1 Introduction

These lectures entitled:
Quantum Probability and Applications to Complex Networks

are intended to present a quantum probabilistic approach to spectral analysis of complex
networks. For a technical reason these lectures are divided into two parts:

Part 1 (March—April) Quantum Probabilistic Aspect of Adjacency Algebras

Keywords: adjacenct matrix, characteristic polynomial, spectrum, adjacency algebra,
distance-regular graph, quantum decomposition, interacting Fock space, orthogonal
polynomial, continued fraction, Cauchy-Stieltjes transform, etc.

Part 2 (May-June) Spectral Analysis of Large Complex Networks

Keywords: tree, Wigner semicircle law, growing graph, quantum central limit theorem,
asymptotic spectrum, random graph, Watts—Strogatz model, etc.

1.1 Complex Networks

In the real world one finds networks in their basic form as interrelations among objects.
Such networks are described in terms of graph theory, namely, objects under consderation
being set as points in a plane and two objects in interrelation being connected by an arc
therein, we obtain a geometric description of the network called a graph (in fact, the math-
ematical definition of a graph makes us to abandon even such a geometric image).

The graph theory, tracing back to Euler’s famous problem on seven bridges in Konigsberg,
has become one of the main subjects in discrete mathematics. From mathematical point of
view most attention has been paid to “beautiful” graphs, e.g., reasonable size for handling
and /or possessing nice symmetry, but little to very large graphs in the real world because
of being “dirty” or “complex.” Examples of such dirty graphs are telephone networks, the
internet (physical connections among PC’s), the WWW (hyperlinks of webpages), Hollywood
costars, coauthors of articles, human or social relations, biological networks, etc.

During the last decade as the development of computer technology, some characteristics
became computable for very large networks in the real world. As a few physical quantities are
used efficiently for description of gas in stead of the set of huge number of Newton equations,
we believe reasonably that such large networks can be captured in terms of a small number of
statistical characteristics carefully chosen. Up to now the prevailing characteristics of large
complex networks in the real worlds are:

1. Small world phenomenon dating back to Stanley Milgram’s small world experiment
(1967), saying that the mean distance of two vertices is small O(logn) relative to the
large number n of vertices.

2. Large cluster coefficient (C' > 0.7), i.e., locally most vertices are connected each other.

3. Existence of hubs, as indicated by the long tail of the power law degree distribution
plk) o< k7 (7> 1),
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Figure 1.1: The internet

Mathematical models for complex networks were proposed in the following epoch-making
papers:

[1] D. J. Watts and S. H. Strogatz: Collective dynamics of ‘small-world’ networks, Nature
393 (1998), 440-442.

[2] A.-L. Barabési and R. Albert: Emergence of scaling in random networks, Science 286
(1999), 509-512.

Since then up to now many papers have been published with only few mathematical rigorous
results. Our intention is to develop mathematical study of those models as well as to propose
new models. For a mathematical model of a large complex network, a single graph seems to
be not suitable. In order to capture characteristics of their large size we reasobnably take a
growing graph and study its asymptotic behavior. And for characteristics of its complexity it
is natural to consider statistical quantities of a random ensemble of graphs. In these lectures,
therefore, one should keep in mind that a graph is intended to grow and/or to be random.

1.2 Quantum Probability = Noncommutative Probability

Quantum probability theory provides a framework of extending the measure-theoretical
(Kolmogorovian) probability theory. The idea traces back to von Neumann (1932), who,
aiming at the mathematical foundation for the statistical questions in quantum mechanics,
initiated a parallel theory by making a selfadjoint operator and a trace play the roles of a
random variable and a probability measure, respectively.

One of the main purposes of these lectures is to test the quantum probabilistic techniques
in the study of large complex networks, in particular, their spectral properties.
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1.3 From Coin-toss to Graph Spectrum
1.3.1 Classical probabilistic model

The toss of a fair coin is modelled by a random variable X on a probability space (2, F, P)
satisfying the property:

PX=+1)=PX=-1)= 5

Rather than the random variable itself more essential is the probability distribution of X
defined by

1 1
M= 55—1+§5+1 (1.1)

The moment sequence is one of the most fundamental characteristics of a probability
measure. For g in (1.1) the moment sequence is calculated with no difficulty as

Feo 1, if m is even,
Mal) = | amulde) = { (1.2)

0o 0, otherwise.

When we wish to recover a probability measure from the moment sequence, we meet in
general a delicate problem called determinate moment problem. For the coin-toss there is no
such an obstacle and we can recover the Bernoulli distribution from the moment sequence.
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Figure 1.3: High school dating

1.3.2 Quantum probabilistic (matrix) model

PRI R R 11 ”

Then {eg, e1} is an orthonormal basis of the two-dimensional Hilbert space C? and A is a
selfadjoint operator acting on it. It is straightforward to see that

We set

1, if m is even,

<60,Am€0> = { (].4)

0, otherwise,

which coincides with (1.2). In other words, the coin-toss is modeled also by using the
two-dimensional Hilbert space C? and the matrix A. In our terminology, letting A be the
x-algebra generated by A, the coin-toss is modeled by an algebraic random variable A in an
algebraic probability space (A, eg). We call A an algebraic realization of the random variable

X.
1.3.3 Noncommutative Structure

Once we come to an algebraic realization of a classical random variable, we are naturally
led to the non-commutative paradigm. Let us consider the decomposition

A:A++A‘:[8 (1)}%(1’ 8} (1.5)
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which yields a simple proof of (1.4). In fact, note first that

(eo, Aeq) = (eo, (AT + A7) ey = > (eg, A™ - A¢q). (1.6)

€1,...,emE{L}

Let G be a connected graph consisting of two vertices eq, e;. Observing the obvious fact that
(1.6) coincides with the number of m-step walks starting at and terminating at ey (see the
figure below), we obtain (1.4).

€1

o 0 1 2 3
g ) m

Thus, computation of the mth moment of A is reduced to counting the number of certain
walks in a graph through (1.5). This decomposition is in some sense canonical and is called
the quantum decomposition of A.

1.3.4 Relation to Graph

We now note that A in (1.3) is the adjacency matrix of the graph G. Having established
the identity

+oo
(€9, A™eq) = / ™ p(dx), m=12,..., (1.7)

[e.9]

we say that p is the spectral distribution of A in the state ey. In other words, we obtain an
integral expression for the number of returning walks in the graph by means of such a spectral
distribution. A key role in deriving (1.7) is again played by the quantum decomposition.

1.4 Quantum Probabilistic Approach

For (in particular, asymptotic) spectral analysis some techniques peculiar to quantum
probability seem to be useful. They are

(a) quantum decomposition (using noncommutative structure behind)
(b) various concepts of independence and corresponding quantum central limit theorems

(c) partition statistics for computing the moments of spectral distributions

A basic reference throughout these lectures is:

[3] A.Horaand N. Obata: Quantum Probability and Spectral Analysis of Graphs, Springer,
2007.
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2 Graphs and Adjacency Matrices

2.1 Graphs

Definition 2.1.1 Let V' be a non-empty set and F a subset of {{x,y}; z,y € V, x # y}.
Then the pair G = (V, E) is called a graph with vertes set V' and the edge set £. An element
of V is called a verter and an element of E an edge. We say that two vertices z,y € V are
adjacent, denoted by z ~ y, if {z,y} € F.

A geometric representation of a graph G = (V, E) is a figure obtained by assigning each
x € V to a point in a plane and drawing a line (or an arc) between two planer points if they
are adjacent in G. Appearance of the geometric representation of a graph varies widely. For
example, the following two figures represent the same graph.

Figure 2.1: Two geometric representation of the Petersen graph

Definition 2.1.2 A graph G = (V, E) is called finite if V' is a finite set, i.e., |[V| < oc.
Definition 2.1.3 For a vertex x € V' of a graph G we set

deg(w) = degg(z) = [{y € V; y ~ a},
which is called the degree of x.

Definition 2.1.4 A graph G = (V| E) is called localy finite if deg(z) < oo for all x € V.

Definition 2.1.5 A graph G = (V, E) is called regular if every vertex has a constant finite
degree, i.e., if there exists a constant number x such that deg(z) = k for all x € V. To be
more precise, such a graph is called k-regular.

Definition 2.1.6 A finite sequence of vertices xg,z1,...,x, € V is called a walk of length
n if

To Ty~ e~ Ty, (2.1)
where some of zg,z,...,x, may coincide. A walk (2.1) is called a path of length n if

Zo, T1,. .., T, are distinct from each other. A walk (2.1) is called a cicle of length n > 3 if
o, T1,...,T,—1 are distinct from each other and x,, = xg.
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In usual we do not consider an orientation of a path. Namely, if (2.1) is a path,
Ty ~ Tp—1 ™~ -~ Xp

is the same path. For a cycle, we do not consider the initial vertex either. Namely, if
To ™~ Ty~ -~ Ty~ Tois acycle, then x7 ~ 29 ~ -+ ~ x, 1 ~ 1y ~ x1 stands for the

same cycle.

Figure 2.2: Ps: path of length 4 (left). Cs: cycle of length 5 (right)

Definition 2.1.7 A graph G = (V, E) is connected if every pair of distinct vertices x,y € V'
(x # y) are connected by a walk (or equivalently by a path).

Definition 2.1.8 Two graphs G = (V, E) and G' = (V', E') are called isomorphic if there
exists a bijection f:V — V' satisfying
vy = flz)~ fy).

In that case we write G = G'.

2.2 Adjacency Matrices
2.2.1 Definition

Let V and V' be arbitrary non-empty set. A function a : V x V' — R is regarded
as a matriz A indexed by V x V' in the sense that the matrix element of A is defined by
(A)zy = a(z,y). In this case we write A = (a,,) too.

Definition 2.2.1 Let G = (V, E) be a graph. A matrix A = (a,,) indexed by V' x V' is
called the adjacency matriz of G if

1, ifx~uy,
Agy = .
Y 0, otherwise.

Lemma 2.2.2 Let V be a non-empty set. A matriz A indexed by V x V is the adjacency
matrix of a graph G with V' being the vertex set if and only if

(i) (A)zy €{0,1};
(i) (A)zy = (A)yes
(iii) (A)zr = 0.
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Proor. Obvious. |

A matrix S indexed by V' x V' is called a permutation matriz if

(1) (S)ay €{0,1};
(i) > yepi(S)ey =1 for allz € V;
(iil) Y ey (S)ay = 1 forall y € V'
If S is a permutation matrix, it is necessary that |V| = |V|.
The transposed matrix S7 is defined in a usual manner: (S7),, = S, for z € V and

y' € V'. Then ST = S~! in the sense that SS7 is the identity matrix indexed by V' x V and
STS is the identity matrix indexed by V' x V.

Lemma 2.2.3 Let A and A’ be the adjacency matrices of graphs G = (V,E) and G' =
(V' E"), respectively. Then G = G' if and only if there exists a permutation matriz S
indexed by V x V' such that A’ = S71AS

PROOF. Suppose that G = G’. We choose an isomorphism f : V' — V' and define a
matrix S indexed by V' x V' by

(ﬁW:{Lﬁy=ﬂm

0, otherwise.

We see easily that S is a permutation matrix satisfying SA" = AS.
Conversely, suppose that a permutation matrix S indexed by V x V' verifies A’ = S~ AS.
Then a bijection f : V — V' is defined by the condition that

(mw:{L if y = f(a).

0, otherwise.

It is then easy to see that f becomes an isomorphism betwen G and G'. |

2.2.2 Representing the Adjacency Matrix in a Usual Form

In order to represent the adjacency matrix A of a graph G = (V| E) in a usual form of
n X n square matrix, where n = |V/|, we need numbering the vertices. This is performed by
taking a bijection f : V — {1,2,...,n} = V’. Then we obtain a graph G’ = (V’, E’) in such
a way that {i,j} € E' if and only if {f~1(i), f~*(j)} € E. By definition we have G = G'.
The adjacency matrix A’ of G’ is indexed by V' x V’ and admits a usual expression of a
square matrix. It follows from Lemma 2.2.3 that A and A’ are related as A = SA’S™1L.

Consider another numbering, that is, another bijection f; : V — {1,2,...,n} = V'
Then we obtain another square matrix A} as the adjacency matrix of G, which is related
to A as A= S;A,S;". Then we have

S A, St = SA'S!

so that
A’1 = SlsA’(SlS)*l.

Note that 515 is a usual permutation matrix on {1,2,...,n}. Consequently,
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Lemma 2.2.4 Let A, A’ be the adjacency matrices of a graph G obtained from two ways of
numbering the vertices. Then there exists a permutation matriz on {1,2,...,n}, n = |V]|,
such that A’ = S7tAS.

Example 2.2.5 We obtain “different” adjacency matrices by different numbering the ver-
tices of the same graph.

1 4 0001
0011
01 01
3 2 0101
1 011
0100
4 1 1100

2.2.3 Some Properties in Terms of Adjacency Matrices

All the information of a graph (up to isomorphism) are obtained from its adjacency
matrix.

(1) A graph G = (V, E) is not connected if and only if there exists a numbering the
vertices such that the adjacency matrix admits a block diagonal expression of the form:

A O :
A= [ 0 AJ (A1, Ay are square matrices)

In this case A; and A, are the adjacency matrices of subgraphs of G which are not connected.

(2) A graph is called complete if every pair of vertices are connected by an edge. A
comlete graph with n vertices is denoted by K,. A graph is complete if and only if the
adjacency matrix is of the form:

0 1 1 1
1 0 1 1
A= . :
1 .- 0 1
_1 1 ()_

(3) A graph G = (V, E) is called bipartite if V' admits a partition V = V;UV,, VNV, = 0,
Vi # 0, Vo # 0, such that any pair of vertices in a common V; does not constitute an edge.
A graph is bipartite if and only if the adjacency matrix admits a block diagonal expression
of the form:

O B . :
A= [ BT O] (two zero matrices are square matrices).
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(4) A graph G = (V, E) is called complete bipartite if it is bipartite and every pair of
vertices x € Vi, y € V2 constitute an edge. In that case we write G = K, ,, with m = |V]]
and n = |V3|. In particular, K, is called a star.

A graph is complete bipartite if and only if the adjacency matrix is of the form:

O B
A= [BT O] (all elements of B are 1).

Figure 2.3: Bipartite graph, complete bipartite graph Ky 5, star K¢

2.2.4 Generalization of Graphs

(1) Directed graph. One may consider naturally the case where every edge of a graph is
given a direction. Such an object is called a directed graph. In terms of the adjacency matrix
A, a directed graph is characterized by the following properties:

(i) (A)sy € {0,1};
(i) (A),, = 1 implies (A),, = 0
(it)) (A = 0.

(2) Multigraph. In its geometric representation one may allow to draw two or more edges
connecting two vertices (multi-edge) and one or more arcs connecting a vertex with itself
(loop). In terms of the adjacency matrix A, a directed graph is characterized by the following
properties:

(i) (A)sy €40,1,2,...};
(ﬁ> (A)xy = (A)yl"

Moreover, each edge may be given a direction to obtain a directed multigraph.

(3) Network. An arbitrary matrix gives rise to a graph where each directed edge 7y is
associated with the value A,,. Such an object is called generally a network. A transition
diagram of a Markov chain is an example.

In regard to (1) and (2), a graph in these lectures is sometimes called a undirected simple
graph.
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Figure 2.4: Directed graph, multigraph, directed multigraph.

2.3 Characteristic Polynomials

Let G = (V, F) be a finite graph with |V| = n. Numbering the vertices, we write down its
adjacency matrix in the usual form of an n x n matrix, say A. The characteristic polynomial
of A is defined by

pa(x) = |zE — A| (= det(zE — A)).

It is noted that @a(x) is determined independently of the numbering. In fact, let A’ be
the adjacenct matrix obtained by a different numbering. From Lemma 2.2.4 we know that
A" = S71AS with a permutation matrix S. Then,

oua(x) =|zE - A| = |zE — S’lAS] = \S’l(xE —A)S| = |S’1HxE — A|lS] = palz).

We call p4(x) the characteristic polynomial of G and denote it by ¢g(z). Obviously, pg(x)
is a polynomial of degree n of the form:

va(r) =2" +cx" e 2 F g 4 (2.2)

Example 2.3.1 Simple examples are:

[ ] o —0 o ——0
x x?—1 3 — 2 4 N

23 —3x—2

Example 2.3.2 One more example. The characteristic polynomial of the following graph

is p(x) =2t — 42 — 22 + 1.

Theorem 2.3.3 Let the characteristic polynomial of a finite graph G be given as in (2.2).
Then,

(1) ¢1 =0.
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(2) —c2=|E|.
(3) —c3 =24, where A is the number of triangles in G.
PROOF. Let A = [a;;] be the adjacency matrix of G written down in the usual form of

n X n matrix after numbering the vertices. Noting that the diagonal elements of A vanish,
we see that the characteristic polynomial of GG is given by

T —Qi2 - —ain

_0/21 a’/’ o o o _a2

pc(z) = |2E — A] = "
_a‘?’Ll o« .. “ e ‘T

For simplicity, the matrix in the right-hand side is denoted by B = [b;;]. We then have

pa(r) =Bl = Z sg1 (0)b10(1)b20(2) ** * bo(n)- (2.3)
oeS(n)

For o € S,, we set
suppo = {i|o(i) # i}.
Then (2.3) becomes

SOG('T) = Z Z sgn (a)bla(l)bQU(Z) te bna(n) = Z fn(x) (24)
k=0 oeS(n) k=0
[supp o|=k

Since the indeterminat z appears only in the diagonal of B, we see that f,(z) = cpz™*.

(1) k = 1. Since there is no permutation o such that |[suppo| = 1, we have ¢; = 0.

(2) k = 2. The permutations o satisfying |suppo| = 2 are parametrized as o = (i j)
(1 <i<j<n). Forsuch a permutation we have sgn (¢) = —1. Hence we have
fole)= > (=D(=ay)(—ap)a" > == Y aya"
1<i<j<n 1<i<j<n
where we used a;;a;, = a3; = a;;. Therefore, ¢, = —|E|.

(3) k = 3. The permutations o satisfying |supp o| = 3 are parametrized as
o=(Gjk), o=0Gkyj), 1<i<j<k<n.

Noting that sgn (¢) = 1 for such cyclic permutations, we have

falw) == Y (ayajpan + axarja)z"
1<i<j<k<n

We see that a;ja;,ar; takes values 1 or 0 according as three vertices ¢, j, k forms a triangle or
not. The same situation occuring for the second term, we conclude that —c3 = 2A. |
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Figure 2.5: Path P,

2.4 The Path Graph P, and Chebyshev Polynomials

Let V.={1,2,...,n}and E = {{i,i+1};i=1,2,...,n—1}. The graph (V, E) is called
a path with n vertices and is denoted by P,.

Lemma 2.4.1 Let ¢,(x) = pp,(x) be the characteristic polynomial of the path P,. The it
holds that

p1(r) =,
@2(1') = l’2 - 17
Pn(T) = 20n1(2) — Ppo(r), n >3 (2.5)

ProOOF. We have already seen in Example 2.3.1 that
o) =2, @oz) =2 — 1.
Let us compute ¢, (x) for n > 3. By definition we have

r —1
-1 z -1

@n(x) = >‘§0n—1<x> +

= x@n71<x> - Qpn72<$>7
as desired. 1

Setting @o(xz) = 1, we may understand that the reccurence relation in (2.5) holds for
n > 2.
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Lemma 2.4.2 Forn =0,1,2,... there exists a polynomial U, (x) such that

sin(n + 1)6
U, 0) = ———. 2.6
(cos6) sin 0 (26)
Moreover, U, (z) satisfies the following reccurence relation:
Up(x) =1, Ui(x) =2z, U,pi(x)—22U,(z)+ U,—1(z) = 0. (2.7)
ProOOF. By elementary knowledge of trigonometric functions. |

Definition 2.4.3 The series of polynomials U, (x) is called the Chebyshev polynomial of the
second kind.

Theorem 2.4.4 The characteristic polynomial of the path P, is given by U,(x/2).

PROOF. Let ¢, (x) be the characteristic polynomial of P,. We see easily from (2.5) and
(2.7) that the reccurence relations of ¢, (x) and U,(z/2) coincide together with the initial
conditions. |

2.5 Exercises

(1) Let G = (V, E) be a graph with a vertex a of degree one. Let b € V' be a unique
vertex adjacent to a. Let G’ = G[V\{a}], G" = G[V'\{a, b}| be induced subgraphs obtained
by deleting {a} and {a, b}, respectively. Prove that

wa(x) = rpcr () — pan(T).

(2) Compute the characteristic polynomial of the complete graph K,,. Then verify The-
orem 2.3.3 directly.

Ans. p(z) = (z— (n—1))(x+1)" "
References

[4] N. Biggs: Algebraic Graph Theory (2nd Edition), Cambridge University Press, Cam-
bridge, 1993.

[5] B. Bollobés: Modern Graph Theory, Graduate Texts in Mathematics Vol. 184, Springer-
Verlag, New York, 1998.
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3 Spectra of Graphs

3.1 Spectra

Let G = (V,E) be a finite graph with |V| = n and let A be the adjacency matrix
represented in a usual form of n X n matrix after numbering the vertices. Since A becomes
a real symmetric matrix, its eigenvalues are all real, say, \y < Ay < --- < A;. Then, the
characteristic polynomial of G is factorized as

po(r) = (x = A)™ - (z = A)™, (3.1)

where m; > 1 (called the multiplicity of \;) and ), m; = n.

Definition 3.1.1 Let G = (V, F) be a finite graph and let ¢ () its characteristic polyno-
mial in the form (3.1). The the array

Spec (G) = ( Ao e AS) (3.2)

mip Mo - My

is called the spectrum of GG. Each \; is called an eigenvalue of G and m; its multiplicity.

In fact, (3.2) is nothing else the spectrum of the adjacency matrix A. Obviously, (3.2)
does not depend on the choice of numbering vertices. Moreover,

Lemma 3.1.2 If G = G, then Spec (G) = Spec (G').

Remark 3.1.3 The converse assertion of Lemma 3.1.2 is not valid, however, it is known that
the converse is true for graphs with four or less vertices. In Section 3.6 we show examples
of two non-isomorphic graphs whose spectra coincide.

Example 3.1.4 Here are some simple examples.

Spec (o) = (?) Spec (e—e ) — (‘11 1)

e (F 4 0), ()30

Theorem 3.1.5 The spectrum of the path P, is given by

2 cos -+-  2cos
Spec (P,) = n+1 n+1 n+1

1 1 1
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ProoF. First we find the zeroes of the Chebyshev polynomial of the second kind. By
definition,

i 1)6
Un(z) = W—+), x = cos 0.
sin 6
In view of the right-hand side we see easily that U, (x) = 0 if
k
- k=12, .n
n+1
For these 6, cos# are mutually distinct. Thus
km
= k=1,2... 3.3
Tk COos n+ 1 3 ) < 1, ( )

form n different zeroes of U, (x). Since U, (x) is a polynomial of degree n, (3.3) exhaust the
zeroes of U, (x) and each z; has multiplicity one.

By Theorem 2.4.4 the characteristic polynomial of P, is given by U,(x/2). For the
spectrum of P, it is sufficient to find its zeroes. From the above argument we see that the

zeroes of Uy, (x/2) are
km

n+1’

each of which is of multiplicity one. This shows the assertion. |

AL = 2cos k=1,2,...,n,

3.2 Number of Walks

Let A be the adjacency matrix of a locally finite graph G = (V,E). Then for any
m=1,2,... and z,y € V the matrix element (A™),, is defined as usual by

(A™)ay = Z (A)wzr (A)zrzs + (A)ziy -

Note that
1, fe~zy~o~ oz g~y

0, otherwise.

(A)ml (A)lez e (A)zm_w a {

Hence (A™),, is the number of walks of length m connecting = and y. If the graph G is
locally finite, (A™),, < co. Therefore, the powers of A is well-defined.
We record the above result in the following

Lemma 3.2.1 Let G = (V, E) be a locally finite graph and A its adjacency matriz. Then,
for anym =1,2,... and x,y € V, the matriz element (A™),, coincides with the number of
walks of length m connecting x and y.

Theorem 3.2.2 Let G = (V,E) be a finite graph and \y < Ay < --- < A\, exhaust its
eigenvalues. For x,y € V there exist constant numbers ¢; = ¢;(z,y) (1 = 1,2,...,5) such
that

s

(A™)ay = Y e, )N

i=1
Here we tacitly understand that 0° = 1 when \; = 0.
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ProOF. The first equality is due to Lemma 3.2.1. For the second equality we consider
the diagonalization of A. In fact, since A is real symmetric, taking a suitable orthogonal

matrix U we have
)\lEm1

A=U U1t
)\sEms

It is then obvious that evey element of (A™) is a linear combination of AT, ... AT |

3.3 Maximal Eigenvalue

It is important to know a bound of Spec(G). Let Aax(G) and Apin(G) denote the
maximal and minimal eigenvalues of GG, respectively. We shall show a simple estimate of
Amax (G).

Some statistics concerning the degrees of vertices play an interesting role. We set

dpax (G) = max{deg(z) |z € V},
() = min{deg(x) |+ € V},
- 1

d(G) = G Z deg(z).

zeV

Obviously,
dmin(G) S J(G) S dmax(G)-

Theorem 3.3.1 For a finite graph G = (V, E) it holds that

dmin(G) S d(G> S )\max(G) < dmax<G)'

PrROOF. We regard the adjacency matrix A as a linear transformation on C".

1° We prove d(G) < Apax(G). Let v = [v;] € C" be the vector whose elements are all
one. Then,

(v, Av) =) T (Av); = Y T (Ao = Y (A)y =Y _ d(i).
=1 i,7=1 i,j=1 %

Since (v,v) =n = |V|, we have

(v,0) V] 2

On the other hand, it is known from knowledge of linear algebra that

(u, Au)

)\min(A) S <’U,, ’U,>

< Amax(4)  for all w # 0. (3.5)
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Combining (3.4) and (3.5), we come to

d(G) < Amax(A) = Amax(G).

2° We show Apax(G) < dpax(G). Since A\pax(G) is real, we may choose its eigenvector
u = [u;] whose elements are all real. Then, for any ¢ we have (Au); = A\paxt;. Multiplying
a constant, we may assume that

a=max{u;;i=1,2,...,n} >0

and choose iy such that u;, = o. Then,

)\max(G)a = )\max<G)uio = (Au>io = Z U;

S Oé’{l S V |Z ~ Z()}| - Oéd(ZO) S admax(G)a

which implies that Apax(G) < dimax(G). |

Corollary 3.3.2 If G is a regular graph with degree k, we have A\yax(G) = K.

PROOF. For a regular graph we have d(G) = dpax(G) = k. |

3.4 Spectral Distribution of a Graph
Definition 3.4.1 Let G be a finite graph with

A e L )\S)

my Mo ... Mg

Spec (G) = (

The spectral (eigenvalue) distribution of G is a probability measure on R defined by

1 S
M= = mi(s)\i )
V2

where 9, stands for the delta-measure.

It is sometimes convenient to use the list of eigenvalues of A with multiplicities, say,
A1, A2y ooy An, = |V|. Then the spectral distribution is

1 n

Example 3.4.2 The spectral distribution of the path P, is given by

1 n
= E :526051“—”
n n+1

k=1
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Remark 3.4.3 The delta measure ¢, is a Borel probability measure on R. For a Borel set

E C R we have
1, if \eF,
o\(E) = {

0, otherwise

Hence for a continuous function f(z) on R we have
+oo

f(x)ox(dr) = f(N).

Definition 3.4.4 Let p be a probability measure on R. The integral, if exists,

+o0
M (pn) = /_ ™ p(dx), m=12,... (3.6)

e}

is called the m-th moment of p.

Theorem 3.4.5 Let u be the spectral distribution of a finite graph G = (V, E). Then,

1

ProOOF. Let Af,..., A\, be the eigenvalues of A, listed with multiplicities. Then by

definition,
+oo 1 n
Mal) = [ amulds) = SO
- k=1

o0

Since AT",..., A" is the eigenvalues of A™ with multiplicities, their sum coincides with the
trace of A™. Hence, (3.7) follows. |
Lemma 3.4.6 Let A be the adjacency matriz of a finite graph G = (V, E).

(1) TrA=0.

(2) Tr(A?%) = 2|E|.

(3) Tr(A3) =6A.

PrRoOOF. We show only (3). By definition
T(A) = 3 (A () = {(w02) € Vo vy~ 2~ 2} = 64,

z,y,2€V

The most basic characteristics of a spectral distribution are the mean and the variance,
which are defined by

mean () = M) = | " oulde),
var () = Ma() — My()* = [ " (« — mean (1))*u(dz).

Proposition 3.4.7 Let p be the spectral distribution of a finite graph G = (V, E). Then,
_ o |E

mean () = 0, var (u) = 2 .
V]
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3.5 Asymptotic Spectral Distributions of P, and K,
3.5.1 P,asn—
The spectral distribution of P, is

see Example 3.4.2. Let f(x) be a bounded continuous function. The we have

(@) pn(dx) Zf(Qcos ) /fQCosmf , asn — oo,

which follows by the definition of Riemann integral. By change of variable, one gets

+oo

1 2 dr
/0 f(2cosmt)dt = , f(x) oy
Consequently,
+o00 2 d
tm [ @i = [ 0 —Z— ream) (8)

where Cp(R) denotes the space of bounded continuous function on R.

It is easy to see that
dx

V=2 X

is a probability measure on R. We call it the arcsine law with variance 2. Then from the
limit formula (3.8) we state the following

Proposition 3.5.1 The spectral distribution of P, converges weakly to the arcsine law with
variance 2.

3.5.2 K, asn— o0
The spectral distribution of K, is
n—1

1
,U/n:_(;— 1-
n

In a similar manner as in Section 3.5.1 we have

@) = L g1

f(=1) — f(-1), asn — oc.

Since
“+00

f(=1) = f(x)o-1(dx)

—00
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and 0_1 is a probability measure, we may state that the spectral distribution of K,, converges
weakly to 6_;. However, notice that

mean (p,) = 0, var (p,) =2 — =n— 1,

and
mean (§_1) = —1, var (0_1) = 0.

Thus, it is hardly to say that the limit measure d_; reflects basic statistical properties of u,
for a large n.

The above unconfort was caused by var (u,) — oo as n — oo. In order to capture a
reasonable limit measure it is necessary to handle a normalized measure. In general, for a
probability measure p with mean mean (1) = m and variance var (i) = o2, the normalization

is defined by
+o00 +oo o
fotda) = [ () o)

o

Then mean (1) = 0 and var () = 1.

Proposition 3.5.2 The normalized spectral distribution of K, converges weakly to dg.

PROOF. Let f(z) be a bounded continuous function on R. We have

i@ = [ (S ) mas)

_1f<n—1)+n—1f( -1 )
T nt \Wn—1 n Vvn—1
— f(0), asn — oc.
This completes the proof. i

In Section 3.5.1, for the asymptotic spectral distribution of P, we did not take the
normalization. The normalization yields essentially nothing new thanks to the fact that

@_Q(n—l).

mean (i,) = 0, var (fi,) = 2 T

Namely, the variance of u, stays bounded by 2 as n — oc.

3.6 Isospectral (Cospectral) Graphs

We show a pair of non-isomorphic graphs that have the same spectra.

Example 3.6.1 ¢(z) = 2° — 42% = 23(z — 2)(z + 2).
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Example 3.6.2 (Baker)

o(r) =28 — 7ot — 4% + T2% + 42 — 1
= (z—1)(x+1)*(2* - 2® =52+ 1)

P -

Example 3.6.3 (Collatz—Sinogowitz) o(z) = 2% — 725 + 92*

- —X

For more information see e.g.,

[6] D. M. Cvetkovi¢, M. Doob and H. Sachs: Spectra of Graphs: Theory and Applications
(3rd rev. enl. ed.), New York, Wiley, 1998.

[7] L. Collatz and U. Sinogowitz: Spektren endlicher Grafen, Abh. Math. Sem. Univ.
Hamburg 21 (1957), 63-77.

[8] C.D. Godsil and B. D. McKay: Constructing cospectral graphs, Aeq. Math. 25 (1982),
257-268.

3.7 Exercises

(1) Let C,, be a cycle of n vertices. Find Spec (C,,)
(2) Let p, be the spectral distribution of C,,. Study the asymptotics of pu, as n — oc.

(3) Using Theorem 3.1.5, prove the formula:

- k
H20082 7T1:1.
Pl m +
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4 Adjacency Algebras

4.1 Adjacency Algebras

Let A be the adjacency matrix of a locally finite graph G = (V, E). In Section 3.2 we
showed that every matrix element of A™ (m = 1,2,...) is defined and finite, so we may form
their linear conbination. Let A(G) denote the set of linear combinations of F, A, A% ... with
complex coefficients.

Equipped with the usual operations, A(G) becomes a commutative algebra over C with
the multiplication identity E. Moreover, we define the involution by

(coF + 1A+ cgA® + - 4 cnA™) = GE + QA+ A + - + G A™
so that A(G) becomes a *-algebra.
Definition 4.1.1 The above A(G) is called the adjacency algebra of G.

Proposition 4.1.2 If G is a finite graph, dim A(G) coincides with the number of different
eigenvalues of A.

PROOF. Let A\; < -+ < A4 be the different eigenvalues of A. Then, by a suitable
orthogonal matrix U we have

M B,
ULAU = =D.
/\sEms

We see that {E, D, D? ..., D'} is linearly independent, but {E, D, D? ... D' D} is
not. In fact,
(D= ME)--- (D - \E) = 0.

Therefore, the algebra U1 AU is of dimension s, so is A(G). [

Proposition 4.1.3 For a connected finite graph G = (V, E) we have
dim A(G) > diam (G) + 1.

PRrROOF. For simplicity put diam (G) = d. If d = 0, we have |V| =1 and dim A(G) = 1
so the assertion is clear. Assume that d > 1. By definition of the diameter there exists a
pair of verices x,y € V such that d(z,y) = d. Choose one path of length d connecting z, y,
say,
T =20~ Ly N T N Tyl Ve~ Tg = Y.

In this case, xg, 1, ..., x4 are all distinct and 9(x,z;) = k (0 < k < d). In particular, there
is no walk of length < k£ — 1 connecting x and x,. Hence

(A™)pe, =0, 0<m<k—1; (AF) 4, # 0.

Then we see by induction on k that {E = A% A, A% ... A*} (1 < k < d) is linearly
independent. Consequently, A(G) contains a linearly independent subset consisting of d + 1
elements, so that dim A(G) > d + 1. |
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Corollary 4.1.4 A connected finite graph G = (V, E) has at least diam (G) + 1 different
eigenvalues.

PrROOF. By combining Propositions 4.1.2 and 4.1.3. |

Example 4.1.5 (1) K,, (n > 2).
(number of different eigenvalues) = 2, diam (K,,) = 1.
(2) P, (n>1).
(number of different eigenvalues) = n, diam (P,) =n — 1.

(3) G as below. pg(r) = 2?(x + 2)(2* — 2z — 4)

(number of different eigenvalues) =4, diam (G) = 2.

4.2 Distance-Regular Graphs (DRGs)

Let G = (V, E) be a connected graph and fix a vertex o € V' as an origin (root). We set
Vo, ={x €V, 0(x,o0) =n}, n=20,1,2,....
Obviously,
Vo={o}, Vi={zeV;z~o}

If G is a finite graph, there exists mg > 1 such that V,,,_; # 0 and V,,,, = 0. If G is an
infinite, locally finite graph, V,, # 0 for all n > 0. In any case we have a partition of the
vertices:

V= G v, (4.1)

which is called the stratification of the graph G with respect to the origin o € V.

Lemma 4.2.1 Let G be a connected, locally finite graph and let (4.1) be a stratification. If
x €V, andy~ x, we havey € V,, 1 UV, UV,_1.

Proor. Obvious. |

Given a stratification, for x € V,, we define

wi(z) ={y € Voq1; y ~ 2},
wo(z) ={y € Vo; y ~ x},
w_(z)={y € Vhao1;y~a}
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Figure 4.1: Stratification and w,(x)

It is convenient to write
we(z) ={y € Vare;y~a}, €€ {+ -0},
where € takes the values +1, —1,0 according to € = +, —, 0. Note also that
deg(z) = wy () + wo(z) + w_(2), reV.

Definition 4.2.2 A connected graph G = (V, E) is called distance-regular if, for any strat-
ification of G, the functions w, : V' — {0,1,2,...} (¢ € {+, —,0}) are constant on V,,, and
the constants are independent of the choice of stratification. In that case we put

by, = wy(x), Cn = w_(x), a, = wo(x),
by taking z € V,,.

It is obvious that
CL():CO:O, b():deg(l')7 IEEVE).

Since any vertex x may be chosen as an origin for stratification, deg(x) = by for all x € V.
That is, a distace-regular graph is regular with degree by. Therefore,

an + by + ¢, = bo, n=12....

Lemma 4.2.3 If G is a finite DRG, letting d = diam (G), we have
V=JV.. VoV, Va#0D (4.2)

If G is an infinite DRG, V,, # () for alln =0,1,2,....
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PROOF. By definition, there is a path of length d. Taking one of the end vertex as an
origin, the associated stratification satisfies conditions in (4.2). Then, we have

bo > O, ceey b1 > 0, bg = 0. (43)
Let o € V be an aritrary vertex and take v € V' such that
J(0,v) = max{d(o,z); z € V} = p.

Then p < d and the associated stratification is
p
V:UV,C’, VO’,VI’,...,V;)’%(D.
k=0

Then,
by > 0, ..., bp_l > 0, bp =0. (44)

In order that (4.3) and (4.4) are consistent, we have p = d. |

Corollary 4.2.4 In a finite distance-reqular graph, every vertex is an end vertex of a diam-
eter.

Definition 4.2.5 For a finite distance-regular graph G, the table of associated constant
numbers

Ch €1 C2 -+ (g
apg Ay ao --- Qg
bo b1 by - by

is called the intersection array of G. If G is infinite, the array becomes infinite.

Since a, + b, + ¢, = by is constant, the row of ag, ay,... may be omitted. Note that
co=0, ¢>0, -+, ¢cg-1>0, c4>0,
bp >0, by >0, ---, byg_1>0, byg=0.

Example 4.2.6 (1) The cheapest examples are C,, (n > 3), K,, (n > 1), and K,,,, (n > 1).
(2) The Petersen graph is distance-regular.
(3) A homogeneous tree of degree k, T, is distance-regular.
(4) P, (n > 3) is not distance-regular (sine it is not regular).
(5) Z? is not distance-regular.

Definition 4.2.7 A connected graph is called distance-transitive if, for any x,x',y,y € V
with d(x,y) = d(2’,y’) there exists a € Aut (G) such that a(x) = 2" and a(y) = v/

Proposition 4.2.8 A distance-transitive graph is distance-reqular.

In fact, (1)—(3) in Example 4.2.6 are all distance-transitive. The converse of Proposition
4.2.8 is not valid, for examples see Godsil-Royle [9: p.69], Brouwer et al. [10: p.136].
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4.3 Adjacency Algebras of Distance-Regular Graphs

Definition 4.3.1 Let G = (V, E) be a connected graph. For k = 0,1,2,... we define a
matrix A% indexed by V x V by

(A(k))my _ {17 if 8(x,y) = k,

0, otherwise
This matrix is called the k-th distance matriz.

Obviously,
A9 = F  (identity), AW = A (adjacency matrix)

and we have

Z AR — ] J is the matrix whose elements are all one.

k=0
Lemma 4.3.2 Let G be a distance-reqular graph with the intersection array

Chp C1 Co
Qo a1 QA

bp b1 b

Then,
AAW = ¢, AFFTD g, AR 4y AR k=0,1,2,.... (4.5)

Here we understand that A=Y = O and AT = O for d = diam (G) < oo.

PrRoOOF. For k = 0 the equality (4.5) is obvious. Let k& > 1. Let z,y € V and set
n = d(x,y). Then, by definition

(AAB) gy =3 (A)ee(AW).y = {z € V5 O(z,2) = 1, O(z,y) = K.

zeV

It is obvious by the triangle inequality,
{zeV;0(z,2)=1,0(z,y) =k} =0
unless £k — 1 <n < k+ 1. Namely,
(AA(k))xy =0 unless k — 1 <n<k+1.
Asuume that £ — 1 <n < k + 1. Then, by definition of the intersection array, we have

Cn, k=n-—1,
{z€V;0(z,2) =1, 0(2,y) =k} = { an, k=n,
b, k=n-+1.
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Thus,
k1, O(z,y)=k+1,
(AA(k))Iy =< ag, O(z,y) =k,
be—1, O(z,y)=k—1.
This completes the proof. i

Lemma 4.3.3 Fork=0,1,2,...,d, A% is a polynomial in A with degree k.

PrRoOOF. For k = 0,1 the assertion is apparently true. In fact,

A = fo(A),  fola) =1,
AV = fi(4),  fi@) ==

It follows from Lemma 4.3.2 that

1 b
A® = fi(A), ful@) = — (2 = ap) fro (@) = == froa(a).
Ck Ck
for k =2,3,...,d. Note that ¢; >0,--+,¢cq > 0. |

Theorem 4.3.4 Let G be a distance-reqular graph. Then the adjacency algebra A(G) co-
incides with the linear span of {A® AW\ which are linearly independent. If G is a
finite distance-regular graph, dim A(G) = diam (G) + 1 and A has diam (G) + 1 distinct
ergenvalues.

Proor. It follows from Lemma 4.3.3 that the adjacency algebra A(G) contains the
linear span of {A©® AM 1. On the other hand, since

AW = f(A) = B AR + .., B >0,

we see that A* is a linear combination of A A®M . A®)  Therefore, A(G) is contained
in the linear span of {A® AM 1.

The second half is obvious because the distance matrices {A©®, AM .} are linearly
independent. |

Theorem 4.3.5 (Linearization formula) Fori, j k € {0,1,2,...,d} there exists a unique
constant pfj such that

d
ADAD = "pk AW i je{0,1,2,... d}. (4.6)
k=0

Moreover, for x,y € V with d(z,y) =k,
{zeV;0(z,2) =1, 0(z,y) = j}|

does not depend on the choice of x,y but depends on k, and coincides with pfj
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PROOF. The first half is obvious by Theorem 4.3.4. Let z,y € V with 0(x,y) = [. Let
us observe the matrix element of (4.6). From the left-hand side we get

(ADAD), = Z(A(i))xz(A(j))Zy =|{ze€V;0(z,2) =1, 0(y,2) = j}|

zeV

On the other hand,

d
(Z pj.‘;A(’“)) =Py
k=0 2y

which is constant for all x,y € V' with d(z,y) = [. Therefore, for such a pair x,y we have
{z €V 9(z,2) =i, 8(y, 2) = j}| = i

as desired. |

Definition 4.3.6 The constant numbers {pfj} are called the intersection numbers of a
distance-regular graph G.

The intersection numbers satisfies:
_ noo__ n+1 __
Pin = b1, Pin = Qn, P1p = Cn41-

(1)
(2) pi; =0unless |i — j| <k < i+ .
(3)
(4)

4) pdy =1, pY =p% =0 fori>1.

Remark 4.3.7 In some of the literature, a distance-regular graph is defined to be a con-
nected graph for which the set of conatants {pfj}, where i, 7,k € {0,1,2,...},

piy=Hz € V;0(z,2) =1, 0y, 2) = j}|

is independent of the choice of z,y € V with d(z,y) = k. This condition is seemingly
stronger than that of our definition (Definition 4.2.2) as is seen in (1) above; however, they
are equivalent.

4.4 Exercises

(1) Verify that the Petersen graph is distance-regular and find its intersection array.
011

Ans. |0 0 2

3 20

(2) Verify that the one-dimensional integer lattice Z is distance-regular and find its in-
tersection array.
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Ans.

N OO
=
=
— o

(3) Define a polynomial T, (x) by T, (cos ) = cosnf and set

To(x)=To(x) =1,  Tp(z) = 2T, @) L o>l

Let A and A® be the adjacency matrix and the k-th distance matrix of Z, respectively.
Show that A®) =T, (A). ({T,,(z)} are calle the Chebyshev polynomial of the first kind.)

References

[9] C. Godsil and G. Royle: Algebraic Graph Theory, Springer, 2001.

[10] A. E. Brouwer, A. M. Cohen and A. Neumaier: Distance-Regular Graphs, Springer-
Verlag, 1989.
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5 Spectral Distributions of Distance-Regular Graphs

5.1 Quantum Decomposition

Let G = (V, E) be a connected graph. Fix an origin o € V' we consider the stratification:
V=JV., Vu={reV;i( 0 =n}
n=0

Let A be the adjacency matrix.
We define three matrices A€ as follows: Let x € V,,.

n 1, ify~xandye Vi,
(A )y:r = .
0, otherwise,

. 1, ify~xzandyelV,,
(A )yx = .
0, otherwise,

_ 1, fy~zxzandyeV, 4,
(A )ym = .
0, otherwise,

It is convenient to unify the above in the following form:

1, ify~ dy eV,
<A€)W:{ Ry~ Tanty < Yny e € {+,—, o}

0, otherwise,

(A7), =1 0 Vit

\ /

(A°),. =1 q v,
/

\
AR

Figure 5.1: Quantum decomposition of the adjacency matrix

Lemma 5.1.1 (1) A=A"+ A~ + A°.
(2) (AT)*=A" and (A7)* = AT.
(3) (A%) = A.



32 CHAPTER 5. SPECTRAL DISTRIBUTIONS OF DISTANCE-REGULAR GRAPHS

Proor. Easy.

Definition 5.1.2 We call A = AT + A~ + A° the quantum decomposition of the adjacency
matrix with respect to the origin o € V. Each A€ is called a quantum component.

Example 5.1.3 (1) P,.

n—1n
[0 1 ] 0 1 i 0 i
1 0 1 0 1 1 0
1 0
. 1 0 _ 0 n
1 1
1 01 0 1 L0
i 1 o] | 0] L L 0]
=AYt + A"
(2) Pr with the origin o as illustrated below.
-3 3
[0 1 1 [o 1 fo 1 ]
1 01 1 0 01
1 0 1 10 01
A= 1 01 101 + 0
1 01 01 1 0
1 01 0 1 10
i 1 0] i 0 i 1 0]

5.2 Interacting Fock Spaces (IFSs)
We put

C(V)=A{f:V — C; supported by a finite subset of V'}.
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Equipped with the usual operation, C'(V') becomes a complex vector space. We define the

inner product by L
=Y (@) g(x)

zeV

With each z € V' we associate a function e, € C(V') defined by

1, ify=ux,
ex(y) = { .

0, otherwise.

Then {e,} becomes a basis of C(V') sastisfying (e, €,) = 0zy.
Let V =J 2, V, be a stratification. Then we define

\% |V z€Vp
By definition, &3 = e¢,. We note that

Let I' = I'(G, 0) denote the subspace of C' (V') spanned by &g, @4, .. ..
A matrix T indexed by V' x V acts on C(V) from the left by the usual matrix multipli-
cation. Note that

([, Tg)=(T"f,9),  f,geC(V).

We are interested in the actions of the quantum components of the adjacency matrix: A =
At + A+ A

Lemma 5.2.1 Forxz €V,

Afe, = Z ey, e €{+,—,0}.

YEVhnte, y~w

Lemma 5.2.2

AP, = w_e(y)|ey 5.1
\/—Z\ y)l (5.1)

yEVn+e

PROOF. Let us consider A*. By definition

VIV |AtT®, = ZAJrex: Z lw_(y)le,

€V, YEVni1

which prooves the assertion. |

We see from (5.1) that A°®,, is not necesarily a constant multiple of ®,,,, in other words,
I' is not necessarily closed under the actions of the quantum components. The qugnatum
probabilistic approach is useful in the case where

(i) T is closed under the actions of the quantum components;
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(ii) T is asymptotically closed under the actions of the quantum components.

Here we discuss typical examples for (i).

Theorem 5.2.3 Let G be a distance-reqular graph with the intersection array:

Chp C1 Co
Gy aip as
by b1 by

Fix an origin o € V', we consider the stratification of G, the unit vectors ®3 = e,, 1, P, ...,
the linear space I' = T'(G,0), and the quantum decomposition of the adjacency matriz A =
At + A= + A°. Then, T is invariant under the actions of the quantum components A€.
Moreover,

A+q)n = Wn+1 ©n+1, n = 0, ]_, ceey (52)

A Py=0, AP, =+vw,®,1, n=12,..., )

AP, =a,1P,, n=0,1,2,..., (5.4)
where

wy, = by_10, , Qp = Ap_1, n=12,....

PROOF. We continue the calculation of (5.1). Since G is distance-regular, we know that
for y € Vi,

Cn+1, if e = +7
|w—e(y)| =9 an, if € = o,

bn—la lfGZ .

Then, for € = + we have

VIVaial
A+<I> = \/_ Z Cn+1€y = Cn+17+1 n+1 - (55)
’yEVn+1 ’ n‘
Similarly,
Vi
A_ n— 16y—bn 1 | 1|q)n 1 (56)
ern 1 |Vn|
and

Now (5.4) is obvious from (5.6). We note that

bn|vn| = Cn+1yvn+1’7
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wich counts the number of edges betwen two strata V,, and V,,.1. Then, the coefficient on
the right-hand side of (5.5) becomes

\/ Vn /
Cn+ ‘ H \/b Cnt1 = \/wn+1

Similarly, for (5.6) we have

These show that (5.2) and (5.3). |

Definition 5.2.4 A real sequence {w, }>2, is called a Jacobi sequence if
(i) [infinite type| w, > 0 for all n > 1; or

(ii) [finite type] there exists mo > 1 such that w; > 0, we > 0, ..., Wye—1 > 0, Wy, =
Wingt1 = - = 0.
By definition (0,0,...) is a Jacobi sequence (mg = 1).
Given a Jacobi sequence {w,}, we consider a Hilbert space I' as follows: If {w,} is
of infinite type, let I' be an infinite dimensional Hilbert space with an orthonormal basis
{®g, Py,...}. If {w,} is of finite type, let I' be an my-dimensional Hilbert space with an

orthonormal basis {®g, ®1, ..., P,—1}. We call g the vacuum vector.
We next define linear operators B on I' by

B+©n = Wn+1 ®n+1, n = 0, ]_7 ceey (58)
B ®, =0, B ®,=\/on®, 1, n=12 .. (5.9)

where we understand BT ®,,,,—; = 0 when {w,} is of finite type.

Definition 5.2.5 Let {w,} be a Jacobi sequence. Let I" be a Hilbert space constructed from
it and B linear operators defined as above. The quadraple (T, {w,}, B, B™) is called an
interaction Fock space associated with a Jacobi sequence {w,}. We call B~ the annihilation
operator and BT the creation operator.

With these notation Theorem 5.2.3 is rephrased as follows.

Theorem 5.2.6 Let G be a distance-reqular graph with the intersection array:

Chp C1 Co
Gy aip as
by b1 by

Fiz an origin o € V', we consider the stratification of G, the unit vectors &y = e,, P1, Do, .. .,
the linear space I' = I'(G,0), and the quantum decomposition of the adjacency matriz A =
At + A= 4+ A°. Set w, = b,_1¢, forn=1,2,.... Then, (I',{w,}, AT, A7) is an interacting
Fock space.
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fB* 13*¢
D,y
T e
o Ve,
Dy
D,
Y e
v Ve, |

Figure 5.2: Interaction Fock space

5.3 Orthogonal Polynomials
Let p be a probability measure on R satisfying
+oo
/ |z|™ p(dr) < oo, m=1,2,....

Let P (R) be the set of such probability measures.

Definition 5.3.1 For u € P, (R),
+o0
M, = M,,(p) = / ™ p(dx), m=12,...

—00

is called the m-th moment of pu.

We denote the inner product of L*(R, i) by

—+00

(f,9) = f(@) g(z) pldz).
Now we define a sequence of polynomials Py(z), Pi(x), ... by the following reccursive formula:
<P0,]J> 2 <P07$2> <P1"772>
=1 P=x- B P, =z — Py — P, -
V5 S R 2 S RV W R
n—1
<P/€7 :Bn>
P, =2a"— P, .

“— (P, Pr) :

This is the co-called Gram-Schmidt orthogonalization. Then,
P(x)=2a"4---, (P, P,) =0 for m #n.

We call {P,} the orthogonal polynomials associated with p.
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The procedure of forming the orthogonal polynomials stops at the mg step if
<P0,P0> >0, R <Pm0_1,Pm0_1>>0, <Pm07Pmo>:0

happens. In that case the orthogonal polynomials consists of Py(z), Pi(z),..., Ppny—1(x).
This happens if and only if supp (1) consists of exactly mg points, i.e., u is a sum of delta
measures at different mg points with positive coefficients.

Theorem 5.3.2 (The three-term recurrence relation) Let {P,(x)}2, be the orthogo-
nal polynomials associated with p € P (R). Then there exist a pair of sequences {cv, }22
and {wp}o, with o, € R, w,, > 0, such that

PU('I) = 17
Pi(z) =z — o, 5.10)
xP,(x) = Poi1(z) + ap1 Po(z) + wp Poq(z), n=1,2,.... (5.11)

Moreover,
1Pll=1, [P =wiws--wn, n>1, (5.12)
+o0o
ay = My (p) = mean (pu) = / zp(dx), (5.13)
+0c0 >

wy = var (i) = / (z — 1) u(dr). (5.14)
Proor. Well known and omitted. |

Definition 5.3.3 We call the pair of sequences ({a,}22 1, {w,}52,) the Jacobi coefficients.

Remark 5.3.4 Setting P_; = 0 and understanding woP_; = 0, we regard (5.11) is valid
also for n = 0. Remind that wy is not defined.

Remark 5.3.5 If the orthogonal polynomials consists of my polynomials, we understand
the Jacobi coefficients are given by ({aq, g, ..., g}y {w1, w2, -+ oy Wing—1})-

5.4 States on Adjacency Algebras

Definition 5.4.1 Let A be a x-algebra over C with the multiplication unit 14. A function
¢ : A— Cis called a state on A if

(i) ¢ is linear;
(ii) p(a*a) > 0 for all a € A;
(i) (1) =1
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We shall define two basic states on the adjacency algebra A(G) of a graph G.

(1) Assume that |V| < co. We define ¢, : A — C by
) = =T (0) = — 3 () ac AG)
tr ’V| ‘V‘ T .

zeV

One can check easily that ¢y, is a state on A(G). We call it the normalized trace.
(2) We fix 0 € V. We define ¢, : A — C by

ola) = (a)oo a € A(G).

One can check easily that ¢, is a state on A(G). In fact, for positivity,

QOO<(I*CL) = (a*a)oo = Z(a*)ox(a>zo = Zm(a)xo Z 0.

zeV eV
We call ¢, the vector trace at o € V. In some contexts ¢, is also called the vacuum state.
Theorem 5.4.2 If G is a finite distance-reqular graph, we have

Per = Yo (as a state on the adjacency algebra A(G)).

PrROOF. Let a € A(G). We see from Theorem 4.3.4 that a is a linear combination of
distance matrices:
d
a= Z AW
k=0

Then, (a)., = ¢y for all z € V| and (a),, = (@), Therefore,
1
Qotr(a> = |7| Z(a)mx = (a)oo = on(a)'
zeV

This proves the assertion. |

5.5 Spectral Distribution of DRGs

We keep the notations and assumptions in Theorem 5.2.3. The main point is that,
accroding to the quantum decomposition of the adjacency matrix A = AT + A~ + A°, we
found an interacting Fock space structure. Thus,

A@n = Wnt1 (I)nJrl + Oén+1q)n —+ Wn, q)nfl, n = O, 17 2, PN (515)

where
wp = by_1¢p , Qp = Qp_1, n=12,....
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On the other hand, let y be a probability measure on R with Jacobi coefficients ({ov, }, {wn}).
(We shall prove later that such a probability measure exists and here let us assume this.)
Then the associated orthogonal polynomials {P,} satisfies

zP,(x) = Poi1(x) + api1 Po(x) + wy Pooq ()
In view of ||P,|| = \/wy - - w1 we have

P, P, P, P,
. (z) o alr) - _ Bl /oo, Bl (5.16)
/wn...wl wn—i—lwl wn"'wl Wn—l"'wl

We define an isometry U : T' — L*(R, 1) by

P
U@nzﬂ, n=01,2,....
Wp, =W

Then, we have
(VAU f)(x) = xf(z),  fe L’ R, p).
Since U is isometric,
<CI)0, Am(I)0> = <UCI)0, UAmCI)0> = <UCI)0, ZEmU(I)0>
+oo
= (P, 2" Py) = a" p(de) = M ().

—0o0

On the other hand, we have
(Do, A" Dg) = (e,, ATep) = po(A™).

Consequently,

Theorem 5.5.1 Let G be a distance-regular graph with adjacency matriz A. Let ({wn}, {an})
be defined by

Wy = byp_1Cy, Qp = Ap—1, n=12...,
where a,, by, c, come from the intersection array of G. A probability measure p satisfies

0o(A™) = (A™) 9o = Mp (1) = /_+OO 2" u(dx), m=1,2,...,

(e 9]

if and only if the Jacobi coefficients of  coincide with ({wy}, {an}).

Theorem 5.5.2 Keeping the same notations as in Theorem 5.5.1, we assume in addition
that G is a finite distance-reqular graph. Then, the spectral distribution of G satisfies the
conditions for p.
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PROOF. Let v be the spectral distribution of G. Then,

+oo
Y (A™) = / ™y (dx), m=1,2,...,

o0

On the other hand, we see from Theorem 5.4.2 that

Sotr(Am) = QOO(Am)'

+o00o +o0
/ v (dx) = / ™ p(dx), m=1,2,....

o) —00

Hence, we have

Since the Jacobi coefficients are determmined through the Gram-Schmidt orthogonalization,
they are uniquely determined by the moments. Hence the Jacobi coefficients of v and p
coincide. |

5.6 Exercises

(1) Find the Jacobi coefficients associated with the one-dimensional integer lattice Z.

(2) Find the Jacobi coefficients associated with the homogeneous tree of degree . (Z is
the case of kK = 2)

Ans. wi =K, wp=---=Kk—1, «a,=0.

(3) Prove that two probability measure u, v € By, (R) with the same moment sequences
have the same Jacobi coeflicients.



41

6 Adjacency Matrices as Algebraic Random Variables
6.1 Algebraic Probability Spaces

Definition 6.1.1 Let A be a x-algebra over C with multiplication unit 14. A function
¢ : A— Cis called a state on A is

(i) ¢ is linear;
(i) ¢(a*a) > 0;
(i) p(14) = 1.

Then, the pair (A, ¢) is called an algebraic probability space.

Example 6.1.2 Let G = (V, E) be a locally finite graph and A(G) the adjacency algebra.
Then,

Vola) = (a)oo = (€5, ae,), a € AG),
where e, € C(V) is defined by

() = {1, if z = o, (6.1)

0, otherwise.

Then (A(G), p,) = (A(G), e,) is an algebraic probability space. We sometimes call ¢, the
vacuum state at o € V.

Example 6.1.3 Let G = (V, E) be a finite graph with |V'| = n. Define

puld) = - S (@ = = S lerac), € AG)

zeV zeV

where e, € C(V) is defined as in (6.1). Then (A(G), ¢,) is an algebraic probability space.
We call ¢, the normalized trace.

Example 6.1.4 Let C[X] be the set of polynomials in the indeterminant X with complex
coefficients. Equipped with the usual addition, scalar multiplication and product, C[X]
becomes a commutative algebra. Moreover, we define the involution (x-operation) by

(co+ea X+ +e, XV =G+aX +--+5X".

Thus, C[X] becomes a x-algebra. Let P, (R) be the set of probability measures on R that
admit finite moments of all orders. Let p € P (R). Then

P /joo Pla)u(de) = u(P), P e CX],

is a state on C[X]. Thus, (C[X], ) is an algebraic probability space.
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Example 6.1.5 Let {w,} be a Jacobi sequence and (T',{®,}, Bt, B~) be the associated
interacting Fock space, i.e.,

B+q)n - (,()n+1 ®7L+17 nzo,l,...,

B_(I)OZO, B_(I)n: wnCI)n_l, n:1,2,....
Let {aq, aq, ...} be a real sequence and define
B°®, =a,. 1P, n=0,1,2,....

Then, we have (B")* = B~, (B™)* = B, (B°)* = B°. Let A be the x-algebra generated
by BT, B, B°, i.e., the set of all (noncommutative) polynomials in B*, B~, B°. Then the

function ¢y defined by
QOO(CL) = <q>0, CL(I)0>, a &€ A

is a state on 4. We call (A, ) = (A, ®p) an interacting Fock probability space with vacuum
state.

6.2 Distributions of Algebraic Random Variables

Definition 6.2.1 Let (A, ¢) be an algebraic probability space. An element a € A is called
an algebraic random variable or a random variable for short. If a = a*, we call it real.

Theorem 6.2.2 Let (A, ) be an algebraic probability space and let a = a* € A be a real
random variable. Then, there exists a probability measure 1 € P (R) such that

+oo
pa™) = / " u(dx), m=12,.... (6.2)

e}

Definition 6.2.3 A probability measure u satisfying (6.2) is called the distribution of a in
. As discussed later, 1 is not uniquely determined in general.

PROOF. Set M, = ¢(a™) and consider the Hanckel determinant:

MO Ml e Mm
Ay =|H,|, Hp,=|. 7 o (6.3)
Mm Mm+1 te MQm

It follows from Hamburger’s theorem (1920) that there exists a probability measure pu €
PBim(R) such that

+oo
Mm:/ " p(dx), m=1,2...,
if and only if
(M1) A,, > 0 for all m; or
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(M2) there exists mo > 1 such that Ay > 0,...,A,,,—1 >0and A,,, =---=0.

We shall check this condition for our A,, defined in (6.3). For

Up
u=|: | eCcr!

Um

we have

+
(u, Hyu) = E w; Miju; = g w ujp(a J

,7=0 1,7=0

. (iu—) —y ((iu)(i» >0

which shows that H,, is positive definite. Hence its eigenvalues are all non-negative real
numbers and A,, > 0.

We next show that A, = 0 implies A,,,; = 0. Suppose that A,, = 0. Then there exists
u # 0 such that H,,u = 0. Set

v = rg] e Cmt2,

Apparently, v # 0. Since
H,, x* u|  |Hpu| |0
oo =g ) 8] =[] - 2]

(v, Hp1v) = 0.

we have

Having shown that H,,, is positive definite, we see that A,,,; = 0. |

6.3 The Moment Problem

Let 9t be the set of all real sequences { My = 1, My, M, ... } satisfying condition (M1) or
(M2) in Section 6.2. It follows from Hamburger’s theorem that the map M : P, (R) — M
defined by M () = {M,,()} is surjective.

Definition 6.3.1 A probability measure p € P, (R) is called the solution of a determinate
moment problem if M~ (M(n)) = {u}.
Proposition 6.3.2 (Carlemen’s moment test) Let {M,,} € M. If

o0

Z M;mﬁ = +009,

m=1

then there exists a unique p € Py (R) such that My, (n) = M, for allm =1,2,....
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The proof is omitted, see e.g., Shohat—Tamarkin [11].

Example 6.3.3 (1) If supp (¢) is compact, then pu is the solution of a determinate moment
problem.

(2) A classical Gaussian measure N(m,o?) is the solution of a determinate moment
problem. The density of the standard Gaussian measure N(0, 1) is given by

1 _$2/2

e
\ 27

In fact, by the Stirling formula we have

My, = 2 5 <Q—m)m

~omp) e

(3) The classical Poisson measure with parameter A > 0 is defined by

The Poisson measure is the solution of a determinate moment problem. It is easily verified
that M, < (A4 m)™.

Recall that, given p € Ppu(R), we obtain a pair of sequences ({w,}, {a,}), called the
Jacobi coefficients, from the three-term recurrence relation (Theorem 5.3.2) satisfied by the
orthogonal polynomials {P,} associated with pu. Let J be the set of pairs of sequences

({wn}, {an}) satisfying

(i) for all m, w,, > 0 and oy, as,... form an infinite sequence of real numbers; or
(i) there exists mg > 1 such that w; > 0,...,wm,—1 > 0 and wy,, = Wpey1 = -+ = 0, and
a1, Qa, ...,y is a finite sequence of real numbers.

Since the Jacobi coefficients of a probability measure satisfy the above condition, we have a
map

J sBfm(R,) — 3

On the other hand, since the Gram-Schmidt orthogonalization is performed by using the
moments of u, the Jacobi coefficients ({wy},{a,}) depend only on {Mm(u)}. Therefore,
the map F': 9 — J is defined by the commutative diagram:

P (R)
VN

F
m J

Theorem 6.3.4 The map F : 9N — J s bijective.

The proof is omitted, see e.g., Hora-Obata [3].
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Remark 6.3.5 F~!:J — 9 is expressed explicitly by the Accardi-Bozejko formula [12].

Proposition 6.3.6 (Carleman) Let u € Pe(R) and ({wn}, {an}) be its Jacobi coeffi-
cients. If

=1
= 400,

2

then p is the solution of a determinate moment problem. (If {w,} contains 0, we understand

the above condition is satisfied.)

With the above argument, the spectral distributions in Theorems 5.5.1 and 5.5.2 are
uniquely characterized by the Jacobi coefficients obtained from the intersection array of G.

6.4 Deformed Vacuum States

Definition 6.4.1 Let G = (V, E) be a connected graph. Given g € C, the matrix Q) = @),
indexed by V' x V defined by

(Q)oy = 7Y, zyeV

is called the Q-matriz of G. For ¢ = 0 we understand that 0° =1 and Qo = F (the identity
matrix).

d
The @)-matrix is related to the adjacency matrix: a0 Q = A.
q lq=0
L q
Example 6.4.2 (1) *——= ¢ 1
3
L g q ¢
/ ¢ 1 q ¢
2
a ¢ ¢ 1

The @Q-matrix gives rise to a one-parameter deformation of the vacuum state. Let us
define

(a)g = (@6o,ad0) =Y q"5y,a0,),  a € AG). (6.4)

zeV

Obviously, A(G) 2 a — (a), is a normalized linear function on A(G). Being slightly free
from the strict wording of “state,” we give the following

Definition 6.4.3 A normalized linear function defined in (6.4) is called a deformed vacuum
state on A(G).

Thus, a deformed vacuum state is not necessarily a state so conditions for its positivity
are important to study. We recall the following general notion.
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Definition 6.4.4 Let T' be a matrix indexed by V x V. We say that T is positive definite if
(f,Tf)>0 forall feC(V).
A positive definite matrix T is called strictly positive definite if

(f,Tf)y>0  forall feC(V), f#0.

Proposition 6.4.5 The normalized linear function (-), defined by (6.4) is positive, hence a
state on A(G) if the following two conditions are fulfilled:

(i) @ is a positive definite kernel on V;

(il) QA = AQ. (Note that Q) is not necessarily locally finite but A is. Therefore the matriz
elements of both sides are well-defined.)

PROOF. Let a € A(G). Since a is a polynomial in A, we have Qa = a@. Then, by the
definition (6.4) we have

(a*a), = (Qd,, a*ad,) = (aQd,, ad,) = (Qad,, ad,) > 0,

which proves the assertion. il |

Proposition 6.4.6 Let G = (V, E) be a graph with |V| > 2. If Q = (¢°®Y)) is a positive
definite kernel on V', then —1 < ¢ < 1.

PROOF. By assumption there is a pair of a,b € V such that d(a,b) = 1. Since
Q = (¢?@¥)) is a positive definite kernel on V| taking f = ad, + 38, in Co(V), we obtain

GLEAE)=e wsee o

where (-, -) is the usual Hermitian inner product of C2. Therefore, the 2 x 2 matrix appearing
in (6.5) is positive definite. Hence ¢ € R and 1 — ¢* > 0. |

Thus, the main question, which is quite open, is to determine the range of ¢ € [—1,1]
for which @ becomes positive definite. See Bozejko [13] for the case of the star product of
graphs.

In order to derive a sufficient condition for the equality QA = AQ we consider a geometric
property of a graph. A graph G = (V| F) is called quasi-distance-regular if

C0(z,x)=n || _ C0(z,x) =1
Hzev, Azy) =1 H—Hzev, dzy) = n (6.6)
holds for any choice of z,y € V and n =0, 1,2,.... Here the number defined by (6.6) may
depend on the choice of z,y € V.

By definition, a distance-regular graph is quasi-distance-regular. On the other hand, if
(6.6) depends only on J(z,y), the graph G becomes distance-regular.
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Proposition 6.4.7 If a graph is quasi-distance-reqular, then QA = AQ for all ¢ € R.
Conversely, if QA = AQ holds for q running over a non-empty open interval, then the graph
1S quasi-distance-reqular.

PrOOF. Let z,y € V. Then

QA:Ey Zq x,z) zy an(xz

z€V 2~y
= ¢"{z € V;0(z,2) = n, 0(z,y) = 1}], (6.7)
n=0

which is in fact a finite sum. Similarly, we have

(AQ)ay Zq {z € V;d(z2) =1, d(z,y) = n}|. (6.8)

n=0

Hence, if the graph is quasi-distance-regular, the coefficients of ¢" in (6.7) and (6.8) coincide
and we obtain (QA),, = (AQ),, for all z,y € V. The converse assertion is readily clear.
i

6.5 Exercises

(1) Verify the statements in Example 6.3.3.

(2) Determine the range of ¢ for which the Q-matrix of Example 6.4.2 (2) is positive
deinite.

(3) Determine the range of ¢ for which the Q-matrix of an octahedron is positive definite.

6 Ans. —24+V3<¢<1
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7 Hamming Graphs

7.1 Definition and Some Properties

Let F be a finite set with |F'| = N > 2, say F'={1,2,..., N}, and consider the cartesian
product of d > 1 copies of F':

Fl={z=(&,....&); & €F, 1<i<d}.
Forx = (&,...,&),y = (m,...,nq) € F¢ define
dz,y) = {1 <i<d; &#n}l
Then O becomes a distance function on F, which is called the Hamming distance.
Definition 7.1.1 The pair
V =F% E={{z,y}; z,y € F? O(z,y) =1}
is called a Hamming graph and is denoted by H(d, N).

We avoid the trivial case of N = 1 since H(d, 1) is a trivial graph, i.e., consists of a single
vertex. H(d,?2) is the d-cube and H(2, N) is the N x N-grid. Furthermore, H(1, N) = Ky
(the complete graph with N vertices).

— &
X
FLE

Figure 7.1: Hamming graphs H(2,2), H(3,2) and H(4,2)

Remark 7.1.2 The graph distance of a Hamming graph H(d, N) = (F¢, E) coincides with
the Hamming distance on F'%.

Proposition 7.1.3 A Hamming graph H(d, N) is distance-transitive, hence distance-regular.
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PRrROOF. A Hamming graph is highly symmetric. Let S(d) denote the symmetric group
of degree d, i.e. the group of permutations of {1,2,...,d}, which acts on H(d, N) = (F¢, E)
by coordinate permutation:

ox = (&-11)- -+, &om1(a), 0 € S(d).
On the other hand, the direct product group S(N )d acts on H(d, N) by

e =(11(&), ..., 7a(&a)), T=(7,...,7a) € S(N)".

Both actions give rise to automorphisms of H(d, N). By a simple observation we have

O-_ITO-‘T = (Tﬁ(l) (51)7 <oy To(d) (éd)) = Taxu
where
77 = (11, .., 7a)" = (To), - - To(d))-
Thus, the actions of S(d) and S(N)? generate a semidirect product group S(d) x S(N)<.
The assertion is proved with the help of the group action. |

Remark 7.1.4 The action of S(d) x S(N)? on H(d, N) is transitive and the isotropy group
of a vertex o = (N, N,...,N) is S(d) x S(N — 1)¢. Hence

H(d,N) = S(d) x S(N)*/S(d) x S(N —1)%.
In fact, it is shown that Aut (H(d, N)) = S(d) x S(N)<.
Proposition 7.1.5 diam H(d, N) = d and the degree is k4n = d(N — 1).
Proposition 7.1.6 The intersection array of the Hamming graph H(d, N) is given with
a, =py, =n(N—-2), b, = Pl = (d—n)(N—-1), c¢,= Pln1 =", (7.1)
forn=20,1,2,...,d.

PROOF. We prove the first identity. Take two vertices z,y € V with d(x,y) = n.
Without loss of generality we may set

=L 1), = (20,21, 1),

n n

A vertex z € V with 0(z, z) = 1 is of the form
z=(1,...,4,...,1),

where ¢ # 1 occurs at an arbitrary position. Among such z we need to determine ones with
J(y, z) = n. Consider first the case where i occurs in the first n positions. Then, comparing
z=(1,...,0,...,1,1,...,1),
y=10(2,...,2,...,2,1,...,1),
N—— —

n
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we see that d(y, z) = n if i # 2. Since such an i is chosen from {3,4,..., N} and there are
n positions, the number of y satisfying the above conditions is n(N — 2). Next we consider
the case where 7 occurs in the last d — n positions. Then we have

=(1,..., L1, 0.0,

(2,...,2,1,...,1,...,1),
——

n

z
Y

so that d(y, z) = n + 1, which does not satisfy the requirement d(y, z) = n. Consequently,
a, = pt, = n(IN —2). The rest of (7.1) is shown easily in a similar fashion. |

7.2 Spectral Analysis
7.2.1 Spectral Distributions in the Vacuum States

Theorem 7.2.1 Let jiqn be the spectral distribution of H(d, N) in the vacuum state. Then
ta N 1S uniquely specified the Jacobicoefficients given by

wp=n(d—n+1)(N-1), n=12....d,
a, = (n—1)(N —2), n=12...,dd+1

PROOF. By combining Theorem 5.5.2 and Proposition 7.1.6. |

Fixing o € V as an origin, consider the quantum decomposition:
A=At + A + A

Then, Theorem 7.2.1 says that

ATD, = /w1 o = /(0 +1)(d—n)(N —1) D, (7.2)
A D, = \Jw, Py = /n(d—n+1)(N-1)®,_1, .
AP, = 1P, = n(N —2)P,. (7.4)

7.2.2 Asymptotic Spectral Distributions in the Vacuum State

Consider growing Hamming graphs H(d, N) as d — oo and N — oo. In view of (7.2)-
(7.4), the coefficients of actions of A€ diverges as d — oo and N — 0o. We need normalization
to obtain a reasonable limit.

Note first that

pulA) = o(A) =0, pu(A?) = p,(A%) = deg(0) = rgn = d(N —1).

Therefore, the variance of A diverges as d — oo and N — oo. A reasonable normalization is

A
dN —1)
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Thus, for (7.2)—(7.4) we consider

CZ(ATJr—l 5 b, =/(n+1) (1 — g) Q,41, (7.5)

%@n:\/n (1—”;1)%_1, (7.6)

A° N-2 [N=2
\/ﬁq>n—n\/ - \/N_lcpn. (7.7)

We observe that the coefficients on the right-hand sides converge as d — oo, N — oo, and

N
~ T 7 € [0,400).
In fact, the actions in this limit would be
A+
lim—®, =vn+19,,,
d(N —1)
A_
lim ———®, = vnd,,_1,
d(N —1) Vot
li T g T ®
im———=®, =ny/79,.
d(N —1)

However, the vectors ®,, also depending on d, N, the limit does not make sense in this form.
For the actions appearing in the limit are described in terms of Boson Fock space. Let
(I' = I'Bosons {¥n}, BT, B™) be the Boson Fock space, where
BYWU, =vVn+1V,,,, n=0,1,2...,
B_\IJOZO, B_\Ijn:\/ﬁq)n_l, n:1,2,....

Theorem 7.2.2 (QCLT for Hamming graphs) For any choice of ey, ..., €, € {4+, —, 0},
m=1,2,..., we have

A A9
lim ( @, —= ... 2 @) ) = (W, B .- BUy). (7.8)
N Vran Vv

In short,

€
lim Ad’N
N/d—1 /K
d,N—o0 4N

in the sense of stochastic convergence with respect to the vacuum states.

=B, €€ {+ — o} (7.9)

PROOF. First we note that, for any k,l € {0,1,2,...} and € € {+, —, o},

N/d—T K
d,N—o0 4N

A€
lim <(I)k, ﬂ CI)Z> = <‘1/k,BE‘1/l>.

Then, the result follows by induction. |
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Theorem 7.2.3 (CLT for Hamming graphs) Form =1,2,... we have

lim <<1>0, <M> <I>0> — (Uy, (B + B~ + /T BTB7)™0,). (7.10)

N/d—T K
d,N—o0 &N

Proor. We note that

A AF A7 A
d,N 4N d,N 4N, Bt B 4B
VK \/ \/Iid N \/Féd N
where
B°®, = ny\/T ®,.
On the other hand, by definition we have
B*B~®, = nd,,
so that
B°=+/TB*B".
Thus, (7.10) is a consequence of (7.8). |

7.2.3 Boson Fock Space
The most fundamental object is BT + B~, which is sometimes referred to as the field

operator.

Lemma 7.2.4 The vacuum spectral distribution of BT + B~ is the standard Gaussian mea-
sure, i.e.,

1 +oo
(U, (BT + B7)™Wy) = Nr / a"e " 2z, m=1,2....
T J—-c0

Proor. Well known. |

Another interesting operator is the number operator N = B™ B~, which acts as

Bt*B™ VU, =nV,, n=20,1,2,....

Lemma 7.2.5 For A\ > 0, the vacuum spectral distribution of (B* +v/A) (B~ 4+ v/)) is the
Poisson distribution with parameter A, denoted by py, see Example 6.3.3. In other words,

(o, (BT +VA) (B~ + V)", = /+<><> "pa(dx), m=1,2,.... (7.11)

o0
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PrOOF. For simplicity we set
Ct=B*+VX, C =B +V\.
Since B~ BT = BTB~ + 1, we have
C~C*=B B*+VA(B"+B ) +A=CtC" +1.
Hence for m = 1,2,... we have
(crteym =cot(c-ohmto- = ot (CctoT + )™ o. (7.12)

Let M, denote the left-hand side of (7.11), namely, the moment sequence of the algebraic
random variable CTC~ in the vacuum state:

Mm = <@0,(O+0_)m\1/0>, m = 1,2,....
Then, by (7.12) and the obvious identity C~Wy = v/ A ¥, we come to
Mm = <07\Ij0, (C+Ci -+ 1)m7107\1/0> = )\<‘P0, (CJrCi —+ 1)m71\po>.

By the binomial expansion the last expression becomes

m—1
1
Mm:)\z<mk )Mk, m=1,2,....
k=0

It is obvious that M, = 1.
On the other hand, as we see directly from the definition, the moment sequence of the
Poisson measure with parameter \ satisfies the same recurrence relation for M,,. Hence

(7.11) follows. |

7.2.4 Asymptotic Spectral Distributions of H(d,m) in the Limit
We are now in a position to describe the limit measure

I
N/IC]I:E>T Han
d,N—o0

where pq v is the spectral distribution of the Hamming graph H(d, N). By Theorem 7.2.3

we have
400 T m
lim —— dz) = (Vg, (BY + B~ + /7 BT B7)"¥,). 7.13
Jm, () et = VBB (113

We start with the case of 7 = 0. Applying Lemma 7.2.4, we see that

I +OO( ; )m (dr) = — /m me 2 1,2
im _— )= — e x, m=1,2,....
Njieo J_oo \\AN —1)) "V Vor s

d,N—o0

This means that the normalized spectral distribution of the Hamming graph H(d, N) con-
verges to the standard Gaussian measure in the sense of moments. Since the standard
Gaussian measure is the solution of a determinate moment problem, by a general result we
may conclude the weak convergence too. Summing up,
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Theorem 7.2.6 The normalized spectral distribution of the Hamming graph H(d, N) con-
verges in the limit as d, N — oo, N/d — 0, to the standard Gaussian measure in the sense
of moments and weak convergence of probability measures.

We next consider the case of 7 > 0. Note that

B*+B ++/TB*B” =/t <B++%> (B_—i-%) —%

1 1

and the distribution of (B+ + 7) <B + 7) is the classical Poisson measure with
T T

parameter 1/4/7 by Lemma 7.2.5. Thus, the limit of the normalized spectral distribution of

the Hamming graph H(d, N) is a simple affine transformation (dilation and translation) of

the clasical Posson measure. In fact, we conclude that

Theorem 7.2.7 The normalized spectral distribution of the Hamming graph H(d, N) con-
verges in the limit as d, N — oo, N/d — 7 > 0, to v, in the sense of moments and weak
convergence of probability measures. Here v, is an affine transformation of the classical
Poisson measure with parameter 1//T, given by

— e U7 E S
k=0

Remark 7.2.8 The Hamming graph H(d, N) is the direct product of d copies of the com-
plete graph K. This fact gives another aspect to the asymptotic spectral analysis and will
be discussed later.

7.3 Exercises

(1) Show that the graph distance of a Hamming graph H(d, N) = (F?, E) coincides with
the Hamming distance on F9.

(2) Let I'poson = (I', {¥,, }, B, B™) be the Boson Fock space and set

1
B° = — B*B™ + VA
VA

Using the identity

+oo m
(00, (B + B+ 5)"w) = [ (%) pa(dr). m=12....

show that the Jacobi coefficients ({w,},{a,}) of the Poisson distribution with parameter
A > 0 is given by
Wp=An, a,=n—1+A\, n=12,....



