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Abstract. We investigate limit properties of discrete time branching
processes with application of the theory of regularly varying functions in
the sense of Karamata. In the critical situation we suppose that the offspring
probability generating function has an infinite second moment but its tail
regularly varies. In the noncritical case, the finite moment of type E[z In z]
is required. The lemma on the asymptotic representation of the generating
function of the process and its differential analogue will underlie our con-
clusions.
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1. INTRODUCTION

Let {Z,,n € Ny} be the Galton—Watson (G—W) branching process with off-
spring probability generating function (GF) F'(s) = Zj eNo pjs’, where py > 0,
p1>0,p0+p1 <1, Ng={0} UNand N = {1,2,...}. The process evolution
is characterized by transition probabilities P;;(n) = P;{Z,, = j} fori € N, where
P;{x} := P{x|Zy = i}. Further, where required, we will write P{x} instead of
Py {*}. In this interpretation, pr = P{Z; = k} and m = F'(1—) is a mean per
capita offspring number. The process {Z,,} is said to be subcritical, critical and
supercritical if m < 1, m = 1 and m > 1, respectively. A GF F,(s) =
ZjeNO Py;(n)s? is the n-fold iteration of F(s), see [2].

Let H = min{n : Z, = 0} be the time to extinction of the G-W process.
The variable ¢ = inf {s € (0,1] : F(s) = s} is the probability of extinction of our
process. By the classical extinction theorem we know that P; {H < oo} = ¢* and
thatg=1ifm < l,andg < 1lifm > 1.
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Our reasoning is involved with elements of the theory of regularly varying
functions in sense of Karamata, see [RB]. Let us recall that a real-valued, positive
and measurable function ¢(z) is said to be slowly varying at « if it belongs to a
class

Sq = {ﬁ(x) eRy: lim fz)

LATe = 1foreach A € R+},

where and in the sequel R is the set of positive real numbers. A function V(x)
is said to be regularly varying at o with index of regular variation p € R, if it
takes the form V(z) = x”¢(x), where £(z) € &,. We denote by R the class of
regularly varying functions. It is obvious that &, = RY, see [I1].

The approach to applications of regularly varying functions in the theory of
branching processes was first made by Zolotarev [[I6] in the continuous time case.
In the discrete time case, earlier researches belong to Slack [15], [T4] and Seneta
[I3], [T2], [IO]. The detailed results connected with applications of regularly vary-
ing functions in the theory of branching processes can be found in the monographs
[M] and [B].

In the noncritical situation, positive numbers

{vp == lim P{Z, =k[n <H < o0}}

are an invariant distribution with respect to transition probabilities { P;;(n) }. More-
over, the limiting GF V(s) = > jen Vjs’ satisfies the Schroder equation

(1.1) 1=V(F(s)) = 8-[1 = V(s)]

forall 0 < s < 1, where ﬁ(s) = F(qs)/qand 8 = F'(q). If in the case m < 1 we
have E [Z; In Z1] < oo, then V'(1—) < oo and

1

as n — oQ; see, e.g., [[3].
By the following theorem we see that the regular variation is implicitly present
in the equation (1.1) and the asymptote (1.2).

THEOREM S. The following assertions are true:
1. Form < 1 there exists {(s) € S such that {(s) | 1/V'(1=) as s | 0 and

(1.3) P{n<H <oo}=~¢(m") - m".
2. Inthe case m # 1 the GF V(s) is a unique solution of (1.1) and

1—-V(1—s) €Ny,
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The first part of Theorem S was proved in [B], pp. 398-399; see also [13]. The
second part was proved in [[II], pp. 60 and 84, separately for the cases m < 1 and
m > 1.

In the critical case we suppose that the GF F'(s) has the following representa-
tion:

[R,] F(s)=s+(1-s)"™L <115>

for0 < s < 1,where 0 < v < 1 and L(t) € G. By the criticality of our process,
the second moment

) 2(F(s) — 3) ) 2 1
ey — _ _
Fa-) 151%111 (1—s)2 12?8 kaE (x) >

Our aim is to generalize the relation (1.3) for m = 1. For this we prove Lem-
ma 2.1 concerning the asymptote of the function R,,(s) = 1 — F,(¢s)/q. Then we
obtain the asymptotic representations for OR,,(s)/0s. These representations entail
local limit Theorems 2.1 and 2.2. In Section 3 we investigate the limit structure
of the G-W process where all our conclusions will be based on the statements of
Lemma 2.2.

2. BASIC LEMMA AND ITS DIFFERENTIAL ANALOGUE

We begin with a proof of the following basic lemma of the theory of G-W
branching processes (in the literature this name is usually used for a critical case).

LEMMA 2.1. The following assertions are true:
1. Let m # 1. Then

2.1) R,(s)=(1—s)L,(1—1s)-8",

where L, (0+) = 1 foralln € N, L, (1) = £,(8"), with £,(s) € &g and Ly, (x)
=: L(z) € & for each fixed no € N. IfE[Z11nZ,] < oo, then L, (1) | 1/1 as
n — oo, where = V'(1—) < oc.

2. Let m = 1. If the condition [R,] is satisfied, then

N (n+ M(s)) ‘ [1_W],

2.2) Ruls) = — i

vn
where the function N'(z) € S« satisfies

(Vn)l/z/

and the function M,,(s) has the following properties:

(2.3) N(n)- LY ”(

)—>1 asn — oo,
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(D) My(s)=M(s)(1+0(1)) asn — oo;
(ii) limgyy My, (s) = vn for each fixed n € N;
(iii) M, (0) = 0 for each fixed n € N.

Proof. First we will prove the formula (2.1). We use essentially the same
method which was applied in the proof of the relation (1.3) in [[3]. We rewrite the
equation (1.1) as follows:

(2.4) 9((s) = B-9(s),
where ¥(s) =1 — V(1 — s) and ¢(s) := Ry1(1 — s). Putting ¢, (s) := R, (1 — s),
we arrive at the iteration ¢, 11(s) = ¢, (¢(s)). Hence, from (2.4) it follows that

(2.5) D (dn(s)) = B™-I(s).

Denoting by a(y) the inverse of the function ¥(x), we see from (2.5) that
$n(s) = a(d(s) - B").

Therefore, we immediately obtain

(2.6) Ry (s) = a(d(1 —s) - "),

in accordance with our notation.

It has been shown in [I3] that a(s) = sf4(s), where the function ¢,(s) € &g
actually is the same as in equality (1.3). In turn, as shown in Theorem S, J(s) € 9‘{(1),
so ¥(s) = sly(s), where £y(s) € &p. Hence, the equality (2.6) can be written in
the form (2.1) where

Ly(x) =4ly(x) - £ (:L'Eﬁ( )B")

Since V(0) = 0, we have £(1) = 1, and hence L, (1) = ¢, (8"). On the other
hand, according to our notation, it can be seen that a(0) = ¥(0) = 0. Therefore,
by the property of the inverse functions,

. a(x) . T 1
l,(04) = lim —~ =lim —— = ———.
0N =0 = Wew ~ vy
As noticed above, the GF V() satisfies the Schroder equation (1.1), where F (s) =
F(gs)/q is the GF of the subcritical branching process. In this case, as mentioned

above, V(s) has the finite mean p = V/'(1—) if and only if E[Z;In Z;] < oc.
Hence L, (1) = ¢, (™) | 1/p. Similarly, it is easy to see that
0
Ly(0+) = lim v(z) = u,

which implies that L,,(0+) = 1
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Finally, by the property of slowly varying functions we see that the function
Ly, (z) =: L(z) € Sy at any fixed ng € N. Thus, the proof of the first part of
Lemma 2.1 is completed.

Let us prove now the second part of the lemma. By analogy with the continu-
ous time Markov branching process (see [B], p. 111), it follows that the function

“ dz
M(s)= | =——

{ F(z)—=z
is a power series in s € [0, 1) with nonnegative coefficients, M(s) = > jen M s,
and {5, j € N} is an invariant measure for the G-W process. Using the condition
[R,] in the last integrand, we write the equality

.7 M(s)= [ w 'L (u)du.
1

Now we recall the following property of slowly varying functions. If the func-
tion {(z) € S is locally bounded in [A4; +00) for some A € R, then

() asz— oo

xX 1
A
lu)du ~ ——
fu()u 11

for A > —1; see [B], p. 26. Since the upper bound of the integral on the right-hand
side of (2.7) goes to infinity as s T 1, we can use this property and get the following
asymptotic formula:

- 1+o(1)
28) MO = e )

Denoting by G(x) the inverse of the function M (1 — s) and using (2.8), we obtain
N(x)

(I/.f)l/V7

ass 1.

(29) G(z) =

where NV (z) € & satisfies (2.3); see also [9].
On the other hand, it is known that the following Abel equation holds true (if
normalized so that M (pg) = 1):

(2.10) M(F,(s)) =M(s)+n forallneN;

see, e.g., [?], p. 68.
Combining the equations (2.9) and (2.10), we obtain
N(n+ M(s)) N(n+ M(s)) 1
Ry (s) = v 1/v ' v’
(v + v M(s)) (vn) (1+ M(s)/n)
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By the convergence of the integral (2.7), the second factor in this equality tends to
one as n — oo. Therefore, the equality can be written in the form

1 ) M, (s)

(1+ M@s)m) v

’

(2.11)

where M, (s) is some function. Observe now some local and asymptotic properties
of the function M, (s). It follows from equality (2.11) that
Mn(s) M(s)

~]————2% asn — oo.
n vn

1—

Therefore, M, (s) — M(s) as n — oo. In turn, since M(1—) = oo, it follows
from (2.11) that limgy My (s) = vn for each fixed n € N. Finally, M,,(0) =0
because M (0) = 0.

The lemma is proved completely. =

Note that the first part of Lemma 2.1 contains formula (1.3). In fact, setting
s = 0, from (2.1) we infer that for m £ 1

P{n <M < oo} =q—F,(0)=q-£(8") 8"

The second part is a discrete analogue of a similar result from [8]. In particular,
putting s = 0 in (2.2), we obtain
N(n)

P{H > n} = Ry(0) = i

B

an extension probability of the critical G—=W process.

LEMMA 2.2. The following assertions are true:
1. Let m # 1. Then

6Rn(8) . Rn(s) / . an N
(2.12) 9% - 1_s (1—-s)L,(1—s)-p" asn— oc.

2. Let m = 1. If the condition [R,] is satisfied, then
ORn(s) [ Ru(s)\' L(1/Rn(s))
= (1) s

s
Proof. As to the first part of the lemma, we previously noticed that due to
(2.1) we have

B"R,(1—5) =sLy(s) € Ry with respect to s,

for any fixed n € N. And we see that the function r,,(s) = sL,(s) has a derivative
r1.(s) = Ly(s) 4+ sL!,(s). Hence, we obtain the formula (2.12).
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To prove the second part, we differentiate the equation (2.10):

/
(2.14) F(s) = —220)
M/ (Fn(s))
In turn, differentiating the formula (2.7) gives
1
(2.15) M'(s) =

(1—s)"™L(1/(1—5))
Thus the equality (2.13) follows from (2.14) and (2.15).

The lemma is proved. =m

Using Lemma 2.2, we directly obtain Pyq(n) = F} (0) the probability of re-
turn of the process to the initial state Zy = 1 in time n. In the case of m # 1, it
follows from the form of Ly, (z) = £y(x) - €4 (xly(x)B") that

Note that £;,(1) = V'(0) — 1 because £y(s) = ¥(s)/s. Hence, setting s = 0 in
(2.12), we obtain the following local limit theorem.

- Lp(s) +O(B") asn — oo.

THEOREM 2.1. Let m # 1. Then the following relation holds true:
B Pii(n) =V'(0) - £, (B") +O(B") as n— .
IfE[Z11n Z1] < oo, then £, (B™) | 1/ as n — oo, where p = V'(1—) < oc.
Similarly, from (2.13) we get the following theorem.
THEOREM 2.2. Let m = 1. If the condition [R,] holds, then

N(n)
Po
where the function N'(n) € S, satisfies the relation (2.3).

(Vn)1+1/V . PH(TL) ~

asn — oo,

At the end of the section we define the stochastic process {Zn} with transition
matrix Igw(n) =Pi{Z, =j|n < H < oo}. As noticed at the beginning, in the
noncritical case the limiting distribution {v; := lim, . Ej (n)} does not depend
onieN. So {Z(n),neNy} is the ergodic Markov chain. Thus, in the case m#1,
there exists an ergodic chain concerned with the process {Z,, } such that its transi-
tion probabilities are }

]-Bij(n) — M
Sken Pik(n)g"

Let Vr(f) (s)=> jeN Ej (n)s’. The following two theorems are corollaries of
Lemma 2.1 and the fact that Vr(f)(s) ~1—R,(s)/Rn(0)asn — occ.
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THEOREM 2.3. Ifm # 1, then the limiting GF V(s) = limy .o V" (s) con-
verges for 0 < s < 1 with V(0) = 0 and V(1) = 1. Furthermore,

(1)
1-— n
Vi(s)—%(l—s) asn — 0o,
1-s
where ((x) € &g; moreover, if E[Z1In Z1] < oo, then ¢(0+) = pand £(1) = 1.

THEOREM 2.4. Let m = 1. If the condition [R,] holds, then
vn - VI (s) = M(s)(1+0(1)) asn— oo,

where M(s) = jeN M sJ satisfies the Abel functional equation (2.10). For prob-
abilities ]Sij (n) the following relation holds:

vn - Pij(n) — pj  asn — oo,
and y oy jij = 0.
3. FURTHER APPLICATIONS OF LEMMA 2.2

The second part of Lemma 2.2 might be used in the proof of the following
theorem whose analogue for the case F/(1 —2) — (1 — ) € %5 was established
by Slack [T4]. In our case we give the proof based on the ideas of the Stein—

Tikhomirov method, see [[7].

THEOREM 3.1. Let m = 1 and ¢, := P{H > n}. If the condition [R,] holds,
then '
GO (z) := Pi{gnZn < x|H >n}

weakly converges to a limit law G(x) having the Laplace transform

v(9):= [ e %dG(s) =1— o

— . feR,.
Ry (1+6v)/"

Proof. Since 1 — Fi(s) ~ iR, (s) as n — oo, it suffices to consider the
Laplace transform for ¢ = 1:

3.1 U, (0):= [ e 05dGW () = 1 — M

B, n
where 0,, = exp{—6q, }. Differentiating (3.1), we have

(3.2) U,,(0) = 0, Ry, (0n).
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By the definition of the slowly varying functions, it follows from the second part
of Lemma 2.1 and formula (2.13) that

1+v
(3.3) Rl (0n) ~ — B (6n) as n — 00.
1—6,
From (3.1)—(3.3) it follows that
o 1+v
(3.4) Ul (0) ~ — <“§w> asn — oo.

It is easy to check that W(#) is a solution of the equation

v(0) = — (1_;,(9)>1+,,'

Hence, according to the Stein—Tikhomirov method, the equation (3.4) is equivalent
to the convergence V,,(0) — W(#). Thus, the theorem is proved. m

Now consider a conditional distribution
]P’Z{(”Jrk){*} =P{sn+k<H<o0}.

In [], p. 56, it was shown that the probability measure

jg’ "
ipm

defines the Markov chain {W,,,n € Ny} with state space £ C N, called the Q-
process. By the definition,

(3.5) Qij(n) := lim PI"Z, = j} = T Py(n)

Qii(n) =P{Z, =j|H =00},

and the Q-process can be interpreted as the G—W process with non-degenerate
trajectory in the distant future. In terms of the generating functions, the equality
(3.5) can be written as follows:

i—1
(3.6) VO (s):= 3 Qij(n)s’ = {F"(qs)} Yo(s),
je€ q

where the GF Y, (s) := Yn(l)(s) = E[s"" |Wy = 1] has the form

/
3.7 Yo (s) = _SRESLS) foralln € N,

and, as before, R, (s) = 1 — F,,(¢s)/q.
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From (3.6) and (3.7) we get the following functional equation:

0 (o) = Yy ) (Fs
(3.8) i) =5 Y (F(s)),

where Y (s) := Yi(s).

THEOREM 3.2. Let B < 1. IfE [In W] < o0, then there exists a limit function
7(s) = limy, 0o Yéz)(s)for 0<s<1land

1
(3.9) m(s) = —sV'(s),

W
where V(s) is the GF of the invariant measure of the G-W process {Z,} sat-
isfying the Schroder equation (1.1) and p = V'(1—). Moreover, the GF m(s) =
> jes T s’ generates an invariant distribution {m;,j € £} for the Q-process.

Proof. Since R, (s) — 0 uniformly for 0 < s < 1, it follows from (3.6) and
(3.7) that Q;j(n)/Q1;(n) — 1 as an infinite growth of the number of generations,
so it suffices to consider the case ¢ = 1. From (2.1) and (2.12) we obtain

Ry(s = —[Ln(1 =) + (1= s)Ly,(1 = s)] - B,

where Ly (z) = ly(z) - £q(xly(x)B™). Using this equality in formula (3.7) and
taking into account a derivative of the function L, (x), we have

61 -s)

(3.10) Y(s) = sLn(l =) H(l_s)m

+0(6")

as n — oo. By the definition of the Q)-process, the condition E [In W;] < oo is
equivalent to the assumption E [Z; In Z;] < oo, which in turn is enough for the
existence of y = V'(1—). In the proof of the first part of Lemma 2.1 we have
shown that ¢, (0+) = 1/u. In the relation (3.10), we use the form of the function
L,,(x) and properties of the function y(s) = ¥(s)/s € &, and consequently we
have

1 (1 —s)

m(s) = —sly(l—s) |14+ (1 —s)L—2

( ) 1 19( ) ( )519(1 — S)

1 1
= —sly(1 —5) + —s[V'(s) — Ly(1 — s)],
. 9(1—s) . [V'(s) = Ly(1 = )]
which implies the formula (3.9).
The equation (3.8) gives
Y (s ~
m(s) = (s) -W(F(S)),
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which is equivalent to the invariance property m; = » . ce i Q;;j(1) of the sets of
numbers {7;,j € £} generated by 7(s) = > jee m;80. It is exactly a probability
distribution. In fact, it follows from (3.9) that 7(1) = >_._.m; = 1. Thus, the

theorem is proved. =

jeE

THEOREM 3.3. Let 3 = 1. If the condition [R,] holds, then

(Vn)1+1/l'

N(n)

forall 0 < s < 1. The limiting GF U(s) = Zjes vjs’ takes the form

(3.11) Y, (s) = U(s)(1+o0(1)) asn— oo

S

(1—s)"™L(1/(1—s))

(3.12) U(s) =

The set of coefficients {v;, j € £} is an invariant measure for the Q-process. More-
over,

ntLu(n)  asn — oo,

n 1
3.13 P~ —
(313 2 T4

where I'(x) is the Euler’s gamma function and L,(n) - L(n) — 1 as n — oc.

Proof. Asin Theorem 3.2 we consider the case ¢ = 1 only. Combining the
relations (2.2), (2.13) and (3.7) yields

n s 1+v s s 14w
Yiul(s) = s (N(’LM())> L(1/Rn(s)) [1 My )} .

(z/n)l/”(l—s) E(l/(l—s)) vn
Using (2.3) and the property of the slowly varying functions, we have
N (n) s

3.14 Y, = . 14+ o0(1

G-19 n(s) (vn)t+1/v (1 — s)1+l’£(1/(1 - s)) ( ol ))

as n — 0o, where we have used the properties of the function M, (s). Multiplying
the both sides of (3.14) by (Vn)1+1/”//\/(n), we obtain the convergence (3.11)
with limiting function of the form (3.12).

Taking the limit as n — oo in (3.8) gives

which implies an invariance property of the numbers {v;, j € £}. Finally, (3.13)
is a direct consequence of (3.12), according to the Hardy-Littlewood Tauberian
theorem for the GF; see [4], pp. 513-514. Thus, the theorem is proved. m
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Since limg lO[YrSi)(s) /s] = Q;1(n), the following local properties of the Q-
process follow from the last two theorems.

COROLLARY 3.1. Let § < 1. If E[In W1] < oo, then

V'(0)
I

as n — oQ.

Qi(n) —

COROLLARY 3.2. Let 8 = 1. If the condition [R,] holds, then

(Z/’I’L)I—H/V . Qzl(n) ~ o

asmn — oo,

where the function N'(n) € S satisfies the relation (2.3).

Thus, two types of the QQ-process depending on the value of the parameter 3
can be seen. In the case 5 = 1, the trajectory of the ()-process goes to infinity with
probability one. Hence, the Markov chain {W),, } is transient if 5 = 1. It is positive
recurrent if 8 < 1.

Finally, continuing the reasoning in the proof of Theorem 3.1, we state the
following result whose analogue for the case F/(1 — s) — (1 — s) € ]} has been

established in [9].

THEOREM 3.4. Let 3 = 1. If the condition [R,] holds, then P {q,W,, < x}
weakly converges to a limiting distribution law with Laplace transform
1
(1 _’_91,)14*1/1/'

Proof. According to (3.7), the Laplace transform of P {¢, W,, < x}is ¢,,(0)
= —W/ (6), where W/ () is defined in (3.2). Since, as it has been established in
Theorem 3.1,

v
(1 + gy)l/u

it follows from (3.4) that ¢, (0) converges as n — oo to the limit expression men-
tioned in the theorem. m

U,(0) —1— asn — oo,
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