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Two matrix products

Notation

The set of n × n matrices with entries in a set K ⊆ C is denoted Mn(K ).

Products

The vector space Mn(C) is an associative algebra for at least two different
products: if A = (aij) and B = (bij) then

(AB)ij :=

n
∑

k=1

aikbkj (standard)

and (A ◦ B)ij := aijbij (Hadamard).

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 3 / 23



Positive definiteness

Definition

A matrix A ∈ Mn(C) is positive semidefinite if

x∗Ax =
n

∑

i ,j=1

xiaijxj > 0 for all x ∈ C
n.

A matrix A ∈ Mn(C) is positive definite if

x∗Ax =
n

∑

i ,j=1

xiaijxj > 0 for all x ∈ C
n \ {0}.

Remark

The subset of Mn(K ) consisting of positive semidefinite matrices is
denoted Mn(K )+.The set Mn(C)+ is a cone: closed under sums and under
multiplication by elements of R+.
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Some consequences

Symmetry

If A ∈ Mn(K )+ then AT ∈ Mn(K )+: note that

0 6 (x∗Ax)T = y∗ATy for all y = x ∈ C
n.

Hermitianity

If A ∈ Mn(C)+ then A = A∗: note that

x∗A∗x = (x∗Ax)∗ = x∗Ax (x ∈ C
n) =⇒ A = A∗ (polarisation).

Non-negative eigenvalues

If A ∈ Mn(C)+ = U∗ diag(λ1, . . . , λn)U, where U ∈ Mn(C) is unitary,
then λi = (U∗ei )

∗A(U∗ei ) > 0.

Conversely, if A ∈ Mn(C) is Hermitian and has non-negative eigenvalues
then A = B∗B ∈ Mn(C)+, where B = A1/2 = U∗ diag

(√
λ1, . . . ,

√
λn

)

U.
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The Schur product theorem

Theorem 1 (Schur, 1911)

If A, B ∈ Mn(C)+ then A ◦ B ∈ Mn(C)+.

Proof.

x∗(A ◦ B)x = tr(diag(x)∗B diag(x)AT
)

= tr
(

(AT )1/2 diag(x)∗B diag(x)(AT )1/2
)

.
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A question of Pólya and Szegö

Corollary 2

If f (z) =
∑∞

n=0 anz
n is analytic on K and an > 0 for all n > 0 then

f [A] :=
(

f (aij)
)

∈ Mn(C)+ for all A = (aij) ∈ Mn(K )+ and all n > 1.

Observation

The functions in the corollary preserve positivity on Mn(K )+ regardless of
the dimension n.

Question (Pólya–Szegö, 1925)

Are there any other functions with this property?

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 7 / 23



Schoenberg’s theorem

Theorem 3 (Schoenberg, 1942)

If f : [−1, 1] → R is

(i) continuous and

(ii) such that f [A] ∈ Mn(R)+ for all A ∈ Mn

(

[−1, 1]
)

+
and all n > 1

then f is absolutely monotonic:

f (x) =

∞
∑

n=0

anx
n for all x ∈ [−1, 1], where an > 0 for all n > 0.

Proof (Christensen–Ressel, 1978).

{f : [−1, 1] → R | f (1) = 1, f [A] ∈ Mn(R)+ ∀A ∈ Mn

(

[−1, 1]
)

+
, n > 1}

is a Choquet simplex with closed set of extreme points

{xn : n > 0} ∪ {1{1} − 1{−1}, 1{−1,1}}.
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Horn’s theorem

Theorem 4 (Horn, 1969)

If f : (0,∞) → R is continuous and such that f [A] ∈ Mn(R)+ for all
A ∈ Mn

(

(0,∞)
)

+
, where n > 3, then

(i) f ∈ Cn−3
(

(0,∞)
)

and

(ii) f (k)(x) > 0 for all k = 0, . . . , n − 3 and all x > 0.

If, further, f ∈ Cn−1
(

(0,∞)
)

, then f (k)(x) > 0 for all k = 0, . . . , n − 1
and all x > 0.

Lemma 5

If f : D(0, ρ) → R is analytic, where ρ > 0, and such that f [A] ∈ Mn(R)+
whenever A ∈ Mn

(

(0, ρ)
)

+
has rank at most one, then the first n non-zero

Taylor coefficients of f are strictly positive.
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A theorem for fixed dimension

Theorem 6 (B–G–K–P, 2015)

Let ρ > 0, n > 1 and

f (z) =

n−1
∑

j=0

cjz
j + c ′zm,

where c = (c0, . . . , cn−1) ∈ R
n, c ′ ∈ R and m > 0.The following are

equivalent.

(i) f [A] ∈ Mn(C)+ for all A ∈ Mn

(

D(0, ρ)
)

+
.

(ii) Either c ∈ R
n
+ and c ′ ∈ R+, or c ∈ (0,∞)n and c ′ > −C(c;m, ρ)−1,

where

C(c;m, ρ) :=

n−1
∑

j=0

(

m

j

)2(m − j − 1

n − j − 1

)2ρm−j

cj
.

(iii) f [A] ∈ Mn(R)+ for all A ∈ Mn

(

(0, ρ)
)

+
with rank at most one.
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A determinant identity with Schur polynomials

For all t ∈ R, n > 1 and c = (c0, . . . , cn−1) ∈ F
n, let the polynomial

p(z ; t, c,m) := t(c0 + · · ·+ cn−1z
n−1)− zm (z ∈ C).

Given a non-increasing n-tuple k = (kn > · · · > k1) ∈ Z
n
+, let

σk(x1, . . . , xn) :=
det(x

kj+j−1
i )

det(x j−1
i )

and Vn(x1, . . . , xn) := det(x j−1
i ).

Theorem 7

Let m > n > 1. If µ(m, n, j) := (m − n+ 1, 1, . . . , 1, 0, . . . , 0), where there
are n − j − 1 ones and j zeros, and c ∈ (F×)n then, for all u, v ∈ F

n,

det p[uvT ; t, c,m]= tn−1Vn(u)Vn(v)
(

t−
n−1
∑

j=0

σµ(m,n,j)(u)σµ(m,n,j)(v)

cj

)

n−1
∏

j=0

cj .
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Proof that (ii) =⇒ (i) in Theorem 6 when m > n

By the Schur product theorem, it suffices to assume that
−C(c;m, ρ)−1 6 c ′ < 0 < c0, . . . , cn−1.

The key step is to show that f [A] ∈ Mn(C)+ if A ∈ Mn

(

D(0, ρ)
)

+
has

rank at most one.

Given this, the proof concludes by induction. The n = 1 case is immediate,
since every 1× 1 matrix has rank at most one.

Assume the n− 1 case holds. Since

f (z) =

n−1
∑

j=0

cjz
j + c ′zm = |c ′|

(

|c ′|−1(c0 + · · ·+ cn−1z
n−1)− zm

)

= |c ′| p(z ; |c ′|−1, c,m),

it suffices to show p[A] := p[A; |c ′|−1, c,m] ∈ Mn(C)+ if A ∈ Mn(C)+.

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 12 / 23



Two lemmas

Lemma 8 (FitzGerald–Horn, 1977)

Given A = (aij) ∈ Mn(C)+, set z ∈ C
n to equal (ain/

√
ann) if ann 6= 0 and

to be the zero vector otherwise.Then A− zz∗ ∈ Mn(C)+ and the final row
and column of this matrix are zero.

If A ∈ Mn

(

D(0, ρ)
)

+
then zz∗ ∈ Mn

(

D(0, ρ)
)

+
, since

∣

∣

∣

aii ain
ain ann

∣

∣

∣ = aiiann − |ain|2 > 0.

Lemma 9

If F : C → C is differentiable then

F (z) = F (w) +

∫ 1

0
(z − w)F ′(λz + (1− λ)w)dλ (z ,w ∈ C).
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Proof that (ii) =⇒ (i) continued

By Lemmas 8 and 9,

p[A] = p[zz∗] +

∫ 1

0
(A− zz∗) ◦ p′[λA+ (1− λ)zz∗]dλ.

Now,

p′(z ; |c ′|−1, c,m) = mp(z ; |c ′|−1/m, (c1, . . . , (n − 1)cn−1),m − 1)

so the integrand is positive semidefinite, by the inductive assumption, since

m C
(

(c1, . . . , (n − 1)cn−1);m − 1, ρ) 6 C(c;m, ρ).

Hence p[A] is positive semidefinite, as required.
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Hankel matrices

Hankel matrices

Let µ be a measure on R with moments of all orders, and let

sn = sn(µ) :=

∫

R

xnµ(dx) (n > 0).

The Hankel matrix associated with µ is

Hµ :=















s0 s1 s2 . . .

s1 s2 s3 . . .

s2 s3 s4 . . .

...
...

...
. . .















= (si+j)i ,j>0.

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 15 / 23



The Hamburger moment problem

Theorem 10 (Hamburger)

A sequence (sn)n>0 is the moment sequence for a positive Borel measure
on R if and only if the associated Hankel matrix is positive semidefinite.

Corollary 11

A map f preserves positivity when applied entrywise to Hankel matrices if
and only if it maps moment sequences to themselves: given any positive
Borel measure µ,

f
(

sn(µ)
)

= sn(ν) (n > 0)

for some positive Borel measure ν.
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Preserving positivity for Hankel matrices

Theorem 12 (B–G–K–P, 2016)

Let f : R → R. The following are equivalent.

1 The function f maps moment sequences of measures supported on
[−1, 1] into themselves.

2 If A is an N × N positive semidefinite Hankel matrix then f [A] is
positive semidefinite, for all N > 1.

3 If A is an N × N positive semidefinite matrix then f [A] is positive
semidefinite, for all N > 1.

4 The function f is the restriction to R of an entire function
F (z) =

∑∞
n=0 anz

n, with an > 0 for all n > 0.
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Total non-negativity and total positivity

A matrix is totally non-negative if each of its minors is non-negative.
A matrix is totally positive if each of its minors is positive.
These were first investigated by Fekete (1910s) then by Gantmacher and
Krein and by Schoenberg (1930s). There are of much recent interest.

Example












1 1 1 1

1 2 4 8

1 3 9 27

1 4 16 64













Remark

A totally non-negative matrix which is symmetric is positive semidefinite,
by Sylvester’s criterion.
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Preserving positivity for symmetric TN matrices

Theorem 13 (B–G–K–P, 2017)

Let F : [0,∞) → R and let N be a positive integer. The following are
equivalent.

1 F preserves total non-negativity entrywise on symmetric N × N
matrices.

2 F is either a non-negative constant or

(a) (N = 1) F (x) > 0;
(b) (N = 2) F is non-negative, non-decreasing, and multiplicatively

mid-convex, i.e.,

F (
√
xy )2 ≤ F (x)F (y) for all x , y ∈ [0,∞);

(c) (N = 3) F (x) = cxα for some c > 0 and some α > 1;
(d) (N = 4) F (x) = cxα for some c > 0 and some α ∈ {1} ∪ [2,∞);
(e) (N > 5) F (x) = cx for some c > 0.

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 19 / 23



Preserving positivity for symmetric TP matrices

Theorem 14 (B–G–K–P, 2017)

Let F : (0,∞) → R and let N be a positive integer. The following are
equivalent.

1 F preserves total positivity entrywise on symmetric N × N matrices.
2 The function F satisfies

(a) (N = 1) F (x) > 0;
(b) (N = 2) F is positive, increasing, and multiplicatively mid-convex, i.e.,

F (
√
xy )2 ≤ F (x)F (y) for all x , y ∈ (0,∞);

(c) (N = 3) F (x) = cxα for some c > 0 and some α > 1;
(d) (N = 4) F (x) = cxα for some c > 0 and some α ∈ {1} ∪ [2,∞).
(e) (N > 5) F (x) = cx for some c > 0.
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The end!

Thank you for your attention

Dziȩkujȩ za uwagȩ

Alexander Belton (Lancaster University) Positivity preservers MRCC Bȩdlewo, 20vii18 21 / 23
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