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1 Objective

e We extend Jaynes - Cummings model by adding a further
atomic level to support a second resonance and cooperative

effects in multi-atom systems.

A successive passage of a three-level atom in the V'
configuration interacting with one quantized mode of
electromagnetic field in a cavity is considered to study atomic

inversion and entropy evolution of the state.




2 Basic Model

VS

Figure 1: A successive passage of a three-level atom in the V' config-

uration interacting with one mode of electromagnetic field.




3 Time Evolution of the State

e We consider a V-type three-level atomic system which consists

of two allowed transitions
le) < [g)and [i) < |g)

where |e), |i) and |g) are excited state, intermediate state and
ground state respectively.

e Fach interaction has same mode of the field.

e In the rotating-wave approximation, its Hamiltonian is
described by

H:HO+H17




where

Ho = wele){e| + wili) (il + wylg){g| + va'a (%

Hy = giale){g| + gia’|g)(e| + goali)(g| + g2a'|g)(i].  (3)

Here a' and a are, respectively, the creation and annihilation

operators for the field of frequency ~.

i'm)(m = e, 1, g) are the eigenstates of the atom with
eigenfrequencies w,,(m = e,1,g), and g,(r = 1,2) are the
corresponding coupling constants.

We assume the coupling constants g; and g to be real
throughout the work.




e In the interaction picture, the state vector of this atom-field

coupling system at time ¢ can be described by

WI( ) = Z(Cem,n\e,n,ﬂ) + Cinnli,n,n) + Cgnnlg,n,n)).

n,n

(4)




e To get the interaction Hamiltonian we have

V eI Hot ff, e—JHot
Hy + jt[Ho, Hy] + Y [Hy, [Hy, Hy)]
+UY% [ Hy, [Hy, [Ho, Hl]]] +. .
grale)(gle?t@e=ws=) + giat|g)(e|e Tt we—ws =) 4
goali)(gle?"wimws=7) 4 gral|g) (ile I wimws =)

()

e We assume here




e Then

V = giale)(gle’ > +gia’|g)(ele™ > +gaali) (gle’ > +g2aT|g) (i]e 72!

e Substituting equation(4) in the Schrodinger equation in the

interaction picture

0T (0) = VIp! (1),

e we get from (4), (6) and (7)
CVe,n—l,n — _jgl\/ﬁejAth,n,n

Oi,n,n—l — _jg2\/ﬁejAth’n’n
Conn = =3 (G1V1Cen—1.0 + g2v/nCip p1)e 75




e If the atom is initially in the state |1 4(0) >,

Wa(0) >= Cos£e>+sin£e_wi> 11
2 2

which means that the atom is in the coherent superposition

state of its eigenkets |e > and |i >,

e and the field is in the superposition of the photon number
states at time t = 0[2]

|¢f(0) >= ZFn,n‘nan >,

n,n

where > |F, |7 =1,




e then the state vector of the total system at ¢ = 0 can be
described as

[ (0) >= Z[COS an—l,n|67 n—1,n > +sin %e_an,n_l]@', n,n—

(13)

e We now assume that

¢ =90 and ¢ = 0.

Fn,n%




e Then the state vector (13) of the total system at t = 0 reduces

to

9(0) >= Y %Fn,nue,n,n > Hlinn>)  (14)

e On solving equations (8), (9) and (10) with the initial
condition (14) we get

Cynm(t) = —2B1je 12 sin Bt

_ \/ﬁFn,n(g - 92)
220

By

and § = 51/A2 +4n(g7 + g3)-

11



GI(D/248)E_q LGB /2-p)t

—g1v/nB] @248 (B2

e’ [§A sin Bt—20 cos (t]
—g1vnBi{* kal AZ]4—(32 - A2/4 ﬁQ}
Fon

| +cos £ F

" 17

LI (A/248)t 4 ej(A/2—mt_1]

~92Vn B x e — e
+sin £ e‘ijnn 1

Bt (18)
e’ 2 [jA sin Bt—20 cos Bt
—gay/nBi{~ - A2 ]/4—[32

+A2/4 52}+ : an




e Substituting the values of C, ,, n(t), Cen—1.n(t) and C; . n—1(t)
from (15), (17) and (18) respectively in equation (4) we can
obtain the state vector of the system at time ¢ in the

interaction picture.

e If the radiation field is initially in the coherent state, namely,

F,=e ™22 (19)

N

o = /nel (20)

e and n is the mean photon number of the field, and ( is the

phase angle of a.




e For n > 1, then the photon number of the field can be well
approximated by Gaussian distribution

2

F, ~ (2r7) " Y/4eint e~ (21)

f:\/n—l—(n—n):\/ﬁ\/l—l—n_n%\/ﬁ.

n

e Again n large implies n is also large.




e Now after the interaction with the field if we detect the atom
in the ground state |g > after time t; then effectively atom
absorbs no photon but projects the cavity field into the state

1
V1 >= > Conanltr)ln > (23)

where
. .Atl .
Cynn(ti) =—2B1je 772 sin Bt

with B; given by (16).

The atom collapses in the ground state |g) with
maximum fidelity[3] are shown numerically in the

following table for different values of gt; and n:




gt1

Fidelity

gt1

Fidelity

2.17475
0.485741
0.346932
0.267409

0.64969

0.54566

0.156686
0.137503
0.122792
0.344388
0.112437

0.455027
0.907061
0.94599
0.966372
0.830403
0.872593
0.98797
0.990682
0.975713
0.514773
0.028343

0.111629
0.111267
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.000066556
6.35892 x 10799
2.68304 x10~
5.9437 x10~2!
6.04874 x 10729
6.04874 x 10738
3.32933 x10748
1.35062 x10~°Y
4.2914 x10~72
1.12532 x1078°
2.54818 x 10100

(25)



e If we now consider the passage of a second identical atom
through the cavity[6, 7], then the field inside the cavity
becomes

|¢2<t) >= Z(De,n,n e,n,n > +Di,n,n|i7 n,n > +Dg,n,n‘ga n,mn >>

(26)

e As in equation (6) we get the interaction Hamiltonian V'

Y YAN —j At Y YAN AN

+g2a'|g) (ile
(27)

V = grale){gle’ > +g1a'|g){ele 72 +gaali) (gle




e Substituting equation(26) in the Schrédinger equation in the

interaction picture

JE @) = VIS (1), (28)

e we get from (26), (27) and (28)
De,n—l,n — _jgl\/ﬁejAth,n,n

. . ”»
Di,n,n—l — _].92\/ﬁ6‘7 Dg,n,n

Dg,n,n — _j(gl\/ﬁDe,n—l,n + 92\/5Di,n,n—l)€_jAt




e If the atom is initially in the state |1 4(0) >,

4(0) >= cos g\e > +sin %e_w]i > (32)

e which means that the atom is in the coherent superposition

state of its eigenkets |e > and |i >,

e and the field is in the superposition of the photon number

states at time t = 0

1
‘wf(()) >= ; ZCg,n,n(tl)‘nan >7

n,n

where > [Cgnn 2 =n?,




e then the state vector of the total system at ¢ = 0 can be

described as

+sin £e7IYCy pp—1(t1)|i,n,n — 1 >]

(34)

e We now assume that

¢ =90 and ¢ = 0.




e Then the state vector (34) of the total system at t = 0 reduces

to

5(0) >= 3 %Og,n,nmme,n,n > i) (35)

e On solving (29), (30) and (31) with the initial condition (35)

we get

Dy n.n(t) Ky {e (A28t _ o=i(B/2=0)t

N (36)
9K je 73 sin At

Kl _ \/ﬁglcg,n—l,n(tl) + \/ﬁg2Cg,n,n—1(t1) (37>
2v/201




e From (36) we now have

Dy.n.n(t)
. y At .
—2K17e 772 sin B3t

_9Vng1Cg.n— 1n(t21\)/tg/n_92cgnn 1(t1) je —j 5t sin 3t
_(fglc\gr,%l,n(tl) n \ngcng,%—l(tl))je—j% sin Bt
~ [ S 0rt0e) o3 55 in Bt 4

Aty

\/_92{ \/_an(gl+92)]€ i7" sin Bty Y] je 9% sin Bt

\/_677 V23
[ 29

2627 Fn n(gl + 92) Sinﬁtl
At

38 Frno1 + g2)sin ta]e 904 sty sin

55 (g1 + g2)2)e ™ 75" 7% sin B sin Bt

(38)




From (29) we have

De,n—l,n(t) — _]gl \/ﬁejAthﬁLan
=  —jg1/nK {8278t _ pi(B/248)1Y

(39)

e Integrating with respect to t we get

De,n—l,n (t) - De,n—l,n (O)

ejAt/Q[jAsinﬁt—Qﬁ cos (] 203

(40)
= g1vnKi{ A2 /i— 52 + R )




IBI215 NsinBt—2 ¢
Y e e ST
+%008%Cg,n_1,n(t1)

IOE/215 N sinBt—2 t
o R (UGS )

\/_ Cy.nn(t1)

(41)

e From (30) we have

—jgan/nI {3 (B/2=P) _ i (A/2+0)t)




e Integrating with respect to t we get

Di,n,n—l (t) o Di,n,n—l (O)

el Ht/2 [jAsinfBt—20 cos Bt]

(43)
= ga2v/nKi{ A2/ T A2/4 62}

e Hence

IB/215 A sinBt—2 t
Di,n,n—l(t) 92\/5[(1{6 k A?ﬁf_ﬁQBCOSﬁ] + A2/4 52}
1 —j
+4 sin e IYCymm—1(t1)
IB/215 NsinBt—2 ¢
g/ I { S RTIE + oi )

+f%ncg,n,n (t1>

(44)




e Now, we take A =0, g1 = go = g to get

2

3? = -+ (91 + g5)n = 2¢°n

552 (91 + g2)2]e 7" 77 ¥ sin By sin Bt
—| QZZZ;:_” 4g*] sin/2ngt; . sin v/2ngt

—Lmn gin 2ngty.sin v/ 2ngt

n

(46)




IB/205 NsinBt—2 ¢
ol (2 g gt

f Cg.nn(l1)
g\/_K{ 2Bcosﬁt 26 Lann(tl)

v2(cos \/2ngt — 1)K1 + \/_ Cynn(t)
\/7((308 V 2ngt ) g n n(tl) + \/—%an,n,n(tl)
Cg n n( 1)

Van €08 V 2ngt.

(47)




IAL/2[5 Nsinft—2 t
gQﬁKl{ : J Aiz/zﬁ_52 B cos bt

\/— Cg n n(tl)
—2[3 cos (3t]
gv/nki { —32

Cg,n,n(t1)
Van 08 vV 2ngt




4 Population Inversion

e The inversion W (t) for the three-level atom with ground state

|lg > and two excited states |¢ > and |e > each coupled to |g >
is given by

W(t)

? + |Di n,n— 1|2 _ ‘Dg,n,n|2]
2
- - {ZO " sin?(gt1v/2n + 2) cos?(gty/2n + 4
Z g, n+1(t1)| !

n! sin”(gt1v/2n + 2) sin®(gtv/2n + 4)}
o la' sin?(gt1v/2n + 2) cos(2gty/2n + 4].
(49)




On taking A = 0,91 = g2 = g, = 5,% = 0 we find that the
equations (47) and (48) are identical.

This means that atom occupation probability of level |e) and

) are identical.

There are only one photon transition, |e) < |g) and |i) < |g),
in the interaction of the field and the atom.

In order to find the inversion property of the atom-field
interaction different values of gt; and 7n are given to (49) to
solve it numerically and the results are shown in the adjoining

figures.




e Fig. 1(a), 1(b) indicate that the population inversion of two

photons transition oscillate irregularly and atom collapses in
between 3.34 < gt < 5.06 for n = 2 and 2.76 < gt < 7.22 for

n=3.

Thus the initial coherent field with mean photon number n = 2
or n = 3 is not good for this model and is quite good for n = 4

and n = 5.

If the initial mean photon number of the coherent field lies
between n = 6 and n = 9, then this model is similar to that of

two-level one photon JCM.
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5 Evolution of the entropy of the field

e As we know, a measure of the uncertainty of the
quantum-mechanical state is entropy and if p is a density
operator for a given quantum system, S(p) defined by

S(p) = =Tr(plnp) (50)

is the von Neumann quantum mechanical entropy associated

with p.
S = 0 for a pure state p and S # 0 for a mixed state p.
Thus entropy measures deviations from pure state behaviour.

A non-zero S thus describes additional uncertainties in
addition to those inherent quantum uncertainties which exist

even for a pure state.




Entropy is used to find out the disorder that evolve in a

quantum system [10- 15].

But the trace of pilnp depends only on its eigenvalues and being
governed by a unitary time evolution its eigenvalues remain

constant.

Thus the entropy defined in (50) is time independent which
means that if it is prepared in a pure or mixed state then it

remains in a pure or mixed state as we proceed with the time.

But we are interested in the way a system interacts with its
environment or how a sub-system interacts with the rest of the
system.

The density operator p of the whole system contains many
information which gives a little information of particular

sub-system’s behaviour.




We thus get a statistical operator which is called the reduced
density operator and using this operator we define entropy for
a sub-system to study interesting information about the
dynamical behaviour of the subsystem.

In our present study of atom-field system we denote by .S the
total entropy of the complete atom-field system.

A remarkable theorem of Araki and Lieb [9] states that

[Sa =S¢ <5 < |Sa + 5¢l. (51)

As the atom-field system is initially a pure state we have S =0
and we have an immediate consequence that if the total system
is prepared in a pure state then the component systems have
equal entropies throughout the entire evolution of the system.

Thus the atom and the field entropies are identical.




The time evolution of the light field (atom) entropy reflects the

evolution property of the interdependence between the light
field and the atom|4,5,8].

Initially, since both light field and atom are in pure states and
independent of each other then the whole system of the

atom-field is zero and remains constant.

Now, the entropy of the atom when treated as a separate
system is defined through the corresponding reduced density
operator by

Sa = —Tra(palnpa) (52)

where the reduced density operator p4 is

pa="Trr(p).




e We now calculate

pa = trel|a(t) >< Pa(t)]]

e with

|¢2(t) >= Z[De,n,n|€, n,n > —|—D7j,n,n‘i7n7n > +Dg,n,n|ga n,n >]

n

(93)




[1h2(8) >< 1ha(t)]
Zm,n[De,n|€7n > _|_Dz,n‘7/7n > —|—Dg,n|g,’n >]

(Do < €,m|+ Dipm <i,m|+ Dym < g,ml]
Zm,n{De,nDe,m|€a n><e,m|+ DenDimle,n ><i,m]|

DenDymle,n >< g,m| + Di pnDemli,n >< e, m|
+D; nDimli,n ><i,m| + Di,an,m\i,n >< g, m|
+Dy nDemlg,n ><e,m|+ Dy nDimlg,n ><i,m|
+DynDymlg,n >< g,m|}







e and the atomic entropy is given by

Sp(t) = Sa(t) = =Trlpa(t)lnpa(t)) = =Y Nink;  (58)

j=1

o where \s(j = 1,2, 3) are the eigenvalues of reduced density

matrix of the atom whose characteristic equation is

)\3 -+ 042)\2 -+ &1)\ -+ g — 0 (59)




—PeePiiPgg — PegPigPge — PegPgilie + PeePigPgi + PiiPgePdyg
TPggPeiPie
PeePii + PiiPgg T PggPee — PeiPie — PigPgi — PgePeg

—Pee — Pii — pgg
(60)

44



In Fig. 2, on taking A =0,91 = g2 = g, = 5,9 = 0 we have

plotted the entropy for eight different values of mean photon

numbers of the initial field.

We observe from the figures 2(a) and 2(b) that the value of the
field entropy oscillates and the coherent field does not keep its

coherence but quietly decohere.

In figures 2(c) and 2(d) the entropy oscillates from the initial
value but after sometime it collapses for a short while and then

revives for ever.

From figures 2(e)- 2(h), entropy collapses and revives
periodically and the system is similar to that of one photon
transition of JCM.













100




6 Conclusion

We have thus shown the population inversion and the entropy
evolution of the field interaction between the two atoms
(passing one by one) and the single mode coherent field in a
cavity.

If we take the initial coherent field with mean photon number

8, then the atom collapses to the ground state with maximum
fidelity .996082 after the laps of normalized time 0.137503.

In the table (25) we have shown that the first atom collapses
with maximum fidelity at different time in different mean
photon number.

In the picture of inversion and entropy evolution of the field we
consider the coherent field with mean photon number between
2 and 9 and they are plotted for different values of normalized




time at which the first atom collapses to the ground state with

maximum fidelity.

If the mean photon number of the initial field is 1 then the
fidelity is less than .5 and if the mean photon number is greater
than 12 then the fidelity is nearly equal to 0 and we observe
that atomic inversion and entropy of the field oscillate

irregularly and the system will not collapse at all.

If the fidelity is nearly equal to one then the system is similar
to one-photon JCM.

Thus the model is good when the fidelity is maximum and is

bad when the fidelity is minimum.

Thus the model is totally dependent on the initial field and the

first atom when it collapses to the ground state with maximum
fidelity.
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