filename n14513.tex Version of 28.5.14
A martingale inequality
D.H.FREMLIN

University of Essex, Colchester, England

Theorem Suppose that (€2, 3, 1) is a probability space, 39 C ... C X,
are o-subalgebras of 3, (Y, ... ,Y},,) is a martingale adapted to (X, ... , X
and X; : Q — [—1,1] is ¥;-measurable for each i < n. Set

Z =315 Xix (Yo = V).

1
Then Pr(|Z] > M) < -

(1 +E(|Yn])) for every M > 0.



Theorem If (Y, ... ,Y,) is a martingale adapted to (Xg,...,3,), X; :
Q — [—1,1] is ¥;-measurable for i < n, and

Z =" Xy x (Yigr — Y5),

then Pr(|Z| > M) < —— (1 + E(|Y,|)) for every M > 0.
Doob’s maximal inequality If (Yy,...,Y},) is a martingale, and

Z = max;<p |Yil,

then Pr(|Z| > M) < —E(|Y,|) for every M > 0.
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Theorem If (Y, ... ,Y,) is a martingale adapted to (Xq,...,3,), X; :
Q — [—1,1] is ¥;-measurable for i < n, and
Z =310 Xi x (Yig1 = Yy),

1
M2/3

then Pr(|Z| > M) <

(1 +E(]Y,])) for every M > 0.

A fractionally sharper theorem If (Yj,... ,Y,) is a martingale adapted
to (2o, ... ,%n), X;: Q — [—1,1] is 3;-measurable for i < n, and

Z = Z?:_ol X x (Yiq1 = Y5),

then Pr(|Z| > M) < 2 + LE(|Y,|) for all K, M > 0.

2

(Set K = M?/3 to get the original version.)

2
Case 1 Suppose that |Y,| <, K. Then Pr(|Z| > M) < ]\IZ—

2
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2
Case 1 Suppose that |Y;,| <, K. Then Pr(|Z| > M) < K-

M2’

proof We have

n—1ln—1

E(Z?) = Z ZE(XZ X Xj x (Yig1 = Y3) x (Yj1 = Y)))
i=0 j=0

n—1
= ZE(XE x (Yip1 — Yi)?)
i=0
(because if i < j, X; x X; x (Y;41 — Y;) is ¥j-measurable, while 0 is a
conditional expectation of Y;;; —Y; on ¥,)
n—1
= Z E((Yiq1 — Yi)?)
i=0

n—1

=D E(VA, - Y7) = 2B(Y x (Yiy1 = Y3))
1=0
n—1

=D E(Vi, - ¥?) =E(;) - E(Y§) < K

n
1=0

and the result follows at once.
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Case 2 Suppose that whenever ¢ < n and max;<; |Y;(w)| < K < |Y;41(w)|
then |Yiy1(w)| = K. Then Pr(|Z| > M) < 1 + LE(|Y,|).

proof Set

Yi(w) =0if [Yo(w)| = K,
=Y (w) if |Y;(w)| < K for every j <1,
=Y (w) if 0 <k <4, |Yj(w)| < K for every j <k, |Yi(w)| =K

and set

7' =30 X x (Y] = Y)),

(3

By Case 1, Pr(|Z| > M) < 1. 5o

Pr(Z| > M) < Pr(|Z'| > M)+ Pe(Z' # Z) < & 4 Pr(34, Y{ #Y))

K2 . K2 1
< K+ Pr@i, Vi > K) < X4 LE(Y.)

by Doob’s inequality.
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Lemma Suppose that (€2, X, i) is a probability space, 39 C ... C 3, are
o-subalgebras of X, (Yy,...,Y,) is a martingale adapted to (Xq,..., %),
and X; : Q — [—1,1] is ¥;-measurable for each i < n. Then there are
a probability space (£2,%', '), o-subalgebras X C ... C ¥, of ¥/, a
martingale (Yy,...,Ys,) adapted to (X§,...,%5,,), and a X, -measurable
random variable X}, for each ¢ < n, such that

(i) whenever i < n and |Yy;(w')| < K then either Yy, ,(w')] = K or
Yo ()] < K and [YY,,o()] < K,

(i) Yy,Yy, ..., Yy, X{, X5, ..., X, 5 have the same joint distribution
as Yo, Yl, SN ,Yn,Xo,Xl, S 7Xn—1-

proof of theorem Set X, | = X5, for i <n,
2n—1 n—1
7' = Zj:O Xﬁ' X (Yj/+1 - YJI) =D ico Xa; X (Y40 — Y5,).

Then Z and Z’ have the same distribution so

2
Pr(|Z] > M) =Pr(|Z'| > M) < 1 + E(|Y,])
(by Case 2)
K? 1
=5 T ZE(Ya)).
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Lemma Suppose that (Yp, ... ,Y,,) is a martingale adapted to (X, ... , 2,),

and X; : Q@ — [—1,1] is ¥;-measurable for each i < n. Then there
are a probability space (', %' '), a martingale (Yj,...,Ys, ) adapted to
(35, ... ,25,), and a X}.-measurable random variable X, for each i < n,
such that

(i) whenever i < n and |Yy;(w')| < K then either Yy, ,(w)] = K or
Y2i11 (@) < K and [Yy; ()| < K,

(i) Yy, Ys,..., Yy, . X{, X5, ..., X}, 5 have the same joint distribution
as Yo,... ,Yn,Xo,... 7Xn—1-

Proving the lemma: basic case Take n = 1, ¥ = X, ¥g = {0,Q},
Yo = v = E(Y1) where |y| < K. Set ' = Q x [0, 1] with product measure
p', domain 35; set 3 = {0,Q'}, YJ(w,t) = Yo(w) = v, X{(w,t) = Xo(w),
Yy (w,t) = Yi(w). Seek a partition (GT,G~, H) of ' such that

Jou Yodp! = Kp/GT, [ Yidy' = —Kp/'G™

and H C F' x [0,1] where F' = {w : |Y1(w)| < K}. Then we can take ¥} to
have atoms G, G~ and H.
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8
Construction when n = 1, ¥y = {0,Q}, Q" = Q x [0,1], |[E(Y1)| < K,
Yy (w,t) = Yi(w). Seek a partition (GT,G~, H) of ' such that
Jou Yodp! = Kp/GT, [ Yidy' = —Kp/GY
and H C F' x [0,1] where F' = {w : |Y1(w)| < K}.
(a)If [, Y1 > KpE where E = Q\ F, try
Go = (E x [0,1]) U (F x [0,q]) for a € [0,1].

If o =0, [, Yod' > Kp/Go; if @ =1, [, Yidp' < Kp'Gy; so for a
suitable o can take GT = G,, G~ = 0.

G+

(B) Similarly if [V} < —KuFE.
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Seek a partition (G, G, H) of £ such that
fG+ Yidy' = Kp/'GT, fG_ Yidy' = —Kp/'G™
and H C F' x [0,1] where F' = {w : |Y1(w)| < K}.
(V) If —KuE < [, Y1 < KuFE; set
EtT={w:Yi(w) > K}, FE ={w:Yi(w) <-K}
Vo =(ET x[0,1]) U (E~ x [0,q]) for a € [0, 1].
Then there is an « such that fVa Yidu' = Kp'V,. Now set
Wz = (E* x [8,1]) U(E~ x [a8,1]) for 8 € [0, 1].
Then there is a 3 such that fWB Yy = —Kp'Wg. Take
G- =Wz, Gt=(E"x][0,8)U(E~ x[0,a8]).

B G| H

E*E F

Y
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Vector-valued extensions? Lemma Let U be a Banach space. Sup-
pose that (€2, X, u) is a probability space, X9 C ... C 3, are o-subalgebras
of X, (Yp, ... ,Y,) is a martingale of Bochner integrable U-valued functions
adapted to (Xg,...,%,), and X; : Q@ — [—1,1] is X;-measurable for each
i < n. Then there are a probability space (', %', u'), o-subalgebras X{ C
... C© XL of ¥’ a U-valued Bochner martingale (Yy,...,Y3 ) adapted to
(35, ... ,25,), and a ¥}.-measurable random variable X/, for each i < n,
such that

(i) whenever i < n and [|Yy;(w')|| < K then either ||Yy; ;(w')| = K or
[Via ()] < K and [V, < K.

(i) Yy, Ys,..., Yy, . X{, X5, ..., X%, 5 have the same joint distribution
as Y(), Yl, ce e ,Yn,X(),Xl, e 7X’r7,—1-

Theorem Let U be a Hilbert space. Suppose that (Yp,...,Y,) is a U-
valued Bochner martingale adapted to (Xg,...,%,), and X; : Q — [—1,1]
is Y;-measurable for each 7 < n. Set

Z =310 Xi x (Y = Y)).

1
M2/3

Then Pr(||Z|| > M) < (1 +E(||Yzn]|)) for every M > 0.
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