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CBYV and strongly singular functions

We denote by CBV the Banach algebra of all continuous real functions
from [0, 1] of bounded variation, with the norm

1]} = If (0)] + Var(f)
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CBYV and strongly singular functions

We denote by CBV the Banach algebra of all continuous real functions
from [0, 1] of bounded variation, with the norm

1]} = If (0)] + Var(f)

A continuous function f : [a, b] — R of bounded variation is said to be
singular whenever it is not constant and f/ = 0 almost everywhere.
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CBYV and strongly singular functions

We denote by CBV the Banach algebra of all continuous real functions
from [0, 1] of bounded variation, with the norm

1]} = If (0)] + Var(f)

A continuous function f : [a, b] — R of bounded variation is said to be
singular whenever it is not constant and f/ = 0 almost everywhere.

A singular function f € CBV s called strongly singular if its restriction to
every subinterval of [0, 1] is singular.
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Measures j, and distribution functions F,

Let p € (0,1/2), pp be the distribution of the sum
= (1
X = Z ? Xk
k=1

where Xi, k € N, is a sequence of independent random variables with
Pr(Xk =0)=pand Pr(X,=1)=1—p.
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Measures j, and distribution functions F,

Let p € (0,1/2), pp be the distribution of the sum
X — Z ? Xk
k=1
where Xi, k € N, is a sequence of independent random variables with

Pr(Xk =0)=pand Pr(X,=1)=1—p.

We will denote
Fp(t):=Pr(X <t)
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].

(2) If t = ¥§_q 56 with ux € {0,1} , /(t) and r (t) denote the numbers
of zeros and ones among uy, ..., u, then

Hp <[t t+ 21,7D =F, <t+ 21”) —Fp(t)=p'D (1 - p)
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].

(2) If t = ¥§_q 56 with ux € {0,1} , /(t) and r (t) denote the numbers
of zeros and ones among uy, ..., u, then

Hp <[t t+ 21,7D =F, <t+ 21”) —Fp(t)=p'D (1 - p)

(3) If x € (0,1) and F, (x) exists then F, (x) = 0.
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Suppose that F,, (x) # 0. For any n there is k, such that

X € Ip:= (% k";,,rl}
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Suppose that F,, (x) # 0. For any n there is k, such that

X € Ip:= (% k";,,rl}

Clearly

k1) _ £ (ke
Fj\p((lin)) _ F”( 2" 2_n Fo (2") — Fp (x)
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Suppose that F,, (x) # 0. For any n there is k, such that
X € Ip:= (k” k"“}

270
Clearly
kot1) ky
i B () F(8)
Al 2" p X
and

o (Inv1) _ Hp (In+1) 1.,
/\(/:)1 - 2A(I,,+1) = 5f ().
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Suppose that F,, (x) # 0. For any n there is k, such that
X € Ip:= (k” k"“}

270
Clearly
kot1) ky
i B () F(8)
Al 2" p X
and

o (Inv1) _ Hp (In+1) 1.,
/\(/:)1 - 2A(I,,+1) = 5f ().

Hp(In+1) 1 pp(lny1) - _
Hence ol 2 but RS equaltoporl—np.
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].

(2) If t =Ygy 55 with ux € {0,1} , /(t) and r (t) denote the numbers
of zeros and ones among u, ..., u, then

Up <[t t+ 21,,}) =Fp <t—|— 21n> — F (1) = p/(t) (1— p)r(t)_

(3) If x € (0,1) and F} (x) exists then F} (x) = 0.
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].

(2) If t =Ygy 55 with ux € {0,1} , /(t) and r (t) denote the numbers
of zeros and ones among u, ..., u, then

1 1 ,
re <[“+an Bk <t+2n> = Fp (1) =p' (1= p)"".
(3) If x € (0,1) and F, (x) exists then Fj (x) = 0.

(4) F, = 0 almost everywhere in [0, 1].
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Properties of measures j, and distribution functions F,

(1) Fp is continuous and strictly increasing on [0, 1].
(2) If t =Ygy 55 with ux € {0,1} , /(t) and r (t) denote the numbers
of zeros and ones among u, ..., u, then

1 1 r
he <[“+an Bk <t+2n> = Fp(t) =p" (1=p)".
(3) If x € (0,1) and F, (x) exists then Fj (x) = 0.
(4) F, = 0 almost everywhere in [0, 1].

(5) Fp is a strongly singular function.
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Properties of measures j, and distribution functions F,

(6) The set

Bp:{XE[O,l]: Iimxl+'“+X":1—p}

n—oo n

where x = 0.x1x2x3x4...(2), is Borel and i, (Bp) =1
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Properties of measures j, and distribution functions F,

(6) The set

Bp:{XE[O,l]: IimX1+“'+X":1—p}

n—oo n

where x = 0.x1x2x3x4...(2), is Borel and i, (Bp) =1

(7) For any distinct p, g € (0, %) , Vano ) (Fp— Fq) = 2.
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Sketch of the proof

Let € € (0,1/4). Pick closed sets C, C By, and C; C By such that
up(Cp) = 1 —eand pg(Cq) =1 —e
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Sketch of the proof

Let € € (0,1/4). Pick closed sets C, C By, and C; C By such that
1p(Cp) > 1—eand puq(Cq) > 1 —¢. Choose disjoint sets G, O C, and
Gq D Cq that are open in [0, 1]. Let (/,) and (J,) stand for the sequences
of all connected components of G, and Gq, respectively.
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Sketch of the proof

Let € € (0,1/4). Pick closed sets C, C By, and C; C By such that
Hp(Cp) > 1—eand puq(Cq) > 1—e Choose d|5J0|nt sets G, O Cp and
Gq D (g4 that are open in [0 1]. Let (/,) and (J,) stand for the sequences
of all connected components of G, and G, respectively.

Then pp(Gp) > 1 —e, thatis ), Varg Fp > 1 —¢, and pp(Gq) <,
that is ), Varyy Fp < e
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Sketch of the proof

Let € € (0,1/4). Pick closed sets C, C By, and C; C By such that
Hp(Cp) > 1—eand puq(Cq) > 1—e Choose d|5J0|nt sets G, O Cp and
Gq D (g4 that are open in [0 1]. Let (/,) and (J,) stand for the sequences
of all connected components of G, and G, respectively.

Then pp(Gp) > 1 —e, thatis ), Varg Fp > 1 —¢, and pp(Gq) <,
that is ), Varyy,)Fp < €. Using above inequalities we obtain

ZVa F—F)>1—2eandZVa sy (Fp— Fg) > 1—2¢.
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Sketch of the proof

Let € € (0,1/4). Pick closed sets C, C By, and C; C By such that
Hp(Cp) > 1—eand puq(Cq) > 1—e Choose d|5J0|nt sets G, O Cp and
Gq D (g4 that are open in [0 1]. Let (/,) and (J,) stand for the sequences
of all connected components of G, and G, respectively.

Then pp(Gp) > 1 —e, thatis ), Varg Fp > 1 —¢, and pp(Gq) <,
that is ), Varyy,)Fp < €. Using above inequalities we obtain

ZVa F—F)>1—2eandZVa sy (Fp— Fg) > 1—2¢.

Hence
Var[ovl](Fp — Fq) Z 2 —4e.
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Properties of measures j, and distribution functions F,

(6) The Borel set

Bp:{XE[O,l]: IimX1+"'+X":1—p}

n—o0 n

where x = 0.x1X0x3X3...(o), has measure one.
) P

(7) For any distinct p, g € (0,3), Varjg 1) (F, — Fq) = 2.

Corollary: The space CBV is nonseparable
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Lineability and spaceability

A subset A of a vector space V is called lineable if AU {6} contains an
infinite dimensional vector subspace W of V.
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Lineability and spaceability

A subset A of a vector space V is called lineable if AU {6} contains an
infinite dimensional vector subspace W of V.

A subset A of a topological vector space V is called spaceable if AU {6}
contains an infinite dimensional closed vector subspace W of V. If W is
nonseparable, we say that A is nonseparably spaceable.
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparable spaceable.
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparable spaceable.

Sketch of the proof: Denote

W = span{F,:p € (0,1/2)}
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparable spaceable.

Sketch of the proof: Denote
W = span{F,:p € (0,1/2)}

Lemma 1: If0<p; <..<px<1l/2and a; #0fori=1,..,k, then
for any interval J there exists | C J such that

k
Z:lai.upi (/) # 0.
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparable spaceable.

Sketch of the proof: Denote
W = span{F,:p € (0,1/2)}

Lemma 1: If0<p; <..<px<1l/2and a; #0fori=1,..,k, then
for any interval J there exists | C J such that

k
;ai.upi (/) # 0.

Corollary: Each nonzero function from W is strongly singular.
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparably spaceable.

W = span{F,:p € (0,1/2)}

If f'=0a.e., g€ CBV and |g’| > a on the set X of positive measure
A (X) = B then

Var[oll} (f—g) 2/ ‘(f—g)/‘ > “.B

(0,1]
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparably spaceable.

W = span{F,:p € (0,1/2)}

If f'=0a.e., g€ CBV and |g’| > a on the set X of positive measure
A (X) = B then

Vaf[o,l} (f—g) 2/

[(F—g)'| > ap
0.1]

Lemma 2: If f € ¢/ (W) in CBV then f' = 0 almost everywhere in [0, 1].
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparably spaceable.

W = span{F,:p € (0,1/2)}
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparably spaceable.

W = span{F,:p € (0,1/2)}

Lemma 3: Consider arbitrary birational numbers ty = iy/2™ and

t1 = i1/2™ such that ny > ng, £(t1) > 4(to) and r(t1) > r(to). Put

lo = [to, to+1/2™] and h = [t1, t1 + 1/2™]. Then there exists a
subinterval J = [j/2™, (j +1)/2m%1] of Iy such that pp(J) = pp(h) for
each p € (0,1/2).

Moreover, for any real numbers «, B € I, & < B, there exists a subinterval
la1, B1] of Io such that pp([a1, B1]) = up([a, B]) for each p € (0,1/2).
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Nonseparable spaceability

Theorem 1. The set of strongly singular functions in CBV is
nonseparably spaceable.

W = span{F,:p € (0,1/2)}

Lemma 3: Consider arbitrary birational numbers ty = iy/2™ and

t1 = i1/2™ such that ny > ng, £(t1) > 4(to) and r(t1) > r(to). Put

lo = [to, to+1/2™] and h = [t1, t1 + 1/2™]. Then there exists a
subinterval J = [j/2™, (j +1)/2m%1] of Iy such that pp(J) = pp(h) for
each p € (0,1/2).

Moreover, for any real numbers «, B € I, & < B, there exists a subinterval
la1, B1] of Io such that pp([a1, B1]) = up([a, B]) for each p € (0,1/2).

Lemma 4: If f € ¢/ (W) is constant in some interval of [0, 1] then f is
equal to 0 in [0, 1].
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Algebrability

A subset E of a commutative algebra is called x-algebrable if there exists
an algebra A C E U {6} such that

k=min{|F|:A=A(F)}
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Algebrability

A subset E of a commutative algebra is called x-algebrable if there exists
an algebra A C E U {6} such that

k=min{|F|:A=A(F)}

E is called strongly x-algebrable if there exists a free algebra A C EU {0}
such that
k=min{|F|:A=A(F)}
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ng c-algebrability

Theorem 2. The set of strongly singular functions in CBV is strongly
c-algebrable.
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Strong c-algebrability

Theorem 2. The set of strongly singular functions in CBV is strongly
c-algebrable.

A function f: R — R is exponential like (of range m) whenever

fx) =Y, aieP* x€R,
i=1

for some distinct nonzero real numbers B1,... B, and some nonzero real
numbers ay, ... am.
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Strong c-algebrability

Theorem 2. The set of strongly singular functions in CBV is strongly
c-algebrable.

A function f: R — R is exponential like (of range m) whenever
fx) =Y, aieP* x€R,
i=1

for some distinct nonzero real numbers B1,... B, and some nonzero real
numbers ay, ... am.

METHOD. Given a family F C RI[%1 assume that there exists a
function F € F such that fo F € F \ {0} for every exponential like
function f: R — IR. Then F is strongly c-algebrable. More exactly, if

H C R is a set of cardinality ¢, linearly independent over Q, then

expo (rF), r € H, are free generators of an algebra contained in F U {0}.
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Strong c-algebrability

Lemma 5. For any exponential like function f: [0, 1] — R of range m,
and each ¢ € R, the preimage f1[{c}] has at most m elements.
Consequently, f is not constant in every subinterval of [0, 1].
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Strong c-algebrability

Lemma 5. For any exponential like function f: [0, 1] — R of range m,
and each ¢ € R, the preimage f1[{c}] has at most m elements.
Consequently, f is not constant in every subinterval of [0, 1].

Proof of Theorem 2: Let F = Fy/4 and f(x) = " a;ef*. Since
F" = 0 almost everywhere in [0, 1]

(fo F)'(x)=F'(x)) aipiePiF*) = 0 for almost all x € [0,1].

i=1
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Strong c-algebrability

Lemma 5. For any exponential like function f: [0, 1] — R of range m,
and each ¢ € R, the preimage f1[{c}] has at most m elements.
Consequently, f is not constant in every subinterval of [0, 1].

Proof of Theorem 2: Let F = Fy/4 and f(x) = " a;ef*. Since
F" = 0 almost everywhere in [0, 1]

(fo F)'(x)=F'(x)) aipiePiF*) = 0 for almost all x € [0,1].
i=1

Suppose that f o F is constant in some subinterval [c, d] of [0, 1] with

c < d. Since F~! is a continuous increasing bijection from [0, 1] onto
[0, 1], the function f = (fo F)o F~1is constant in the interval
[F(c), F(d)] which gives a contradiction.
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