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INTRODUCTION

In 1937, Fisher [9] and simultaneously Kolmogorov, Pietrowski, Piskunov [12] in their study
on the evolution of biological populations, introduced the following heat equation:

ou
0.1 — =Au+u(l—u
01) = Autu(l— )
where u = u(z,t), z € R, t > 0. Currently, (0.1]) is known as Fisher — Kolmogorov, Pietrowski,
Piskunov equation (FKPP) and has found extensive applications in modeling population
growth and wave propagation in various fields, including physics and chemistry.

The FKPP equation is known for its specific stable solutions of the form
u(x,t) = v(x +ct)
for some speed ¢ > 0 and shape v — an increasing function such that

Zgrjloov(z) =0, Zginoov(z) =1.
Such solutions are called travelling wave solutions and are of significant interest in studying
this equation. Important connected aspect of the FKPP equation is the long-term behaviour of
solutions, including the shape of the limiting solution and the asymptotic position of the FKPP
front. For some initial conditions branching Brownian motion can help in the exploration of
these problems.

Branching Brownian motion (BBM) is a continuous time spatial branching process defined
as follows. At time t = 0, a single particle starts at origin and moves as a standard Brow-
nian motion. At random time with distribution Fxp(1) it divides into two particles. Those
new particles moves as independent Brownian motions, each having a random lifetime with
distribution Fxp(1). They split in the same fashion as their parent.

Both FKPP and BBM can be seen as modelling the evolution of a population. While the
FKPP equation is deterministic and considers the population as a whole, the BBM model is
stochastic and explicitly incorporates individual variation. Despite their differences, these two
models are directly related to each other by McKean’s duality.

As McKean has shown in [I3] if one calls R; the position of the rightmostpart particle in
a BBM then the distribution function of Ry, that is

u(z,t) =P(Ry > z)

is a solution of FKPP equation with a initial condition ug(z) = 1,0y What’s more, if m(t)
denotes the median of u, i.e. u(m(t),t) =1/2, then

u(z + my, t) — v(z), t — oo

and v is the wave solution of FKPP at speed 21/2.

In this paper, we consider a model that can be interpreted as a discrete version of branching
Brownian motion with selection, called N-branching random walk (N-BRW). It is a system of
N particles positioned on the real line, which evolves through iterations following a specific set
of rules. In each iteration, every particle undergoes a splitting process, resulting in two offspring
particles. These particles then perform random jumps, guided by a prescribed displacement
distribution supported on R. The system retains only N rightmost particles, discarding the
remaining ones.

This model was first introduced in 1997 by E. Brunet and B. Derrida in [4]. The inspiration
for this model stemmed from Derrida’s earlier investigations into directed polymers. As N—
BRW can be seen as a discrete version of branching Brownian motion with selection, it can be
assumed that some of the connections with FKPP equation remain. In the mentioned paper
Brunet and Derrida demonstrated by simulations that, as N grows to infinity, there arises
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a connection between the velocity of rightmost particle of N-BRW and a discrete version of
the FKPP equation with a cutoff value of 1/N, that is

(0.2) ((;1; =Au+u(l —uw)l{u>1/N}.

Interestingly, depending on the distribution of jumps, the behaviour of N-BRWs for large N
differs significantly. The properties of this system are now well understood in the case where
the displacement distribution admits exponential moments and in the case of displacements
with regularly varying tails.

In the case of displacements admitting exponential tails in 1997 Brunet and Derrida in [4]
gave non-rigorous arguments on the speed of convergence and the spatial distribution that
later obtained rigorous proofs. Bérard and Gouéré in [6] proved that the asymptotic speed
converges to a finite limiting speed as N — oo, with a slow rate (log N)~2. So this limiting
speed is the same as the speed of the rightmost particle in a classical branching random walk
without selection with exponentially decaying tails. In [§], [2] can be found arguments on the
spatial distribution that the fraction of particles to the right of a given position at a given time
evolve according to discrete analogue of FKPP equation. There are also results on the shape
of genealogy in this case that can be found in [5].

In the case of displacements with polynomial tails, in 2014 Bérard and Maillard in [I] proved
that the speed of the particle cloud grows as ay/logy N in N, and the propagation is linear
or superlinear (but at most polynomial) in time. In the classical branching random walk
without selection in a heavy-tailed setting the propagation is exponentially fast in time, so
these behaviours differ. In 2022, Penington, Roberts and Talyigas in [14] showed that in this
case the majority of the population is located close to the leftmost particle and found the
typical large time shape of the genealogy.

In this paper, we consider the case of semiexponential displacements and we are mainly
interested in the behaviour of the maximal position of the system.

The main objective of this paper was to investigate the behaviour of the rightmost position’s
speed in the N-BRW as N becomes large. However, we encountered more significant challenges
than initially anticipated, and as a result, we were only able to obtain partial asymptotic results.
To establish our proof, we followed the methods employed in the case where the displacement
distribution admits exponential moments, as outlined in [6]. In their work, they extensively use
the results from [II] on the branching random walk killed below a linear space-time barrier.
The basis of their proof involved comparing the particle system with a family of NV independent
branching random walks killed below a linear space—time barrier.

Specifically, they required the asymptotic analysis of the probability that an infinite ray
exists within the branching random walk, consistently positioned above the line with a slope
of v — €, where v denotes the asymptotic speed of the rightmost position in the branching
random walk. So our work to prove the result involved determining similar asymptotics in our
specific case.

The paper is organised as follows. In Section [I| we formally state the problem and the
main result of the paper (Theorem [1.1). In Section [2[ we investigate previously mentioned
asymptotics in the branching random walks killed below a linear space-time barrier. Section
[l provides a discussion of various elementary properties of the model we consider useful in the
sequel. Sections [4] and [5] collectively present the proof of Theorem [I.1] as they contain the
proofs of both the upper and lower bounds stated in the theorem.



1. STATEMENT OF THE RESULTS

1.1. The model with selection. Let ¢ : R — [0, +00) be a locally bounded function and

T—00

such that ¢(z) —— C, where C € (0,400). Then let the distribution p on R be of the form
p([z, +00)) = c(x)e

for some r € (0,1), A > 0 and has finite expectation.
We consider a discrete-time particle system of N particles on R evolving through the re-
peated application of branching and selection steps defined as follows:

for x > 0,

e Branching: each of the N particles is replaced by two new particles; the position of each
new particle is that of the original particle shifted by a random walk step, according
to the distribution p, where the steps for different particles are independent.

e Selection: only the N rightmost particles are kept among the 2N obtained at the
branching step, to form the new generation of N particles.

We call this system a N—particle branching random walk. Every repetition of the branching-
selection mechanism we call a step.

The formal definition of this system appears later, namely in Section 3] We give two for-
malisation of this system: in terms of Markov chain on the space of point measures and in
terms of branching random walks, that are defined in section [2}

1.2. Main result. Let X2 be the positions of the population at the step n. Then max XY
is the position of the rightmost particle of such population.

Theorem 1.1. The limit vy = lim,,_,oo Mmax XT]lV/n exists almost surely and in L' and there
exist such oy, a® € R, 0 < a < ™ that

.. UN . UN *
(1.1) o < I%glof (log N)1/r—1 = hﬁf},lop (log N)1/r—1 =

The proof of Theorem is split into three parts: the proof of the existence of vy (Section
, Proposition [3.13)), the proof of the lower bound in (Section [4)) and the proof of the
upper bound in (T.1) (Section .

It should be emphasised that the existence of vy follows from general and known arguments
and we adapt the proof formulated in [6]. The main contribution of this paper in the investiga-
tion of the behaviour of N-BRW with semiexponential increments is finding the asymptotics
of vy, so exactly the proof of the existence of o, and a* such that .

2. KILLED BRANCHING RANDOM WALK

In this section we consider a different model. It is called branching random walk with binary
spitting and we denote it as BRW. It is somehow similar to the model defined in subsection (1.1
but starts with only one particle and doesn’t consist on the selection step. As mentioned in
the introduction, we want to investigate branching random walks killed below a barrier and
some of the results given in this section will be useful in the proof of Theorem [1.1

At the beginning of this section we formally introduce the BRW. Defining it requires recalling
some definitions and notations concerning trees.

2.1. The model without selection. By the binary tree we mean the set of finite words
o0
T ={z}u [ J{o,1}".
n=1

@ is called a root, for u,v € T, uv denotes the concatenation of v and v. If v = u0 or v = ul
then u is called a parent of v. More generally, if v = uw for some u,w € ¥, then we say that
u is an ancestor of v and we write u < v. In the sequel, for fixed vertex u, v < u means all
the ancestors of u including v and v < u means all the ancestors of u excluding w.
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Given m > 1, we say that a sequence u, . . ., u,, € T is a descending path if, for all i € [[1,m],
u;—1 is the parent of u;, where [k,l] := {k,k+1,...,1} for k <.

We also let |u| be the length of the word u and we call it the depth of u. And by T(n) we
mean all the vertices of T of depth n.

Definition 2.1. BRW is a pair (¥, ®), where ¥ is a binary tree, and ® : € — R is a random
map, such that ®(@) =0 and
() = X,

v<u,

VED
where { X, }yex\ (o} are i.i.d. random variables with common distribution p.

2.2. Definitions and statement of the main result.

Definition 2.2. Given a > 0 and n € N, we say that a vertex u € ¥ is («,n)—good if there
exists a finite descending path u =: ug, uy, . .., Uy, such that ®(u;) — ®(ug) > an'/71i for all
i€ [1,n].

For this model, we are interested in the probability that in BRW there exists a descending
path above the barrier, so the probability of the existence of such («a, n)-good particles. So for
a >0 and n € N we consider an event that in BRW the root is (o, n)-good. Let

Aop ={Fue T : |ul =n, &) > an/" o] for all v < u}.
Let the probability of this event be
pla, n) = PlAanl,

and let us also define

r(a,n) = —logp(a,n).

The main result of this section is stated below.

Theorem 2.3. There exists a sequence {ny} such that for every o > 0, r(«a, ng) /ny converges.
Then

r(a) = lim r(a,ng)/ng

k—o0

is continuous and strictly increasing. What’s more

Mo < r(a) < (M) A <)\ ( Ao >’”/(1T‘)>

log 2

where vo € (0, (a/log 2)Y 1" is such that Mg =5 ta — log(2).

The proof of this theorem is split into a series of propositions and lemmas. We start with
finding the bounds on r(a,n)/n. Then we prove the existence of such sequence {ny} that
r(a,ny)/ng converges for all v rational. By some technical lemmas we are able to extend the
definition of r(a) to all & € R. At the end we check that such function is actually continuous
and strictly increasing.

2.3. Bounds on r(«a,n). The first step to prove Theorem is finding the bounds on r(«, n).
We will give two upper bounds. Depending a and r the first or the second gives a better
estimate.

Although we start with a simple remark on the distribution p, that will be useful in all the

paper.

Remark 2.4. Since c is locally bounded and it converges, it is also bounded. Thus in the sequel
M stands for the bound of ¢, so M > 0 is such that ¢(z) < M for all z € R.
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Upper bound on r(ca,n). The idea behind the first proof is that since all the jumps are non
negative, then it is enough for the path to meet the conditions of A, , to perform an sufficiently
big jump at first generation.

Proposition 2.5. For any a > 0 we have

(@, n)

. T
lim sup
n—00 n

< Aa"

Proof. Take R > 0 and let v := a + Rn'~'/". Assume that BRW is such that in the first
generation exists one particle u; that performs jump not less than ’ynl/ ". It happens with
probability

1 (1-P(x > vnl/r))2 — 9P(X > nl/7)(1+ o(1)).

If we also assume that in this BRW exists a descending path ugs < --- < u, such that X, > —R
for all k € [2,n], then such BRW meets the condition of A, ,. It follows from the fact that
for all k € [1,n] we have

®(u) > " — kR > an'" "k = an'/" 7wy,
To find the probability that there exists such a descending path that all the jumps are > —R
let us consider a Galton-Watson process {ZT(LR)}nZO with the offspring distribution
P(¢ = 0) = p((—00, —R))*, P(¢=2) =p([-R, +0))?,
P(¢ = 1) = 2p((—o0, —R))p([— R, +09)),
Then the probability of the existence of the mentioned path is non-smaller than the probability

of the survival of {ZT(LR)}. Since E¢ = 2p([—R, +00)), then for R large enough the process is

supercritical. By Theorem 4.3.12. in [7] (p. 232) P[(Vn) Z" > 1] =¢>0.
So for every n € N,

(2.1)

pla,n) > 2P(X > yn'/") (1 +0(1)) - ¢
— 2c(an!/") exp {— A1 n}(1 + o(1) - g,
thus by the definition of ~,
_logp(a,n)

n

Since r < 1 and the term log (2c¢(an!/")g(1 + o(1))) is bounded, by letting n — oo in (2.2) we
conclude the lemma. O

(22 < = Jog (2e(an! (1 +0(1))q) + Ao+ Rn' 1)

To prove the next upper bound we will use the following lemma on the supercritical Galton—
Watson process. It is adapted from [6], but we prove it for completeness.

Lemma 2.6 (Lemma 3. from [6]). Let (My)n>0 denote the population size of a supercritical
Galton—Watson process with square-integrable offspring distribution started with My = 1. Let
m :=EM; > 1, then there exists v > 0 such that, for alln >0,

P(M,, >m") >r.

Proof. Let us denote as m, 0% the mean and the variance of the offspring distribution, respec-
tively. By the assumption on the process m > 1 and 02 < co. Let W,, = M,,/m™, then by the
second moment method
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By the definition of W,, we have EW,, = 1, so it is enough to find the second moment of W,.

By Example 4.4.9. in [7] (p. 283) we have that EW? = 1 —1—02%. So for all n > 1 we have
1

(Mn 2 m") = 1+0271*m71)

m(m

Proposition 2.7. For any a > 0 we have

")
lim sup r(e;n) <A < Aa ) :

n—00 n log 2

Proof. We saw in the previous proof that one particle that performs a jump big enough can
enable its descendants of several future generations to meet the condition of A,,. The idea
of this proof is similar to the previous one. Only this time we take into account also the
reproduction of these offspring and the possibility of them performing another big jump. So
we look how big jump is needed at first generation to trigger a chain reaction, i.e. for some of
the offspring already meeting the condition of A, , to perform a next similar big jump with
big probability.

Similarly as in the previous proof we fix R > 0 and consider the Galton—Watson process
{ZT(ZR)}nzl with offspring distribution given by (2.1)). Let denote mp := E¢ = 2P(X > —R).

Let

1/(1—r
Ma + Rn'=1/m) [
logmpg

502(14-5)(

for some & > 0. Assume that a BRW is such that in the first step one particle, called uq,
performs jump not less than Sgn!/". This happens with probability 2P(X > Bon!/")(1+ o(1)).

Let k1 = n% Assume also that in the BRW there exists a descending path u; <
o < upy, lui| =i for i <k and X,, > —R. Then for i € [1, k1] we have

D(u;) > Bonl/r — Ri > ant/m = oml/r_1|ui|.

So such path meets the condition of A, ,. By Lemma we know that for R large enough

there are > m]f%l such paths with probability > ¢ for some ¢ > 0. Now, we show that with big

probability between that many descendants there appear a big jump.
(

So assume that Zkf”) > m%. For n sufficiently large one of these m% particles performs a
jump not less that Byn'/" with probability > % It follows from the definition of 3y, since

a+ Rnl-1/r

1/(1—r

)\(a—i-Rnll/’")) [

>0
logmpg

1
LBl xgg = ((14+8) ~ (1+9)) (
and using the inequality 1 — x < e™% we have for n large enough

mkl
P(max X, > fon'/") =1~ (1= P(X = fon'/"))""

|v|=k1
>1—exp {—m%]P’(X > Bon'/")}
=1—exp {—TFL]}C;;1 c(Bon'/") exp {~AByn}}

>1—exp {—M exp {n((long)CH_]le_l/r - ABS)}}

>

N =



Let the particle that performed second big jump be called uy,. Let now kg = 2n$.

Then again with probability greater than P(Z,i?) > m%) there exist more than m’;%l particles
v, descendants of uy,, |[v| = k2 such that for any k; < i < ks and any offspring u; < v, |u;| =1
we have that

®(ug) > 28on*" — Ri > an/"7 1.
And one of them performs a jump not less than Son'/” with probability > % This jump

Bo
a+Rnl-1/r

After K := [%;_W} such steps we obtain the whole descending path needed in A, .
So

enables n more generations to meet the condition of A, ,, so it prolongs our path.

pla,n) > 2P(X > Gon'/)(1 + o(1))(1/2)FB(ZD > mhn)K

> 20(Bon /") (1 + 0(1))(1/2) " exp (N}
thus
L8P L og fae(son (1 + o(1)(1/2) 4 + A5G,

n

Since the term log {2¢(Bon'/")(1 + 0(1))(1/2)%¢%} is bounded and mp KNy} by letting
n — oo and taking arbitrarily large R we conclude the lemma. O

Lower bound. Now we give a lower bound which is more complicated than the previous ones,
but its main idea is similar — we again investigate the big jumps performed by the walk.

We again start with a remark on the distribution p that will be useful in the proof of the
bound.

Remark 2.8. By the assumptions p has finite expectation. Although it doesn’t have to have
finite any other moments. If we assume that p is the distribution on [0, +00), then it has all
moments finite and it follows from the computations.

Let X be a variable with distribution p, then for every k we have

E[X*] =k / 2 P(X > x)dx < kM / 2P le™ A gy
0 0

kM [
_TAk/T 0

Theorem 2.9. For any o > 0 we have

tg_le_tdt < 00.

Ao < liminf M,

n—00 n
where vo € (0, (Aa/log2)Y ")) s such that M =5 a — log(2).

Remark 2.10. It may not be obvious at first, but yo(a) € (0,(Alog2/a)/("=1) given as
My = fyg_loz — log 2 actually grows with «. It follows from the Implicit function theorem,

which applied to f(a,v) = ’yg_loz — A5 —log 2 gives that fy(/](a) >0 for v >0

_ Yo
 yorA—(r—-1)a
and o > 0. What’s more ~o(«) Simai NERNY

Proof. First, let us notice that w.l.o.g. we can assume that p is the distribution on [0, +00),
just replacing X — variable with distribution p, by X* = X L{x>0}, since the probability of

the existence of a descending path for such changed distribution is definitely non smaller.
Let Hy = {3u € % : |u| =k, X, > yn'/"} and Hy = (J}_, H)®. Then we have

n k—1
(2.3) pla,n) = P(Agn NHyN (| Hy)®) +P(AN Hy).
k=1 j=1
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Denote as Sy, the sum of m independent variables of distribution p. Let also E = yn/". Then
we have

k—1
P(Aan N Hy N (| Hy))
j=1
<P3ul=k: (Vv <u) Z Xy > an" Mo|, (Vo<u)X,<E, X,>E)
g<wy
wHED

<PEul=k: Y Xy >an"Nk—1), (Vo<u)X,<E, X,>E)

v<u

(2.4) vo
<E| ) 11{ S Xy zan/TH k1), VWw<u)X,<E, X,> E}
ul=k > 025

—9ok.p (sk_l >ant/m Yk —1), (Vie[l,k—1])X;<E, Xj,> E)

k—1
<ok.p (Z X5 > anl/r=1(k - 1)) P(Xy > /),
=1

where X i(E) = Xil{x,<g)- By Chebyshev’s inequality and the independence of X (£) we have

that '
k—1
exp {s Z Xi(E) }]
i=1

=exp{—sD}E [exp {SX(E)}} k—1 ’

k—1
P (Z x5 > D) < exp{-sD}E

=1

(2.5)

so by (2.4) and ([2.5) we conclude that

k—1
P(AnH,n (| Hy)) <
(2.6) j=1

k—1
< 2% exp {—san'/"" Nk — 1} E [exp {SX(E)}} P(X), > yn'/™).

At the end of the proof we show that for s = AE"~!/(1 + 2¢) for € > 0
(2.7) E [exp{sX(E)}] <1+ s-E[X]+o(s).

Using the inequality 14 z < e® on the RHS of (2.7)) it implies that

(2.8) E [exp {sX(E)}] - <exp{s(k — 1)E[X] + ko(s)},
so by
k—1
P(Aan N Hy O (| ) HyO) <
2.9) ( k (]L:Jl ))

< 2P e(ynt/") exp {—san'/" " (k — 1) + s(k — DE[X] + ko(s) — My n}.
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Similarly

P(Aqn N Hy) :]P’<E||u =n: (Vv <u) Z Xy > an"Ho|, (Vo <u) X, < E>

w<lv
WHED

S]P’(EHU =n: Z X, > an'/", (Vo <u) X, < E)

v<u,

vE£D
<E|> ]1{ Y Xy zan'", (Yo <u) X, < E}
(2.10) ul=n L o<

<on . P (Sn > an'/", (Vie [1,n]) X; < E)

<" P (Z Xi(E) > oml/r>

i=1
<2" exp {—san'/"}E [exp {sX(E)}] "
<2"exp {—san/" + snE[X] + no(s)}.
So by (2.3), (2.9) and (2.10]) we get that
n

pla,n) <M exp{—\y"n} Z 2% exp {—san'/"" 1 (k — 1) 4+ s(k — 1)E[X] + ko(s)}
k=1
+ 2" exp {—san/" + snE[X] 4 no(s)}
(2.11) . 2exp {o(s)}
SMexp{-Xn} 1 —2exp {—san!/m=1 + sE[X] + o(s)}
+ 2% exp {—san/" + snE[X] + o(sn)}

<MH exp {—M"n} + 2" exp {—san/" + snE[X] + o(sn)}

where H = 2exp {o(s)}/(1 — 2exp {—san'/"~! + sE[X] + o(s)}) and supposing that
(2.12) 2exp {—san'/"1 4 SE[X] + o(s)} < 1,

since we used a formula for the sum of a geometric series. The definition of s, s = A\(yn'/")"~1 /(1+
2¢) yields that the assumption (2.12]) is equivalent to the assumption

1426\ V0D
) ) '

v < ((logQ + sE[X] + o(s))
So by (2.11)) we have
pla,n) < MH exp{-M"n}+
+2" exp {\Y" " (—an + n?VTE[X]) /(1 4 2€) + o(n®7V7)}
Let b, = My~ 'n2~V"E[X]/(1 + 2¢) + o(n>~ /"), then we have

log i/ p(a,n) <

<log ¥/M exp {-My"n} + exp {—Xay"~1n/(1 + 2¢) + nlog2 + b, }.
Since b, < n, then

(2.13) limsup log {/p(a,n) < max {—\y",log2 — Aay" "1 /(1 + 2¢)}.
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And by the fact that s —— 0, then (2.13) holds for all for every v < (log2 . %))1/(T_1)
and we can minimize it by 7. Let f(v) = —\y", g(7) = log2 — Aay" /(1 + 2¢). f is strictly
decreasing and g is strictly increasing, they are both negative for considered «. Then minimum
of max {f(v),g(7)} is reached in -y such that f(y0) = g(70). Since € can be taken arbitrarily
small, the conclusion follows.

PROOF OF ([2.7)). In this proof we follow [10] (more precisely the proof of (18) in the proof
of Theorem 2).

Using the estimate e® < 1+ + 322 + -+ + 2% /kl + (1/(k + 1)))z*1e®, we have

(2.14) E [exp {SX(E)H

k
<14 sEX®)] + %52E[(X(E))2] oo SR
skJrl
2 (E)\k+1 (E)
+ (k—l—l)!E[(X ) exp{sX }]

By Remark 2.8 we know that lim sup; E[(X #))¥] < oo for every k. So it suffices to show that
the term E[(X (E))F+1 exp {sX(E)}] remains bounded for n — oco.

Fix € > 0. Due to Cauchy-Schwarz inequality,
(2.15) E [(X(E))k“ exp {SX(E)H

/(1+¢€) 1/(1+e€)

< E[(x(®)+0+9/¢] g lexp { (14 €)sx () }]

Again, by Remark the first term on the RHS of (2.15) remains bounded for n — oo, so we
only investigate the second term.
Now we use the fact that for a non-negative random variable X and ¢, K > 0 we have

K
E [exp {tX1{x<x1}] = / te"*P[X > s]ds + 1 — (e'® —1)P(X > K).
0
We get that for n large enough

Efexp {(1 + €)sXP)}]

E
<1+ /0 (1+e¢e)sexp{(1+¢)sx}P(X > z)dx

E
<1+ / M(1+¢€)sexp{(1+¢€)sz — Az" }dx.
0

Taking s = AE"~!/(1 + 2¢) we have

E 1
E [exp {(1+€)sX"}] <1+ M/ AE" L exp {HJF;)\ET_% - Aqf}dx
0 €

1
1+e
=14+M AE" AE" —y" .
o [ e (g ) o

Since 111'266 < 1—¢ for some ¢ > 0 and for y € [0, 1] we have y —y" <0, so

E [exp {(1+ e)sX(E)}} <1+ M/1 AE" exp {\E"(—dy) }dy
0
=1- % [exp{—AE"0} — 1]

=1- % [exp{—M\y"nd} —1].
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So the second term in (2.15) also remains bounded for n — oo. O
2.4. Definition of the rate function.

Proposition 2.11. There exist a sequence ny such that r(«, [Bng])/[Bnk] is convergent for
any rational o, § > 0.

Proof. By the lemmas and we know that % is bounded for every « and f.

So, for every a and 3, and for every sequence {ny} there exists such a subsequence {ny, } that

T(aa I:Bnk'z])/[ﬁnkz] converges.
Now, let {(ag, k) : k € N} be the sequence of all the pairs of positive rational numbers.
We construct a sequence {n;} in a following way:

(1) In first step, as {n}.} we take the sequence such that r(aq, [81n}])/[B1n}] converges and
take ny := nl;

(2) Inmth step, as {n}"} we take a subsequance of {n}" '} such that r(cm, [Bmni])/[Bmny]
converges. Take n,, = n.

From the construction {ny} follows that it is convergent for every rational a, 5 > 0. O
In the sequel for a rational a > 0 we will write
(2.16) r(a) = lim r(o, ng)/ng,
k—o0
where {ny} is the sequence obtained by Lemma
We aim for the extension of the definition of r(«) for all & € R. For this purpose we will

prove the continuity of r(«) for a € Q4.
Firstly we prove a technical lemma on the convergence in ([2.16]).

Lemma 2.12. For a rational o > 0,
r(a,ng £ 1)
n

— r(a).

Proof. Since A ny1 C Aqy for every n € N, then p(a,n+ 1) < p(a,n), so

r(a,n+1) S r(a,n)
n - n
So liminfy, %}’:H) > r(a). Similarly we get that lim sup,, %:—1) <r(a).
To get the second inequality, at the end of the proof we show that for m large enough
(2.17) c(e(m)mMm)e 2™  pa,m) < pla,m + 1),

where g(m) = « ((1 + %)I/T —-1).

Then, taking m = nj; we get that

1 1/r 1
(2.18) _logele(me)ny”) +_A€(nk)r%_r(a,nk) > rlewng +1)
Tk ng ng
Since ¢ is bounded and £(m) 7% 0, by taking k — oo in (2.18) we get that lim supy, %}’:H) <

r(a). Similarly, taking m = ny — 1 we get that
r(a,ng)

1 — 1) (ng — DV7
_ og C(E(nk )(nk ) ) 4 )\g(nk _ 1)1” . 2 )
Nk N N Nk
So lim infy, % > r(a) and it will finish the proof.
To prove ([2.17)) consider an event B such that in BRW in the first generation there exists

a particle v; that performs a jump X,, > e(m)ml/’”, and then its descendants perform an
independent BRW that belongs to Ay . It formally means that in T exists a descending path

ng — 1 n r(a,ng — 1)
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v; < vy < -+ < Upy1, such that ®(vy) > e(m)m!/" and ®(v;) — ®(v1) > am"~1(i — 1) for
1 > 2. By the independence of the jumps the probability of BRW belonging to B is equal
p(le(m)ym'/", +00)) - pla,m) = e(e(m)m!/")e M- p(a, m).
Now we claim that B C Ay my1. So we need to check that ®(v;) > a(m-+1)Y/"1i for each i €
[1,m + 1], so check if for each i € [1,m + 1]
(2.19) e(m)m"" + am" (i = 1) > a(m + 1)V
It holds for i = m + 1 since e(m) = « ((1 + %)UT - 1), S0

e(m)m"" + am*" = a(m + 1)/

If (2.19) holds for i, then it holds for i — 1 since am"™ < a(m + 1)%/". So (2.19) holds for all

iel,m+1]. O
Lemma 2.13. For any rational o, e > 0,
(2.20) rla+e) >r(a) >r(a+e)— A"

Proof. Since Agyen C Aan for every n € N, then we have

r(o+e,ng) S r(a,ng)
ng - Nng
so, by taking k — oo we get the LHS inequality in (2.20)).
To prove the RHS inequality we show that
(2.21) c(6(m)mm)e= MM ™ b m — 1) < pla+ e, m)

for 6(m) =¢—«a ((1 - %)% - 1) and for m large enough.

To prove (2.21)) we proceed similarly as in the proof of (2.19). Let us consider an event
C' such that in BRW in the first generation there exists a particle v; that performs a jump

X,, > 6(m)m'/" and then its descendants perform an independent BRW that belongs to
Aqm—1. It formally means that in T exists a descending path vy < v9 < -+ < vy, such

that ®(vy) > 6(m)mY" and ®(v;) — ®(vy) > a(m — 1)Y/""1(i — 1) for i € [2,m]. By the
independence of jumps the probability of BRW belonging to C' is equal
p([6(m)m'", +00)) - pla,m — 1) = e(6(m)m™)e ™)™ . po,m —1).
Now we claim that C' C Ay . So we need to check that ®(v;) > (a+e)m!/"~1i for each i €
[1,...,m], so if for each i € [1,...,m]
(2.22) S(m)m*" + a(m — D)V — 1) > (a4 e)m/ L
For i = 1 the condition holds if §(m)m'/" > (a4 &)m/ =1, so if

(2.23) <e—a((1—;)i—1)>-mza+e.

For m large the LHS of the inequality behaves like me — a/r, so (2.23)) holds for m large
enough.

To check the condition (2.22) for ¢ > 2 it is enough to check it for i = m, since a(m —
DYt < (a+e)m'/7=1. For i = m (2.22)) holds by the choice of &

S(m)m'" + a(m — D)V = (e + e)m!/".

So ([2.22]) holds for all ¢ € [1,m], which gives ({2.21)).

By (2.21)) for m = ny, it follows that for & large enough
1/T)

_log el ) | \sinyyr + >
ng N Nk

r(a+e,ng)

9

r(a,ng —1)
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where § = ¢ —« ((1 - %)% - 1). Since ¢ is bounded and d(m) == ¢, then by Lemma [2.12

by taking k — oo we obtain the RHS inequality in ([2.20)).
O

Proposition 2.14. The sequence r(a,ng)/ng is convergent for any o > 0. What’s more
r(a) = limg (o, ng) /ng s continuous and non-decreasing.

Proof. We choose an o > 0 and fix € > 0. Then we find such a1,as € Q that a1 < a < a9
and ag — a1 < €. Then

P(alvnk) < p(avnk) < p(a27nk)v

S0
r(ap) > limsup rla,m) > lim inf r(e,ne) > r(az).
k—00 Nk k—o0 g
By Lemma [2.13
(2.24) 0 <r(ag) —r(ar) < Mag —a1)" < Ae".

Since € can be chosen arbitrarily, then we get that

lim sup (o, ) = lim inf 77’(04, )
k—oo Nk k—oo Nk

By (2.24) the function r is continuous and non-decreasing. O

2.5. Analysis of the rate function. We want to prove also that r(«) is strictly increasing.
To do that we prove one more technical lemma.

Lemma 2.15. For any o, d > 0 and rational € € (0,1) such that o > /71,
r(a) +er(d) > (1+¢e)r(B),

where
5= a4+ o6el/r
(L)l
Proof. We will prove that for every a,d > 0 and ¢ € (0,1)
(2.25) pla,m) - p(6,[em]) < p(B, [(1 + £)m])

for large enough m € N. It will give us that
o) | rblend) | g rBI0+ )
ng ENg (1+¢e)ng
So by Lemma that

r(a) +er(d) > (1+e)r(B)
which will prove the lemma.
To prove (2.25)) we choose «, § and € and consider an event D that in BRW there exists a
descending path such that in first m generations it belongs to A, ,, and in generations between
m and [(1 + ¢)m] it belongs to Ag (.-

It formally means that in ¥ exists a descending path {vi}g(:lf)m], v1 < o < Y ge)m)

|v;| = i, such that ®(v;) > am!'/"1i for i € [1,m] and ®(v;) > am!/" + §[em]"/"~1(i — m) for
i€ m+1,[(1+¢e)m]].
We claim that D C Ag [(14)m]- We need to check that for every i € [1,[(1 + )m]]

(2.26) ®(v;) > Bl(1 4 e)m]"/ 714
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It holds for ¢ = 1 since 8 < (ali‘is)ll//: and a > 6c'/71, so

1/r
1/7“—1 < o+ (SE
Bl -+ m]tlrt < ST

Since (2.26) holds for i = 1 and B[(1+¢)m]"~! < am!"=1, then it holds for every i € [1,m].
Then we know that by the definition of § and the fact that o > /71

am” + 8(em)/" > (v + 6V ym T > BI(1 + e)m]V/T

ml/’l’—l S aml/’l‘—l S @(Ul)

and
1/r—1 5 @+ gel/r

/r=1 1/r=1 - 1/r—1
e ™ > 0(em) > dlem]

A1 +¢&)m)
So for m large enough
(v[(1-eym)) = am!/" + 3lem]" > BI(1+e)m]'
S0) holds for i = [(1 + ¢)m]. And since for m large enough
BI(L+e)m]'/ 7t = blem] /T,
then holds for every i € [m + 1,[(1 + £)m]]. It ends the proof.

Proposition 2.16. Function r(«) is strictly increasing.

Proof. Let us start by noticing that by Lemma [2.15] we have

a4+ o6el/r a4+ o6el/r
(227) 7"(0&) —T ((1—|—5)1/7"> >e- (7" ((1_|_5)1/7" - T((S) )
a+8el/T
(115)1/T S

for all § < ae!~/". By the assumption on § we have that 3 :=

Fix € > 0 and take such small € > 0 that

@ <
“ (1+e)l/r “

Now, let us choose such small § smaller than aec!~/" that

o}
T ((1_1_@1/7‘) — T((S) > €.
We are able to find such § > 0, since 7(0) = 0, r is non-decreasing and, by lemmas and

1/
for all n > 0, 0 < r(n) < A", so it is enough for ¢ to be smaller than <r (W) //\> '

and ag!~1/7.
For such chosen ¢ and 4, by (2.27) and by the fact that r is non-decreasing we have that

r(a) —r(B) > ¢e- (r ((1:;)1/7) — r(5)> > ee >0,

for 5 < a such that a—f < e. The conclusion follows by the fact that € is chosen arbitrarily. [J

3. ELEMENTARY PROPERTIES OF THE BRANCHING-SELECTION SYSTEM

In this section we give a formal definition of the model defined in the subsection [I.I] and we
examine its basic properties. The main result of this section is the proof of the existence of
vy = lim, oo max Xflv /m. All the definitions and proofs in this subsection are adapted from

[6].
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3.1. Notations and definitions. It is convenient to represent finite populations of parti-
cles as processes on the space of finite point measures on R. That’s why we start with the
introduction of the notion of such measures.

Definition 3.1. A finite point measure on R is a measure p, for which there exist such

M (p) € N and a sequence {:Ui}i]\i(lﬂ), Ty > -+ 2>y that

M ()
= Z Oy
i=1

Then M (p) is called the total mass of u and {z;} we call the support of .

We denote by max ¢ and min p respectively the maximum and minimum of the support of
i, and the diameter d(u) := max g — min p.

As C we denote the set of all finite point measure on R. For N > 1, we denote the set of
finite point measures on R with total mass equal to N as Cy .

It is easy to notice that the model that we consider, so the branching-selection system is
actually a Markov chain, since the positions of the system in nth step, conditioning on the step
number n — 1 are independent on the previous steps. This explains the following definition.

Definition 3.2. Let {X2},>0 be a Markov chain on Cy that starts at a deterministic value
X(])V € Cn and whose transition probabilities are given by the branching-selection mechanism
with N particles defined in the subsection [1.1}

We assume that this Markov chain is defined on a probability space denoted by (€2, F,P).

We will also need a notion of stochastic ordering.

Definition 3.3. For two real random variables X and Y we write X <Y and say that X is

stochastically smaller than Y, if
PX > z| <P)Y > z]

for all z € R.
Similarly, we define the ordering in the set of finite point measures.
Definition 3.4. Given pu,v € C we say that p < v, if
p(jz, +00)) < v([z, +00)) for all z € R.

We will consider such ordering only on finite point measures. It turns out there is an easier
formulation of such ordering in this case.

Remark 3.5. For p = Eij\i(lm Op,y V = Zi]\i(ly) Oy, Where z1 > -+ > Zppe), Y1 2 0 2 Yurw)s
= v is equivalent to M (u) < M(v) and x; < y; for all ¢ € [1, M (u)].

3.2. Elementary Properties of the Model. First in this subsection we prove that assuming
that their existence the limits min X2 /n and max XY /n for n — oo are equal. Then we prove
the existence of the limit of max X /n.

At first let us notice that the expectation of max X2 is finite.

Remark 3.6. Let m be the maximum of 2/Nn i.i.d. variables of distribution p. The expectation
of m is finite, since the maximum can be bounded by the sum, so

E[m] < 2NnE|X| < oo,

where X has distribution p. So Emax XY is finite as it is non greater than Em.
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3.2.1. Estimates on the diameter.

Proposition 3.7. Let uy := (lﬁ)gggf} + 1. Let mg\lf) and mg\Z,) denote respectively the minimum
and the mazximum of the 2Nuy steps performed by the system between times n — uy and n.

Then for all N > 1, any initial population X(])V € Cn, and all n > up,
d(XN) < uy - (m§ —mfy)).

Proof. Fix N, Xév and n > uy. Let y := maxXéV_uN and let u be the particle that in
the n — unth step reaches the maximal position y. We want to study the evolution of the
branching-selection system between times n — uy and n.

Assume first, that for all k € [n—uy +1,n], the condition min X}¥ < y+ (k— (n—uN))mg\l,)
holds. Let us examine all the descendants of u. Since all the steps performed between times

(1)

n —uy and n are at least mj’, the position of a descendent of v in kth generation is greater

than y + (k — (n — uN))mEV), so greater that min X;". Which means that all the descendants
of u from generation n are in the system X. But there is 2N > N of them, which is a
contradiction.

So, there exists k € [n — uyn + 1,n], such that

(3.1) min X7 >y + (k — (n—uN))m%).
1)

Again, by the fact that all the steps performed between times n —uy and n are at least my’,
if the condition ([3.1)) holds in the step kth, it also holds in the steps £+ 1,...,n. So it has to

hold in nth step, so we conclude that min Xflv >y+u ng).

Now, by the definition of mg\?) and y, we have that max X <y + ung\?), SO

d(XY) = max(X)) — min(XY) < uy - (m§) —m{y).

Corollary 3.8. For all N > 1 and any initial population Xév eCn
lim n~td(XY) =0,

n—oo
with probability 1 and in L'(P).
Proof. Using the notation of Proposition let Fiy := m%) — mg\,) The expectation of Fy
is finite, which follows from Remark [3.6] -, as the expectation of Fly is non greater than the

expectation of m( )
By Proposmon we get that

Eln~'d(X,))] < n~'unE[Fy],
for all n > uy. So it yields the convergence of E[n~'d(XN)] to 0 in L'(P) for n — oo.
Again, by Proposition [3.7] we have that for any z > 0
Y P (X)) = 2) < Y P(nlunFy > 7) < uyE(Fy) /.
n>un n>un

So applying the Borel-Cantelli lemma yields that
P(limsupn td(XY) > x) =0

n—0o0

for every z > 0. Since z can be chosen arbitrarily, we conclude the convergence of E[n~d(X.Y)]
to 0 with probability 1. O
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3.2.2. Monotonicity properties. Now we prove a technical lemma. Its corollary states that for
two branching-selection systems ordered in first step we are able to find such a coupling that
keeps their order. This property will be useful in the proof that {vy}y is monotonic.

Lemma 3.9. For Ny, Ny € N such that 1 < Ny < Na, and p1 € Cny, p2 € Cn, such that
p1 = g, there exists a pair of random variables (Z', Z?) taking values in Cn, X Cy, such that:
e the distribution of Z' for i € {1,2} is that of the population of particles obtained by
performing one branching-selection step (with N; particles) starting from the population
Hi,
o with probability one, Z' < Z2.
Proof. For k € {1,2}, we write pp = vazkl Opy(k)> With m1(k) > -+ > @, (k). From the
assumption that p < o, by Remark [3.5] we deduce that z;(1) < z;(2) for all i € [1, N1].
Now consider an ii.d. family {e;;}ic[i n,] eq1,2) With common distribution p. Those
are the jumps performed by the particles of our systems in the first step. So let T} :=
ZZN:’H Zje{m} Ozi(k)+e;,» and define ZF as being formed by the N}, rightmost particles in
T,. Since x;(1) + €55 < 4(2) 4+ €5, for all 1 <¢ < Np and j € {1,2}, we deduce that T} < T,
whence Z < Z2. The conclusion follows. O

Remark 3.10. Let us notice that the statement of Lemma[3.9 holds for any number of branching-
selection systems. The proof of Lemma [3.9]is naturally modified to the proof of the existence
of such coupling for k£ systems, since it just requires considering greater family of epsilons, i.e.
{€ij}ieqi,N),jeq k) Where N = max;<; INV; and constructing more variables {Tl}f:l.

Corollary 3.11. For N1, Ny € N such that 1 < Ny < N, and p1 € Cn,, p2 € Ca such that
p1 = pa, there exists a coupling (Z}, Z2)n>0 between two versions of the branching-selection
particle system, with N1 and No particles respectively, such that Z& = U1, Zg = uo, and
Z}L < Z% for alln > 0.

To prove the existence of the limit of max XV /n we will use the Kingman’s subadditive
ergodic theorem. Below we present one of its versions. The proof can be found in [7] (Theo-
rem 6.4.1., p. 343).

Theorem 3.12 (Kingman’s subadditive ergodic theorem). Suppose a family of random vari-
ables X, n satisfy:
(7') XO,ner < XO,n + Xn,m-
(it) {Xnkk}n>1 are i.i.d. for every k.
(iii) The distribution of { Xy, k}e>1 doesn’t depend on m.
(iv) IEJX({1 < oo and for each n, EXg, > yon, where vy > —oo.
Then X = limy, o0 Xon/n ezists a.s. and in L' and X = inf,, EXom/m a.s.
Proposition 3.13. There exists vy such that, with probability 1, and in L'(P),

(3.2) lim min XY /n = lim max XY /n = vy
n—oo n—oo

and vy = inf,, Elmax X /n].
Proof. Firstly, let us note that, in view of Corollary if either of the two limits in (3.2))

exists, then the other must exist too and have the same value. So it is enough to prove the
statement with (3.2)) replaced by

(3.3) lim max X2 /n = vy.
n—oo

Let us also note that it is enough to prove the result for such systems that Xév = Ndp.
It follows from the observation that the limit in the thesis is translation invariant, meaning
that shifting all the particles by a translation on R doesn’t change the limit. Having a system
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{XNY >0 we take two systems: {Y,V},,>¢ such that YV = N(sminXév and {ZN},>0 such that
Zy¥ = N6 .. x- Then by Remark we get that

(AP
for all n, and so by Remark
max Y,fv < maXXTZLV < max Z,]LV.

So having for {Y,V} and {Z)}, we conclude it for {XV}.
So we perform the proof of (3.3)) for such system {XN} that XéV = Ndy.
Consider a family {e;;;}i>0,ie1,....n},je{1,2y of i.i.d. random variables with common distri-
bution p. For [ > 0, we denote by {Wl],\li}kz() a N-BRW such that:
o W,{\g = Néo;
e For £ > 0, we write Wl{\{c = ZfL 0z;, Where 1 > --- > xy, and we define Tj;, :=
Zi]\il Oziterspin T Oziteryni.- Lhen Wl{\{cﬂ is obtained from 7} j by keeping only the
N rightmost particles.
Observe that for every [, {I/Vl]’\fl}nzo has the same distribution as {X},>0.

Below on Figure [1| we present 6 generations of simulated WV, W2V and WiV. We shift W3¥
and W?fv in time to outline the relation between the jumps of those processes.

0 1 2 3 4 5 ] T 8
time

FIGURE 1. Simulated 6 generations of WiV, Wi and W3V where p is Weibull(1)

Now, we are going to use the Kingman’s subadditive ergodic theorem. So below we check
the assumptions in the same order as stated in Theorem [3.12
Firstly, let us notice that for all n,m > 0

(3.4) max WéYner < max Wé}fn + max Wévm

If we have two systems that perform the same branching steps, and at some point one is
greater than another, then it will be greater in every next step by the same argument as in
the proof of Lemma At we compare maximums of two systems that perform the
same branching steps (due to the construction of {W'lj\,i}, the epsilons used in construction of
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W(f[n +m and W({an W,]LVm are exactly the same), but at moment n one of them is shifted to

NO o W - Since Wé?fn =< No, .« W holds.

Secondly, let us notice that {Wé\[i aJn>0 is an iid. family. It follows from the fact that the
random measure Wﬁl, 4 1s obtained by performing d branching-selection steps that depend only
on a collection &g := {e4(m41),i; : @ € [1, N],j € {1,2}}, where {&; : d > 0} are i.i.d. So we
deduce that the sequence {max Wﬁz,d}nzo is ii.d.

Thirdly, the distribution of {max VV/}Q}IQO doesn’t depend on I, since the distribution of
{I/I/l{\,i}kzo doesn’t.

Finally, let us note that max W[{Yl = MaX;c[2N],je{1,2} €0,ijs SO

E|max Wy | < 2NEe| < 400

and
E max W({Yl > Ele],

where ¢ has distribution p. Inductively, we prove that E[max Wg),] > n-E[e], since max WY, , | >
max WOJYn + max;e (12} En,l,5-

Theorem gives that lim, . W({Yn /n = vy = inf,, E[max WéYn /n] in LY(P) and with
probability 1. Since {W{,}» has the same distribution as {X}¥},,, the conclusion follows. [

Proposition 3.14. The sequence (vy)N>1 S non-decreasing.

Proof. Take Ny, No € N, such that Ny < N». By Corollary since N16g = Nodg we get the
coupling of two branching-selection systems with N; and Na particles {XN, YV}, -4 such
that Xévl = Nidg, YON2 = Nsdp, and Xévl = YON2 for all n > 0. Then, by Proposition we
get that

vy, = lim max X' /n < lim maxYN?/n =vy,.
n—+o00 n—+oo

0

3.3. Coupling with a family of N branching random walks. We now give one more
formal definition of the branching-selection system. It is equivalent to the one given in the
definition but uses the BRWs defined in section [2| It will be useful to combine the concept
of branching-selection system with the killed branching random walks.

Let {BRWi}iE[[L n] denote N independent copies of a branching random walk BRW. Each
BRW; consists of a binary tree ¥; and a map ®;. For i € [1,N] and n > 0 we define the
disjoint union

TN =% (n)U---UZn(n).
For every n, we fix an a priori total order on 7, depending only on the tree structure.

We now define by induction a sequence {G? },,>0 such that, for each n > 0, G is a random
subset of 7,V containing exactly N elements:

o GIY =T,

e Given n >0 and GY, let HY C TN, contains the children of GJ. Then, let G, | C
HY contains the N vertices that are associated with the largest values of the underlying
random walks ®;s (breaking the ties by using the priori order on 7,V).

Now let X2 denote the distribution of the values of corresponding ®;s on the vertices from
GY. The sequence {X)},>¢ has the same distribution as {X}¥},>o started from X}V :=
Néo. Thus, we can take for our reference probability space (€2, F,[P) the one on which
BRW1,...,BRWy are defined, and let Xflv has the distribution %ﬁ’ . This way we ob-
tain a coupling between {X2V},>0 (such that XV = Ndy) and the branching random walks
BRW;,..., BRWy.
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4. UPPER BOUND ON vy

Theorem 4.1. There exists such o > 0 that

UN *

lim sup <a.

N oo (IOgN)l/r—l

What’s more, o > log 2/AV/T.
In the proof of this theorem a following combinatorial lemma is useful. It gives the connection
between the theorem and the problem investigated in section 2] — the probability that the

particle in BRW is (m, v)-good.
The lemma and its proof are adapted from [6].

Lemma 4.2. Let vi,v2 € R be such that vi < vy. Let K > 0. Take n € N, such that
n>1 and m € [1,n]. Let now xg,...,x, be a sequence of real numbers such that xo =0 and
Tip1 — 2 < K for alli € [0,n—1]. Let

I={ie[l,n—m]: x;—x; >vi1(j —1) for all j € [i,i +m]}.

If xn > van, then #1 > 2= 0 — K /(K — v1).

m
Proof. Let 0 =: xg,...,x, be as in the statement of the lemma. We define inductively a
sequence {T; };.
e 79 :=0.
e Given 7; < n we define
T :=inf{j € [ +1,n] : z; <z, +n1(j — 1) or j =7 +m},
where we assume that inf @ =n + 1.

Let G := max{i : 7; < n}, then 7¢ > n —m.

Now we "colour" the integers 0,...,n — 1. If 2., | > 2, +v1(741 — 7;) and 741 < n, then
Tiy...,Ti+1 — 1 are coloured red. Note that then 7; belongs to I. The remaining integers in
0,...,n— 1 are coloured blue.

Now, let V¢4 be the set of the integers coloured red in [0,n— 1], and Vjy, of the blue terms.
Since for every k we have 1 —x3, < K, and for every blue 73, we have x,, .| — 27, < v1(Th1 — Ti)
then

G-1
Ty = (Tn — Trg) + (mTkJrl — Tr,)
k=0
n—1
= Z (Tht1 — 2k) + Z (ka+1 - ka) + Z (‘T”Fk-u - ka)
k=1 {k<G:1,€Vyeq} {k<G: T EVhiue }
<K -m+K Z (Tk+1—7'k)+v1 Z (Tk+1—7'k)
{k<G: 7,€Vyeq} {k<G: T,EVhiue }

<K -m+ K- #Vieqa +v1 - #Volue-
Since #Vyeq + #Viiwe = n and von < x,,, we have that

Vo — U1 Km
Vied > — .
#red_K_vln K—Ul

Thus, since at least #V,¢q/m terms belong to I, we have

Vg — VL N K

1> > — .
# —#‘/;"Ed/m—K_vlm K—'Ul
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Proof of Theorem[{.1 Let m = [log N]. Fix € > 0, then by Theorem there exist such o*
that

log(p(a*,m)) < —(1+ 26)/m + o(m),
so for sufficiently large N,

N 1
(4.1) o, m) < <77
Let now n = [Flog (N)?] for some F > 6~ (%)1/7“, vy = (o + 8)m!'/7~! for some & > 0,

vy = a*m!/" 1 and ¢ = (%)%(log N)%(HC) for some ¢ > 0. Then for N large enough ¢ > van
and

1
E[= max XV] <
n

1 1
(42) <vg + E[E max XT]LV]l{max XNe( + E[ﬁ max X?i,v]l{max XTILV>90}]

vane)}]
1 N 1 N
<vg + E@P(maX Xn > ’Uzn) + EE[H]&X Xn ]]'{maxXTJLV><p}]'

So in the sequel we will show that £P(max X} > von) and
E[Z maXXT]LV]l{maXX;Lv%O}] converge to 0 as N — oo.

Let us start by bounding P(max XY > vyn). For this purpose we use Lemma Let
K= (% log (N))Y/". For such K and vy, va, n, m stated previously we have that

vpooin S[log (N)]Y/m=1 Flog (N)? B 1+e —Ur
/ ((Tloguv»l/r log (V) )‘”( >

lim =
N—ooo K —v1m N—o0

A

and limpy 0 K%Ul = 1. By the assumption on F, 5F/(¥)1/T > 1, so for N large enough we

have
Vg — U1 T

- K/(K — .
K—-—vm /( v) >0

Now consider such u € G¥ that ®;(u) = max X2. Then u belongs to some BRW;, so
u € F; and in T; exists a descending path @ = u; < ug < --- < u, = u such that u; € G{V
for every [ € [1,...,n]. Using Lemma |4.2| to the sequence {®;(u,)} and vy, vy, K as above,
we get that if ®(u,) = max XY > von, then either one of random steps ®;(uzy1) — ®;(u;) is
greater of equal to K or there exists such [ € [1,n —m] that ®;(u;) — ®;(uy) > vi(j — k) for
all j € [k, k +m], so one of ug, ..., up_m is (m,a* + §)-good in BWR,.

So if

Bpi=#{uecGYuU---uGY :uis (m,a* 4+ 6)-good},
then by the union bound
(4.3) P(max XY > wyn) <
< P(max{®;(vk) — ®;(v) : [v| <n,i€[1,N], k€ {l,2}} > K)
+P(B, >1).

By the fact that all of the variables {®;(vk) — ®;(v) : |v] < m,i € [1,N],k € {1,2}} are
i.i.d. with common distribution p we have that

P(max{®;(vk) — ®;(v) : |[v] < n,i e [1,N],ke{1,2}} > K) =
=1—p((—00, K])*" =1 — (1 — ¢(K)e ")?A7"
(4.4) < 2Nnc(K)e_)‘KT < 2M Nne~ (1) log(N)

1
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By the definition of B,, we have
B, = Z 1{u is (m,a* 4+ §)-good} - 1{u e GY U---UGN}.

ueET1U---UTy,

Fix now u € T3 U---U T, such that |u| = [. Then by the definition of the branching-
selection system an event {u € Gév U---U GNY depends only on system steps performed
at depth at most I. That is {u € Gév U---U GN} belongs to the o-algebra generated by
{P;(ugs1) — Pi(ug) : i € [1,N], |ugs1| < 1}. The event {u is (m,a* 4+ §)—good} on the other
hand, depends only on the system steps performed at depth at least [, i.e. belongs to the
o-algebra generated by {®;(ug41)—Pi(ug) : i € [1, N], |ugs1]| > I+ 1}. Thus, those two events
are independent. So by we have

EB,= Y P(uis (m,a*)-good) E[l{uec Gy U---U G}
ueT1U--UT,,
(4.5) =ple*,m)-E[ > {ueGyu---uGY
ueET1U---UT,

=pla*,m)-Nn+1) < (n+ 1)-N~“.
Then by Markov inequality (P[X > 1] < E[X . . we have that

(4.6) P(max XY > von) < 2Mn-N"+ (n41)- N~°
Thus, since ¢ = (%)%(log N)%(HO, we have that ¢ < N7, so

1
(4.7 —pP(max XY > vyn) Ao,

n

Now, we estimate E[max X,ivll{maxxév>cp}]. We divide this term into two parts by using a
formula E[X1{x>q] = aP(X > a) + [[°P(X > z)dz. So in our case

oo
(4.8) E[maXX,]@V]l{maXX}lvMp}} = pP(max XY > ¢) +/ P(max XY > z)dz.
%)

Then using the coupling with family of N branching random walks we have that

P(max XY > ) g]P’((EIz € [LN])Eu e Ti(n) Y X, >x>

v<u,

vED
[Z o) X, > x}} = N2"P(S,, > z),
=1 ueT;(n) v;%

where Sy, := >/, Y; and {Y;} are i.i.d. random variables of distribution p. Let also Y denote
random variable of distribution p and M;, = maxX;c[i ] Yi- Then notice that for £ > 0 we
have

P(S, > n'/"y) <nP(Y > (1 —e)n'/"y) + P(S, > n'/"y, M,, < (1 —e)n'/"y).

Using the computations performed previously in the proof of Theorem precisely (2.5)) for

D =nY" E=(1-e)n'/"y, 2.7) and 2.8) for s = A ((1 — E)nl/?‘y)ri1 /(1+9) for some § > 0,
we obtain that

P(S, > n'/"y, M,, < (1 —e)n'/"y) <
<exp{—A1—&)" " ny /(14 0) + A1 — &) W2 V" T IEY /(1 + 6) + no(s)}
= exp{=ACny" + ACn> YTy T IREY 4 no(s)},
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where C = (1 —¢)""1/(1+6). So we have
(4.9)
P(max XY > ¢) < N2"P(S,, > )
<N2" (nM exp {—A(1 —&)"¢"} + exp {=AC (¢" — n(pr_lEY) + no(s)})
=N2"(nM exp {—(1 — &) n*1+O} 4
+ exp{—CnQ(H'C) + C)\l/rn2(1+<)(1—1/r)+1EY + O(n3—1/r—r+%(1+§)(r—1))})’
where M is the bound on ¢(x) as in the Remark Since n = [Flog N]? and 2(1 + () >

21+¢)(1—=1/r)+1,2(14¢) >3—1/r —r+2(14()(r — 1), then the term in the last line in
(4.9) goes to 0 as N — oo. Furthermore, ¢ = (%)l/r n%(HO, so exp {n?(H9} > o N2"n. So

N—oo

(4.10) eP(max X2 > ) =72 0.

Now, we bound the second term of (4.8])

/ P(max XY > z)dz —nl/T/ P(max X, > n'/"y)dy
o (pnfl/v‘
“+o0o
<N2"pl/7 (nM exp {—A(1 — &) ny" }dy+
(p,nfl/'r

+oo
+ / exp {—ACny" + A\Cn> Y7y " 'RY + no(s)}dy>
@

n—l/'r
Since r — 1 < 0, then for y € [pn~ ", +00)

exp {AC* VT T IEY ) < exp {IACR2 YT (on VY TIEY ) = exp {ACn¢" T'EY ),

similarly
e, ) ! r-1
s=A((1=emtry) /1 +6) <A1 —e)p) /(1 +6).
So
/ P(max X' > z)dz <
@
+oo
(4.11) <N2 /T (nM/ , P {=21 — &) "ny" }dy+
(p’I’L71 T
+oo
+ exp {\Cne" 1RY + o(nyp" 1)} exp {—)\Cny’"}dy> .
wnfl/'r
Now let us note that for any A > 0 we have
AMny" = z
/ exp {\Any" }dy = rAAny"ldy = dz
en=1/r dy =1 Zl/rildz

1 1
T (AnX)1/r

1 1 o 1/r—1_—z2
- d
r (AR /AW e e
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and since fora >1and b > 1
o [o.¢]
/ =l tdt —/ (u+ a)te=(ra) gy,
a 0
1 - > U\p—1 —
=a’le “/ (14 —-)""e "du
0 a

o9
< ab—le—a/ (1—|—u)b_le_“du
0

o0
_ ab—le—a—l—l/ W Le " du
1

< abflefaJrlIw(b)7

we have
/ exp {A\Any" }dy < EL(A)\@T)I/TA exp {—AX¢" + 1}I'(1/r)
(4.12) pn=1/r r (AnX)Hr
. _ 1 1—r r

Combining (4.11) and (4.12]) with substituted A = (1 —¢)" and A = C' we have

o0
/ P(max XY > z)dx <
v

<N2"nt/T nM;Lplfr exp{—(1—¢e)" A" +1}T'(1/r)
r(1 —¢e)rAnl/r

+ exp {A\Cne" 'EY + o(np" 1)}

1-r o T
mgp exp {—CAp +1}F(1/r)>

1 1
:N2”H¢1_76F(1/r) <nM(1_€)T exp{—(1—¢)"Ap"}
1
+ G exp {=CA = ngIEY) + o(ng ) ).
so by the computations in (4.9) we get that

o
(4.13) / P(max XY > z)dx RN}
)

Combining [4.8] (4.10) and (4.13) we conclude that
1
(4.14) “E[max XN L pnae x850y] — 0.

n
Now, by (4.2), (4.7, (4.14)
1
E[= max X'] — vy <
n
1 1
SEQOIP’(maX XN > von) + EIE‘,[max Xjf]l{mxww}] Nzoo .

By Proposition vy = inf, E[2 max X]'], so

E[L max XY
lim sup * < limsup ["L)inl] < lim sup — T =
N-soo log (N)Y7~ N-soo log (N)Y/7~ N—soo log (N)Y"~

which completes the first part of the proof. The bound on the a* can be obtained by Propo-

sition and (4.1)). O

V2 *

)
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5. LOWER BOUND ON vpn

Theorem 5.1. There exists such oy > 0 that

.. UN
———— 2 Q.
W Gog it =

Proof of Theorem[5.1. Let m = [log (N)]. Fix € > 0, then by Theorem [2.3] exists such o > 0
that
log(p(a,m)) > —(1 = 2e)m + o(m),

so for sufficiently large IV,

1
N1l—e€’

To prove the theorem we will use Proposition 4 from [6] in following version adapted for our
purpose .

(5.1) plo,m) =

Proposition 5.2. Let m be as previously stated. Let n € N and € > 0. Let
Bep i= {min(XY) < (a — e)ym" Yk for all k € [1,n]}.
Then for N large enough
oy > (a—e)m'" —|(a — €)m1/r*1]nP(B€7n) —nE(|0,15B.,,)
where Oy, is the minimum of 2nIN i.i.d. random variables with distribution p.

Proof. We reuse the coupling constructed to use the Kingman’s subbaditive ergodic theorem
in the proof of Proposition Then {XN},>0 is defined as X := W({Yn‘
We now inductively define sequences {I'; }i>0, {Li}i>o0, {Ji}i>1-
o Let F() = 0, J() = 0.
e Given i > 0, I'; and J;, let Li1y := inf{k € [1,n] : minWI]ﬂ\;k > (a — e)m!/m 1k},
where inf () := n. Then let T';11 :=T; + L;11, and let J;11 := J; + min Wf]\\i[,Li+l'

By a similar argument as in the proof of (3.4]) in the proof of Proposition we have that

(2
(5.2) min W({Ym > Zmin Wli\wakH = J;.
k=0
It follows from the fact that we compare minimums of two systems that perform the same
steps, but at moments Z?:o Ljtq for k € [0,4] one of them is shifted to N6, v~

Pr:Lk4a '

Let us observe that since {VVZAIQ}ZZO is an i.i.d. family, the variables {L;}; are i.i.d. with
common distribution L := inf{k € [1,n] : min X}¥ > (o — e)m'/"7'k} (inf® = n). So
variables {I';11 — I';}; are i.i.d. with common distribution L. Similarly {J;+1 — J;} are i.i.d.
with distribution min X i\l )

By the law of large numbers and the fact that vy = lim,, min XY /n (Proposition [3.13)) we
have that

min X min X T,
lim —— = lim ———¢ . =X = yy - EL.
1—+00 ] 1—00 Fz 2
On the other hand, by ll we have min Xf\i > J; = 22:1“19 — Jx—1). So since {Jit1 — Ji}i
are i.i.d. with distribution min X iv , by the law of large numbers we have that
lim inf 4~ min X, > E[min X].
71— 00

We conclude that vy > E[min XV]/EL.
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Now denote by ©,, the minimum of all the jumps performed by the system between time 0
and n. By the definition of B, , we have that

min X > (a — E)ml/TflL]lBg’n + LO,1p,,.
Since 1 < L < n we have that
Elmin X}¥] > (o — e)m"/""YEL -~ E(L15.,)) + E(LO,15.,)
> (o — e)m' /" YEL — nP(B.»)) — nE(©,15.,,).

It completes the proof since

oy > (—e)ym!/71 (1 - ﬁP(Be,nD . E(©,15.,,)

EL " EL
> (a—e)m/" ! —|a — elm"nP(B.,) — nE(©,1p.,).

To prove Theorem [5.1] we want to choose such n and ¢ that

(@ — &)m"/"nP(B.,) + nE(|0,15.,) “=% 0.
To do that we use Lemma
Let R be such that R < a and p([R,+00)] > 2/3. Consider a Galton-Watson tree with
binomial offspring distribution with parameters 2 and p([R,+o0c)]. The average number of
offspring is thus equal to 2p([R, +00)] > R) > 4/3 > 1 with our assumptions. In the sequel,
we use the notations r and ¢ to denote the numbers given by Lemma for this offspring
distribution.

Proposition 5.3. Using the previous notation, let sy := [lﬁ)glm +1 andn :=m+sy. Let also

C. be an event that in BRW there exist a least °N descending paths of the form @ =: ug, ..., Uy,
such that ®(u;) > (a —&)mY"Yi for alli € [1,n]. Then

P(Ce) = plar,m) -,

for

SN 1/r—1
5.3 > —R).
(5:3) ©= mY/T=1(m + sy) (am )

In the sequel we use the notation sy, n and € as in the statement of this proposition.

Proof. The idea behind the proof is as follows. Assume that a BRW contains a descending
path of length m starting at root that performs steps as in the event A, ,, and its last particle
Uy, has at least ¢V offspring at generation n = m + sy. Then such BRW belongs to C. for
some €.

Now, let us note that by Lemma [2.6] applied to the Galton—Watson tree with binomial
offspring distribution mentioned previously, there are at least ¢*~ offspring of u,, at generation
n with the probability at least r. It means exactly that the probability of the existence of at
least ¢°N descending paths of the form w,,...,u, such that ®(ugi1) — ®(ux) > R for all
k € [m,n — 1] is > r. So by the independence of jumps the probability of the existence of
at least ¢~ paths of the form @ = ug,...,u, such that ®(u;) > am!/7=1 for i € [1,m] and
D (uir1) —P(u;) > R fori € [m,n—1] is > p(a,m)-r. So to prove the proposition it is enough
to check that such paths meet the assumptions of the event C. for € as is the proposition.

So formally we need to check that if ®(u;) > am"+R-j, then ®(u;) > (a—e)m"~(m+j)
for every j € [1,sn]. For ¢ as in the proposition we have
J

> - s 1/’(‘—1 _
€ ml/’“—l(m—i—j)(am R),
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for all j € [1,sn], so
am™" + R-j > (a—&)m""Y(m + j).

So the conclusion follows. O
Now, let D, be the event that for all j € [1, N] BRW; belongs to C¢, so it doesn’t contain
more than ¢*N distinct descending paths @ =: ug, ..., u, such that ®(u;) > (a —&)m!/71;

for all + € [1,n]. Then, by Proposition and the independence of BRW1, ..., BRWx we
have that
P(D:) < [1— p(a,m)r] ™.
By the inequality 1 —z < exp {—x} and we have that
P(D.) < exp{—N-N"0"9} = exp {-N°}.

We now claim that B., C D.. We show that by contradiction. First, let us note that D,
doesn’t depend on the selection procedure, but B, ,, does. Assume that B, ,, N D¢ occurs. Then
there exists such j € [1, N] that in BRW) there are more than ¢°~ distinct descending paths
Up . . ., up, such that ®(u;) > (a—e)m/7~i for all i € [1,n]. Since B, occurs, for every such
path ®(u;) > min XV for all i € [1,n]. So for every i, u; € GV, i.e. it survives through the
selection procedure. As a consequence, in Gé\]fv there are more than ¢*~ > N particles, which
is a contradiction.

So we get that

(5.4) P(Ben) <P(D.) <exp{—-N"‘}.

To use Proposition [5.2] we bound ©,, from above by the sum of the absolute values of 2nN
corresponding i.i.d. variables and use Schwarz’s inequality. We deduce that

(5.5) E(©,15,,) < 2nN -EC-P(B.,)"?,

where ( is a variable with distribution p, E¢ < co. Since n = m + sy < [log N] (1 + loéd))’ by

Proposition [5.2] (5.4) and (5.5]) we have
oy >(o— ) [log N|Y/1

~ (e = &)tog N/

(1 - 11> exp {-N"*}

(5.6) 0g ¢
1 2
—_— —_— . . —_— _>\
2<<1+log¢) [logN]> N -EC-exp{—N""/2}
for sn
> I/T—l _ R .
©= ml/m=1(m + sy) (am )
Since
L
SN (aml/rfl _ R) N—o0 log ¢ o

m/T=1(m + sy)
taking N — oo in ([5.6)) we conclude that

1+ 553 ~ 1+logo’

.. v
lﬁlilof W >a—¢
for e > %, SO
lﬂioréf (log ]1\jf];[1/r—1 =7 fiiqbw
Taking a, = lff)g 3 completes the proof.
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