 1} by ¢, = ¢(n). Itis immediate that lim,,_,, ¢, = 00. From
the definition, the following equality holds for sufficiently large n:

4.1 cn = nu(cn) log(e, + €).

The main property of the sequence {c,, n > 1} is described in the following
lemma.

LEMMA 4.2 (Lemma 5 in [[]). Under the assumptions of Lemma Bl we have

log ¢,

lim =1.

n—oo logn

Let us define the measure of symmetry of the r.v. X as the following coefficient
(we assume that this limit exists):

. EXI[X <4
4.2 =1
(42) €T I EXFI[XY <]’
where X = XT[X > 0] and X~ = —XI[X > 0]. Then X = X* — X~ and
X=X+ X".

LEMMA 4.3 (Lemma 6 in [[]). Under the assumptions of Lemma B if
lim, oo P(X < —z)/P(X > x) =0, then c = 0.

Again the properties of the truncated moments of the r.v.s X, X+, X~ and
| X' | will be collected in the next lemma. The proof is essentially included in the
proof of Theorem 2 in [1].

LEMMA 4.4. Under the assumptions of Lemma Bl we have

<
@) i EIXIIIX[ < 2] _ 1
2T @)
EXHI[XT < 2] + EX I[X~ <
(b) lim [ *l+ [ 7y,
z—00 p(x)
© lim EXTIXY <z] +EXI[X~ <z] | te
T—00 EXHIX+ < z] B ’
EX-TI[X~ < EXHI[X < 1
@ lim [ q_ ¢ d lm [ =l _ ,
T—00 () 1+c¢ T—00 () 1+c¢
EXT]|X| < 1—
) lim [X]<a] _1-¢
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116
1} be a sequence of r.v.s with uniformly equiva-

LEMMA 4.5. Let {X;n >
lent tails to X with EX = oo and satisfying (B2). If {c,;n > 1} is a sequence of
real numbers such that lim,,_,~, ¢,, = 00, then
. EXLI| X, <ep
lim

e plen)

]:1—0

Proof. In view of Lemma E4(e) it suffices to show that

< n| < mn
i EXal %] < ea] ~EXTX| <eal _
p(cn)

n—oo

For any € > 0, we choose z(¢) as in the considerations prior to Lemma B4. Then
for z > z(¢) and all n € N, we get the upper bound

| - EXT[|X| < 2]

EX,I[|Xn| <z
] -EXTIXT <=z

=EXI[X,F <z2]-EX, I[X, <
= —zP(X,f > z)+ [P(X;} > t)dt + 2P(X,, > z) —
0

+EXI[X™ < 2

P(X;, > t)dt

P(X™ > t)dt

D%R o%a

+2P(XT > ) —

71@(}# >t)dt — 2P(X™ > x) +
0
—(1—¢e)aP(XT>2) + 2P(XT>z) + (

1+e)zP(X™ >z) —2P(X™ >x)

T

$(€) €T
+ [ PX;;>t)dt+ [ P(XE>tdt— [P(XT > t)dt
0 z(e) 0
I(&) €T x
[ P(X,, > t)dt + fIP’(X_ > t)dt

- [ P(X,, >t)dt —
0 z(e)
< exP(|X| > x) + x(e

P(X~ > t)dt + fIP(X— > t)dt
0

)

=ezP(|X| > z) +2(c) +e [P(XT > t)dt
0

j[@ Xt >t)d j]@(X* > t)dt
0 0

—(1-¢)

8
o~ —y

P(X~ > t)dt + (1 — ¢) xf)ﬁv(x— > 1)t + [B(X > t)dt
0

—(1-¢)
0

o~—=8

T

(2 —e)a(e) + ¢ [P(X| > t)dt

< exP(|X| > z) +
0
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Since p(e,,) — 0o, by Lemma B we get

. EX,I[| X, < ¢en] —EXI[|X]| < ¢
lim sup < e.
n—0o0 :U’(Cn)

Similarly we obtain the lower bound and the bound for lim inf. =

As in the previous section we define b,, = logb n for some b > 0, and a,, =
by /. With such weights we get the following theorem.

THEOREM 4.1. Let {X,,,n > 1} be a sequence of random variables satis-
fying Assumption 1.3 with X such that (B2) holds. Assume that, for any nonde-
creasing bounded functions { f,,,n > 1}, the sequence Y, = fn(Xy) — Efn(Xy)
satisfies Assumption 1.2. If E | X | = oo and (B3) holds, then

1—c¢
1
nﬁﬁobn;ﬁ“ et 1)

Proof. The proof is similar to that of the previous theorem. We split the sum
in the same way, and deduce that A;, Ay, A3 — 0 in the same way. To study the
convergence of A4 we apply Lemma B3, where it is proved that

EX, I X5 < ¢ 1—c
—
p(cn) l+ec
and we proceed as in [1]. =

almost surely.

as n — oo,

5. EXAMPLES

A starting point in constructing our examples will be a sequence of negatively
associated r.v.s. We extend the example presented in [6] and construct an example
of a sequence of negatively associated r.v.s with the same distribution or different
distributions but satisfying Assumption 1.3, for which the exact strong law may be
applied.

EXAMPLE 5.1. Let us consider a Gaussian sequence {&,;n > 1} such that
&,’s have the standard normal distribution and Cov (&;, ;) = —aij, 1 # j, aij > 0,
with Zzl Z(;il a;; = A < 1. These r.v.s are negatively correlated Gaussian and,
according to Joag-Dev and Proschan [R], are negatively associated. To show that
such a sequence exists it suffices to prove that the matrix A,, = [—aij] 1<ij<n with
a;; = 1 is positive definite and it is indeed the covariance matrix of the vector
[€1,&2, ..., &) Let us write A,, = I — B, where I is a unit matrix and B = [a;;]
with a;; = 0.

Let us focus on the matrix B. We put x = [z1, ..., z,] and by the inequality

2 2
i TTj < aij% which holds for any i, j, we get, forany 1 < k < n,
> AikTiTk < Z Qi + 5Tk D Ak < HXH + xkAk A 1=,
=1 i=1 i=1

l\D \
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where Ay, = Y °, a;. Therefore,

n n
xBx! = do> aipzizy < A ”XH2;
k=1i=1

and finally
xA,x" = ||x]|? = xBx” > (1 - A) ||x]|* >0

provided that x # 0.

Now, let us denote by ® the standard normal distribution, and let F;, be any
distribution with the quasi-inverse F\ ). Define X, = F\ " (®(&n)). Then
{Xn; k > 1} is a sequence of negatively associated r.v.s with distributions F),.

Let us note that all the examples of distributions given in [I] may be used in
our Example 5711 to show how Theorems B2 and BTl work in the case of identically
distributed random variables.

Let us begin with a modification of one of those distributions.

EXAMPLE 5.2. To illustrate Theorem B, in Example B, we take the distri-

butions F,(z) = F(z) =1 — 5, x > 0. Then

dt
—— =log(z + 1),

P(X|>t)dt=
R

p(x) =

o~—8
o~—8

and for large n we have ¢, = nlog(c, + 1) log(c, + €). Thus ¢, /(nlog?n) — 1,
and by taking b, = log®n, we get na, = nby /cn = nlog? n/c, — 1. Conse-
quently,

1 X,

1
—_— — — almost surel as n — oo.
log?n j— k 2 Y

To explain how the symmetry coefficient ¢ works, let us extend the above
example in the following way.

EXAMPLE 5.3. Let us consider the distribution function

F(z) =

1-A/(1+x), x>0,
(1-A4)/(1—-2z), =<0,

with A € (0,1). Then

P (| X]| >t)dt:}IP(X>t)dt+j"IP’(X< —t)dt
0 0

()

A T1-A
Lt [ Lar =1 1).
1+t +{1+t og(@+1)
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Also, for x > 0, we have
x

EXTIXT <a]=—aP(XT >a)+ [P(Xt > t)dt
0

:—xP(X>x)+jP(X>t)dt

0
Ax
E— Al 1
1+9c+ og(z +1),
and similarly
IR (1-A)x
EXIX <z|=———"— 1-A)l 1).
X~ <o) = =2 4 (1 A)logla + 1)
Therefore,
. EXTI[X™ <z 1—A
c= lim = .
z—oo EXHI[X+ < z] A

Thus, as in Example 5.2, ¢, /(nlog?n) — 1, and by taking b, = log? n, we get
na, = nby/cp, = nlog®n/c, — 1. Consequently, for a sequence {Xn,n>1}
of negatively associated r.v.s with the same distribution function F'(x) defined in
Example BT, we get

n
1
5= > - = A— 5 almost surely asn — oo,

since
l—c 1-(1/A-1)

= =2A-1.
I4¢ 141/A-1

In the last example we shall construct a sequence of non-identically distributed
r.v.s satisfying Assumptions 1.2 and 1.3 for which Theorem B2 works.

EXAMPLE 5.4. Considerr.v.s X and X,, with the following distribution func-
tions
0, T < =2,
F(z)=141/2, —2<x <0,
1—-1/((z +e)log*(z +e)), x>0,

0, T < —2,
Fola) = 1/2 —1/(10n), —2<x < 1,
Y 1/2+1/(10n), -1<z<0,

1—1/((z +e€)log*(z +e€)), z>0.
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Then EX = fooo (1-F(x )da: - f F(x)dz = 0 as well as EX,, = 0. It is
easy to see that Assumption 1.3 is satisfied. Furthermore, for x > 2 we have

= [P(|X|>t)d =
{ (1] { t+e) log (t+e) log(xz+e)
and
P(X|>z)= ’ .
(z + €)log?(z + e)

On account of C(z) = z/(p(x)log(z + €)), for z > 2 we get C(z) = z, and
therefore we may put ¢, = n. Moreover bn, = (log n)b with b > 0 and a,, =
(logn)® /n. We have to check that Y2 \P(]X] > ¢,) < oo. But for sufficiently
large n we have

1

P(IX|>cy) =P (X >n)= EEm e

It is easy to see that for the distribution F'(x) we have

. EX~I[X™ > ]
¢ = lim =
T—00 EX+]I[X+ > $] ’

and therefore the sequence { X,,; n > 1} described in Example BT with such F,, ()
and F'(z) satisfies the assumptions of Theorem B2, and the following weighted
limit law holds:

1 X (logk)” 1
lim 7 (log k) X = —— almost surely.
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