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The commutative case

e Symmetric function (polynomial) f of n variables x1, xo, . . ., z,

and with the coefficients from a commutative ring K with a unit:
f (:1:]11:1352 . :Uf{b) = f (:c‘?(l)x‘?@) . 55}7;%))

for every permutation o of {1,2, ... n} and integers (natural num-

bers for polynomials) js.

e Elementary symmetric polynomials

ep = _Z_ Tiy Ty o Tjy, s
isFit

where £ € N, form an algebraical basis of the algebra of symmetric

polynomials.

e Another algebraical basis is given by power polynomials
Nk
pk — ; x@’ 9
where k € N

e The following Newton’s identities hold:

(=1)"men, + X (=D erpm_i =0

m—1
k=0

form € N.

For m = n and py = n we obtain

n

Z <_1)k6kpn—k =0
k=0
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The noncommutative case

Problems with a definition of a symmetric function: is the poly-

nomial

2 2
T1T2 4 T5T

symmetric for n = 2 or is it better to consider
x%azg + x%xl + :le% + :ch% ?
What about n > 2 and the coefficients e. g. in

r1Tox3 and in xyxexy !

The first generalization

e The first definition of a symmetric function:
J1 .02 Ik — J1 .02 Ik

f <$i1xi2 ce .fljzk) = f <.f13l1.f13l2 Ce Qflk>
for non—zero integers js, where 5 # 14511, ls # lsy1.

e Vector spaces spanned by such symmetric functions are algebras
(we denote them by A in the case of rational functions and by B

in the case of polynomials).

e We put (analogs of elementary symmetric polynomials)

o sgn(k) sgn(k) sgn(k)
Ek = Z xil CEZ'2 ce xz‘m ,
1575 +1
o~k
1=

for non-zero integers k. We put £y = Fy = 1.
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e The following analogs of Newton’s identities hold:

m|
k
g::o(_l) Esgu(mkLsgn(m) (jm|-1) = 0,
|m|
k
kz::o(_l) Psgﬂ(m)kEsgn(m)(|m|—k) =0

form € Z\ {0}.
e Fach of the sets
{E) ke Z\{0}}, {P:: ke Z\{0}}
is an algebraical basis of A, each of the sets
{E£r:keNy}, {P:keN;}

is an algebraical basis of B.

The second generalization

e The second definition of a symmetric function:

J1,.J2 JkY _ EJ1 ,.EJ2 EJk
f (xilxig ... x2k> = f (SE’ll ZUZ2 ... :L"lk )

for non—zero integers js, € € {—1,1}, where i5 # 15,1, ls # ls11.

e Vector space spanned by such symmetric functions is an algebra

and we denote it by C.

e We put (the second version of analogs of elementary

symmetric polynomials)

_ €1,.62 €k —€1,.7€2 —€k
E(8m> - Z 33'2'1 xiZ ce :Eik + . Z xil :Eiz ce xik ,
IsFls+1 isFis+1

for k € Ny, (g,,) € {—1,1}F.

Such functions form an algebraical basis of C'.



THE THIRD GENERALIZATION 5

The third generalization

e The third definition of a symmetric function:

J1 .02 e\ _ €1J1,,.€2J2 €Tk
f(ﬂfz'lxh CUZk) = f(.fl?ll xlg ...I'lk )

for non—zero integers js, k € Ny, (g,) € {—1,1}F, where i, #
7:54—17 ls 7é ls—i—l-

e Vector space spanned by such symmetric functions is an algebra

and we denote it by D.

e We put (the third version of analogs of elementary sym-

metric polynomials)

— €1 .82 €k
Eyp = > Tj Ty o Ty

(em)e{—1,1} ¥ isAis41

for k € N,
Such functions form an algebraical basis of D.

Another algebraical basis is given by P, p = fﬁoxk’ + f:ox;nk :
m= m=

m
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The methods

To calculate the coefficients in products of symmetric functions we use
the function L : N x Z* — K, given by

1 ifa=0
0 if ab # 0
Lab,e.d.c) = (n —1)%1 if b=0and ac # 0
T (n—2)(n—1)""1ifb=c=0and a#0#de
(n—1)" ifb=c=de=0and a(d*+e*) #0
nin—1a—-1) ifb=c=d=e=0anda#0.

We introduce useful injections Iy : (Z \ {0}),, — (Z \ {0})
L ({-1,1}s0) — ({—1,1}00),, by inductions.

An important role is played by the introduced three linear orderings
on (Z \ {0}),, and a linear ordering on ({—1,1}+) ...

o0 ?



