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E (x) =
{∑∞

n=0 xnεn : (εn)n∈ω ∈ {0, 1}ω
}

Theorem (Kakeya)

For any sequence x ∈ l1 \ c00

1. E (x) is a perfect compact set.

2. If |xn| >
∑

i>n |xi | for almost all n, then E (x) is
homeomorphic to the ternary Cantor set.

3. If |xn| ≤
∑

i>n |xi | for almost all n, then E (x) is a finite union
of closed intervals. In the case of non-increasing sequence x,
the last inequality is also necessary for E (x) to be a finite
union of intervals.

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets



E (x) =
{∑∞

n=0 xnεn : (εn)n∈ω ∈ {0, 1}ω
}

Theorem (Kakeya)

For any sequence x ∈ l1 \ c00

1. E (x) is a perfect compact set.

2. If |xn| >
∑

i>n |xi | for almost all n, then E (x) is
homeomorphic to the ternary Cantor set.

3. If |xn| ≤
∑

i>n |xi | for almost all n, then E (x) is a finite union
of closed intervals. In the case of non-increasing sequence x,
the last inequality is also necessary for E (x) to be a finite
union of intervals.

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets



Theorem
For any sequence x ∈ l1 \ c00, E (x) is one of the following sets:

1. a finite union of closed intervals;

2. homeomorphic to the Cantor set;

3. homeomorphic to the set T = E (c) for the sequence

c =
(5+(−1)n

4n

)∞
n=1

.
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We call a sequence multigeometric if it is of the form

(k0, k1, . . . , km, k0q, k1q, . . . , kmq, k0q2, k1q2, . . . , kmq2, k0q3 . . . )

for some positive numbers k0, . . . , km and q ∈ (0, 1).
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a = (8, 7, 6, 5, 4; 1
10 )

b = (7, 6, 5, 4, 3; 2
27 )

c = (3, 2; 1
4 )

d = (3, 2, 2, 2; 19
109 ).
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K (Σ; q) =
{ ∞∑

n=0

anqn : (an)∞n=0 ∈ Σω
}

K (Σ; q) can be found as a unique compact solution K ⊂ R of the
equation K = Σ + qK .

Σ =
{ m∑

n=0

knεn : (εn)mn=0 ∈ {0, 1}m+1
}
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Given a compact subset A ⊂ R containing more than one point let

diamA = sup{|a− b| : a, b ∈ A}

δ(A) = inf{|a− b| : a, b ∈ A, a 6= b}
∆(A) = sup{|a− b| : a, b ∈ A, (a, b) ∩ A = ∅}

I (A) =
∆(A)

∆(A) + diamA
,

i(A) = inf{I (B) : B ⊂ A, 2 ≤ |B| < ω}.

In particular, given a finite subset Σ ⊂ R of cardinality |Σ| ≥ 2, we
will write it as Σ = {σ1, . . . , σs} for real numbers σ1 < · · · < σs .
Then we have

diam(Σ) = σs − σ1, δ(Σ) = min
i<s

(σi+1 − σi ),

∆(Σ) = max
i<s

(σi+1 − σi ).
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Theorem
Let Σ = {σ1, . . . , σs} for some real numbers σ1 < · · · < σs . Then:

1. K (Σ; q) is an interval if and only if q ≥ I (Σ);

2. K (Σ; q) is not a finite union of intervals if q < I (Σ) and
∆(Σ) ∈ {σ2 − σ1, σs − σs−1};

3. K (Σ; q) contains an interval if q ≥ i(Σ);

4. If d = δ(Σ)
diam(Σ) <

1
3+2
√

2
and 1

|Σ| <
√
d

1+
√
d

, then for almost all

q ∈
(

1
|Σ| ,

√
d

1+
√
d

)
the set K (Σ; q) has positive Lebesgue

measure and the set K (Σ;
√

q) contains an interval;

5. K (Σ; q) is a Cantor set of zero Lebesgue measure if q < 1
|Σ|

or, more generally, if qn < 1
|Σn| for some n ∈ N where

Σn =
{∑n−1

k=0 akqk : (ak)n−1
k=0 ∈ Σn

}
.

6. If Σ ⊃ {a, a + 1, b + 1, c + 1, b + |Σ|, c + |Σ|} for some real
numbers a, b, c ∈ R with b 6= c, then there is a strictly
decreasing sequence (qn)n∈ω with limn→∞ qn = 1

|Σ| such that

the sets K (Σ; qn) has Lebesgue mesure zero.
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Multigeometric sequences of the form

(k + m, . . . , k + 1, k ; q)

with m ≥ k we will call Ferens-like sequences. The achievement
set E (x) for a Ferens-like sequence coincides with the self-similar
set K (Σ; q) for the set

Σ = {0, k , k + 1, . . . , n − k, n},

where n = (m + 1)(2k + m)/2. Sets K (Σ; q) with Σ of this form
will be called Ferens-like fractals.
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xq = (4, 3, 2; q)

Σ = {0, 2, 3, 4, 5, 6, 7, 9}
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xq = (6, 5, 4, 3; q)

Σ = {0, 3, . . . , 15, 18}
|Σ| = 15

C0

1
15

λ+ λ+C0

1
14

1
13

MC
1
7

Ib
0

b r s
1

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets



xq = (6, 5, 4, 3; q)

Σ = {0, 3, . . . , 15, 18}
|Σ| = 15

C0

1
15

λ+ λ+C0

1
14

1
13

MC
1
7

Ib
0

b r s
1

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets



Bibliography

I T. Banakh, A. Bartoszewicz, S. G la̧b, E. Szymonik, Algebraic
and topological properties of some sets in `1, Colloq. Math.
129 (2012), 75–85.

I A. Bartoszewicz, M. Filipczak, E. Szymonik, Multigeometric
sequences and Cantorvals, CEJM 12(7) (2014), 1000–1007

I M. Cörnyei, T. Jordan, M. Pollicott, D. Preiss, B. Solomyak,
Positive-measure self-similar sets without interior, Ergodic
Theory Dynam. Systems. 26(3) (2006), 755–758.

I C. Ferens, On the range of purely atomic probability
measures, Studia Math. 77 (1984), 261–263.

I J. A. Guthrie, J. E. Nymann, The topological structure of the
set of subsums of an infinite series, Colloq. Math. 55(2)
(1988), 323–327.

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets



Bibliography

I R. Jones, Achievement sets of sequences, Am. Math. Mon.
118(6) (2011), 508–521.

I S. Kakeya, On the partial sums of an infinite series, Tôhoku
Sci. Rep. 3(4) (1914), 159–164.

I B. Solomyak, On the random series Σ± λn (an Erdös
problem), Ann. Math. 142 (1995), 611–625.

T. Banakh, A. Bartoszewicz, M. Filipczak, E. Szymonik Properties of some self-similar sets


