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Domination Theorems

Domination theorems have proved to be relevant tools in the theory of operators
between Banach spaces. For instance, they play a fundamental role in the theory
of summability in Banach spaces thanks to:

e The Pietsch Domination Theorem An operator T: X — Y between Banach
spaces is p-summing (1 < p < o0), i.e., there exists C > 0 such that

n

(S0msig)"" < ¢ sup (j_ilw(xj)f’)” .

Jj=1

for every finite set {xi, ..., x,} C X, if and only if there exists a regular Borel
probability measure 11 on (Bx», w*) such that

1/p
||Tx||y<c(/ e Gordn) " xex.

By~
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Domination Theorems

e The Grothendieck Theorem Let K; and K, be compact Hausdorff spaces,
and let T be a scalar-valued bounded bilinear form on C(K;i) x C(K>). Then
there exist probability measures 111 and 1o, on Ki, Kb, respectively, such that

1/2 1/2
Tl < KIT( [ 12 dm) " ([ lef die)
1 2

for every f € C(K1) and g € C(Kz), where K is an absolute constant.

Remark The smallest value constant K is called the Grothendieck constant
and is denoted by K.
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Domination Theorems

o Corollary Let T be as before. Let (f;)/_

and C(K3), respectively. We then have

3510 <R am(3507) T (5 67)

1, (87)f=1 be finite sequences in C(K1)

e Corollary Let K =R or K = C. Let [a;] be an n x n matrix such that for all
(s1y..y5n) €K™, (t1,..., t,) € K"

‘Zs,tau

ij=1

< supsi supllfl

We then have, for all sequences (xi, ..., x,) and (y1, ..., ¥n) in an arbitrary
Hilbert space H,

n
| 3t 33)| < Kesup il sup Iyl
ij=1 ! J
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Let X := (X, ] - ||) be a quasi-normed space.

e Definitions The Mackey semi-norm || - ||€ on X is the Minkowski functional of
the convex hull conv(Bx) of the unit ball Bx := {x € X; ||x|| < 1},

[x]|€ =inf{\>0; x € Aconv(Bx)}, x€ X.

e If the topological dual X* of X separates the points of X, then it is a Banach
space under the norm

[x*l[x= = sup |x*(x)]
XEbx

and it is easy to check that X* = (X, || - ||€)* with equality of norms; the
completion of (X, || - ||€) is called the Banach envelope of X and is denoted
by X.

e Remark If k: X — X** is the canonical embedding defined by
kx(x*) = x*(x) for all x € X, x* € X*, then

[x][x== = sup [x"(x) = [[x]|.

[lx*[lx= <1
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Given f € L%(p) := L°(Q, ¥, u). The distribution function ps: (0,00) — [0, o0]
is given by
ue{x € Q;

F(x)) > Al A>0.

e The decreasing rearrangement f* of f is defined by
(t) = inf{A > 0; ur(A) < t}, t>0.
e A quasi-Banach space (X, | - ||) € L) is said to be rearrangement invariant
(r.i.) on (9, X, 1) provided
(F e L), g € X and jur < 1g) = (F € X and 1] < [lg]).
o If (,%, 1) is a nonatomic measure space. An r.i. space X on (Q, X, ) is

said to be generated by a quasi-Banach lattice E on /| = (0, 4(€)) equipped
with the Lebesgue measure provided that the following condition is satisfied:

feXifandonlyif f*€ E and |[f||x = ||f"]e.
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Banach envelope

Theorem (A. Kaminiska & M. M.)

If X is an r.i. quasi-Banach space on a non-atomic measure space (Q, %, i)
generated by an r.i. quasi-Banach space E on | = (0, u(Q2)), which is 1-concave

on the cone @ of decreasing simple functions, i.e., there exists C > 0 such that for
fi,...,fh€Q,

Clh+---+fille = lIalle + -+ lfalle,

and ¥(t) := ||x(0,¢)lle for all t € I denotes the fundamental function of E, then

(i) X’ = My and X’ # {0} if and only if ¢(t) > 0 for all t € I, where

P(t) = tinf{y(s)/s; 0 <s<t}, tel

(ii) If E is order continuous and {/;(t) > 0 for all t € /, then the Banach envelope
X of X coincides up to equivalence of norms with the Lorentz space /\a.
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The generalized Orlicz spaces

e Definitions ® denote the set of all increasing, continuous functions
©: [0,00) — [0,00) such that ¢(0) = 0. A function ¢ € ® is said to satisfy
the Aj-condition (¢ € (Aj,) for short) provided there exists C > 0 such that
©(2t) < Cop(t) for all t > 0.

e For any quasi-normed function lattice X on a measure space (2, %, 1) and
¢ € ®, we define an order ideal in LO(u),

X, ={fel®u); IA>0, p(\|f]) € X},
and the functional || - [|x,: X, — [0, 00) by
Ifllx, = inf {X>0; [le(Ifl/Mlx <1}, feX,.

Clearly, [|f|[x, = 0 if and only if f =0 and [|Af|x, = [A[[/f]
AeR, feX,.

x,, for every
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The generalized Orlicz spaces

e Remarks If ¢ is a convex function and X is a Banach function lattice, X, is
a Banach function lattice. In the case when X = L;(p) and ¢ € &, X,, is the
Orlicz space denoted as usual by L (x). This fact motivates to call X, the
generalized Orlicz space provided X, is a quasi-Banach space.

e If 0 < p <ooand ¢(t) = tP for all t > 0, the space X,, is known as the
p-convexification X, of X whose quasi-norm is given by

1
IFllx, = IIFIPIXP, f € X,

e Definition For a given function ¢ € ® and a quasi-Banach function lattice X,
X is said to be ¢-admissible provided that || - [[x, is a quasi-norm on X,,. If in
addition the topological dual (X,,)* separates the points of X, then X is
called strongly p-admissible. For the case ¢(t) = tP, we simply say that the
space X is strongly p-admissible.
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Main results

o Let ¢, 01,00 € ® and let X, Y be quasi-Banach function lattices on
(Q1,X1, 1) and (2, Lo, 12), respectively, such that X is strongly
gafl-admissible and Y is strongly gp{l—admissible. Suppose that T is
a bilinear operator from X x Y into a quasi-Banach space E. Assume
0 < (1, G < oo and that AC X, B C Y are non-empty sets.
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Theorem (M. M. & E. A. Sanchez Pérez)

Consider the following statements:

(i) For any finite set of positive scalars {ax}7_; with >"}_, a, = 1 and any finite
sets {fx}7_; in Aand {gk}i_; in B, n € N, the following inequality holds:

n Cc
Zak¢ IT(f, &)l ) C1H Zakle |fi]) Hngl + CzH ;akwﬂgk)Hy

(ii) There exist positive functionals x* € (X%q)* and y* € (Y@;l)* such that

o(IT(F.8)lle) < Gx"(a(If)) + Cy*(2algl)),  (f.g) € AxB.

M. Mastyto (UAM) Factorization theorems for multilinear operators 16 / 34



Main results

iii ere exist 0 < ue Bix _,) an < v e By .y suchthat
Th 0 Bix 1) do B ) h th
¥y ®.

—1
2

o(IT(F.8)le) < G /Q or(|Fl)udp + G /Q oalgl)vdpa, (.)€ AxB.

Then (i) is equivalent to (ii). If X -1 and Y1 are order continuous, then all
1 2
three statements are equivalent.

e Remark Under the adequate requirements, order continuity of X, is often
inherited from X; if an order continuous Banach function lattice X is
p-admissible and ¢ € (A2), then [|f,||x, — 0 if and only if [[¢(|f,])[[x — O.
This implies that X, is order continuous if and only if X is order continuous
(ie., 0<%, | 0 = |[|xn]|x — 0).
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Main results

o If 1, o € ®, then 1 & p2: [0,00) — [0, 00) is defined by

(1 @ @2)(t) := inf (¢1(s) + wa(t/s)), t=0.

inf
5>0
Theorem (M. M. & E. A. Sinchez Pérez)

Forj=0,1let L,, = (L (1), | - Il,;) be Orlicz spaces on a measure space
(9, X, j) generated by ¢; € ® satisfying ¢;(s)g;(t) < Cjpj(st) for some

Ci>0andall s, t > 0. If T is a bilinear operator from L, x L, into
a quasi-Banach space E with || T|| < 1, then for ¢ = p1 @ @2 we have

S(1T(F.8)le) < G /Q or(F) dpn + G /Q ea1g)) dpz

for all (f,g) € Ly, X Ly,.
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Main results

Theorem (M. M. & E. A. Sanchez Pérez)

Let 0 < p,g < o© and let X and Y be quasi-Banach lattices such that both
duals (Xi/,)* and (Yy/q)* separates the points of X;,, and Y;,,, respectively.
Assume ¢ € ®, 0 < (G, (5 < oo and that A C X, B C Y are non-empty sets.
The following are equivalent statements about a bilinear operator T from

X x Y to a quasi-Banach space E.

(i) For any set of positive scalars {a}7_; with > _; ax =1 and any sets
{fc}i_; in Aand {gk}i_; in B, n€N,

> k(I T (e &) e) clﬂzak\fkv’
k=1

n
+ CzH Zoék|gk a
X/ k=1

(ii) There exist positive functionals x* € B(x,,,)+ and y* € By, )+ such that

o(IT(f,8)lle) < Gx*(IfIP) + Gy (lgl?), (f.g) e AxB.
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Main results

e Definition A quasi-Banach lattice X is p-convex, where 0 < p < oo, if there
is a constant C > 0 so that

n 1/p n 1/p
H(ZMP) H < (X mlP) L xxeE X
k=1 X k=1

The smallest value of the constant C is denoted by M()(X).

e Remark We notice the well-known easily verified fact that X is p-convex if
and only if X/, is normable.
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Main results

Theorem (M. M. & E. A. Sanchez Pérez)

Let 0 < p,g<ooandletl/r=1/p+1/q. Assume that X and Y are
quasi-Banach lattices such that X is strongly 1/p-admissible and Y is strongly
1/g-admissible. Assume 0 < C < oo. The following are equivalent statements
about a bilinear operator T from X X Y to a quasi-Banach space E.

(i) For each couple of finite sets {f}7_; and {gk}]_; of elements of X and Y,
respectively,

(Simeente)” <e(l(wr)l, )" (S mol, )"

(ii) There are positive functionals x* € B(x,,,)- and y* € By, )+ such that

ITw)lle < € (PP (yNY9, () e X x Y.
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Main results

o If X is p-convex, Y is g-convex with M()(X) = M(9)(Y) = 1, then both
X1/p and Y1/, are Banach spaces and so

(Xl/p)c = Xl/p> (yl/q)c = Yl/q

with equality of norms. As a consequence we obtain a remarkable result
for bilinear forms due to A. Defant (2001).

e The following variant of Grothendieck's theorem was proved by R. Blei.
It is a consequence of the multilinear version of the above Theorem in
combination with the Riesz Representation Theorem and the fact that
C(K)-spaces are p-convex for every 0 < p < 00.
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Main results

Theorem (R. Blei, 1988)

Suppose that Kj,...,K, are compact Hausdorff spaces and let 1 < p; < oo, for

j=1,..,n Let 0 < C < o0 and ijl 1/p; = 1. The following are equivalent
statements about an n-linear functional U on C(Kj) X ... x C(K,):

i) For any set £k ™ in C(Ki) with k=1,....n
J Jj=1

m m /1
S Ut 6] < (S 160) ’
£ =

(ii) There exist probability Borel measures pg, ..., pu, on Ki,
that

m (n) 1/pn
ey (1)

Jj=

C(Kn)

=

..., K, respectively, so

1/p 1/pn
Ot < (f 1607 )" o ([ 1617 )
Ki K,
for all f; € C(K1),....f, € C(K,).

M. Mastyto (UAM)
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Main results

e Definition A Banach lattice E if p-concave for 1 < p < oo if there is
a constant C > 0 so that

. 1/p ! 1/p
(Cle) < (X bar) [ e E
k=1 k=1

Theorem (M. M. & E.A. Sanchez Pérez) Let1 < p < oo, 1< p; < oo for
i=1,..,nbesuchthat 1/p=1/p; + ...+ 1/p,. Assume that X is

a px-convex Banach lattice for each k =1,...,n, and let E be a p-concave
Banach lattice. For any n-linear positive operator T: Xy X ... x X, — E
there exist a constant C > 0 and positive functionals x; € B(Xu,,k)* so that

T (1, )| o < CO (™)) P (o (al P)) P

for every (x1,...,xn) € X1 X + -+ x Xj,.
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Main results

Theorem (M. M. & E.A. Sanchez Pérez)

Let 1, pp € ® with 1,2 € (Az), and let X, Y be order continuous Banach
function lattices on (€1, %1, 1) and (Q, X2, p2), respectively, such that X is
strongly cpl_l—admissible and Y is strongly cp;l—admissible. Suppose

0 < (1, G < oo and consider an operator S: X — Y’, where Y’ is the Kéthe dual
of Y. The following statements about the bilinear form 7: X x Y — R defined by

T(f,g):./ﬂ gS(fdus, (f,g)eXxY

are equivalent:
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Main results

(i) For every finite sequence of positive scalars {ax}7_; with > /_; ax =1 and
every finite sequences {f,}7_; in X and {gk}7_; in Y,

> ol (80l < G| S awan (D], + G 3 ol
k=1 k=1 1 k=1 ®y

1 ¥2

(ii) There exist functions 0 < u € Bx _,y» and 0 < v € Bix _,y such that
1 2

Tl < G [ wlfhudm)+ G [ ealehvdin). (Fa)exxY.
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Main results

Pisier's factorization Theorem

Theorem (Pisier, 1986) An operator T from a C(K)-space to a Banach space Y
is (g, p)-summing with 1 < p < g < oo if and only if there is a probability Borel
measure i on K such that T factors as follows:

T: C(K) -5 Lga(n) = Y,

where j is the inclusion map. Here L, 1(1) is the Lorentz space on the measure
space (K, B(K), i) equipped with the norm

1
Il = [ et/ ae
0
where B(K) is the o-algebra of the Borel sets in K and
*(t) =inf{s > 0; u({|f] > s}) < t}, te]0,1]
is the decreasing rearrangement of |f].
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Main results

e Remark. Notice that Pisier's theorem is a cornerstone in the theory of
(g, p)-concave operators, which is deeply connected with the linear theory of
(g, p)-summing operators.

e Definition Let Xi,...,X,, Y be Banach spaces, and let 1 < g,p < 0.
An n-linear operator T: X; x --- x X, — Y is said to be factorable
(g, p)-summing if for every each positive integers M, N and all M x N
matrices (xj(kl)), o (xj(k”)) in Xi,...,X,, respectively, we have

N q\1/q
(ZHZT 5-x),)
j=1 =

N

M
Z‘Z Jk aX1 <Xj(kn)7X:>

j=1 k=1

N

C

p) 1/p

X1*€BX*1~ X GBX* (
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Main results

e Definition Let L be a space of real or complex-valued functions defined on the
product K x - -+ x K, of compact Hausdorff spaces Ki,..., K, (n > 2). We

denote by © the map from C(Kj x - - - x K,) into L given by
O(f, ..y )ty tn) = A(t) - - - Fa(tn)

for all ; € C(K;), t; € K; and each 1 </ < n.
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Main results

The bilinear version of Pisier's Theorem (M. M. &
E. A. Sanchez Pérez)

Let 1 < p < g < 0o. The following assertions are equivalent for a Banach space
valued bilinear map T: C(K;) x C(Kz) — Y.

(i) T is factorable (g, p)-summing.

(ii) For each positive integers M, N and all M x N matrices (i) and (gj«) i
C(K1) and C(K>), respectively, the following inequality holds

M N 9\ 1/q N 1/p
(X mtesnl,) ™ < | ([ ot anl) "y

j=1 k=1

(i) There is a probability Borel measure p on K; X K such that T admits
a factorization:

T: C(Ki) x C(K2) -2 Laa(p) —— Y
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Theorem (M. M. & E.A. Sanchez Pérez)

Let 1 < p,q,r < oo satisfy 1/r < 1/p+ 1/q. The following are equivalent
statements about a Banach space valued bilinear operator

T: C(Kl) X C(KQ) — Y.

(i) There are probability Borel measures 11 and pp on Ky and K, and a constant
C > 0 such that for every f € B¢(k,) and g € Bc(k,),

ITol < ([ 1P du+ [ lel*dne).
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Main results

(ii) For every finite sequence of positive scalars {ax}7_; with >, _; ax =1 and
for any finite sequences {fx};_; in Bck,) and {gx}i—; in Bc(k,). the
following inequality holds

al| T (e, 8k r<CH Oékfka +CH Oékgqu :
> aul T80 < G| el o + o Sonle]

Moreover, each of the above conditions implies

(iii) T is (r; p,q)-summing operator.

All conditions are equivalent whenever T is a positive operator.
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Appendix

e Ky-Fan's Lemma Let E be a Hausdorff topological vector space, and let K be
a compact convex subset of E. Let W be a set of functions on K with values
in (—oo, o0] having the following properties:

(a) each f € W is convex and lower semicontinuous,

(b) W is concave, i.e., if g € conv(W), there is an f € W with g(x) < f(x), for
every x € K,

(c) thereis an r € R such that each f € W has a value not greater than r.

Then there is an xp € K such that f(xp) < r for all f € V.
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