
The Parameterized Complexity of Chosen Problems for
Finite Automata on Trees

Agata Barecka1 and Witold Charatonik2

1 Institute of Mathematics, University of Wroclaw,
pl. Grunwaldzki 2/4, 50-384 Wroclaw, Poland

2 Institute of Computer Science, University of Wroclaw,
ul. Joliot-Curie 15, 50-383 Wroclaw, Poland

Abstract. There are many decision problems in automata theory (including mem-
bership, emptiness, emptiness of intersection, inclusion and universality prob-
lems) that for some classes of tree automata are NP-hard. The study of their pa-
rameterized complexity allows us to find new bounds of their non-polynomial
time algorithmic behaviors. We present results of such a study for classical tree
automata (TA), rigid tree automata (RTA), tree automata with global equality and
disequality (TAGED) and t-DAG automata.

1 Introduction

Parameterized complexity. In the classical complexity theory the complexity of a
problem is measured by the amount of a resource (time or space) required to solve
the problem, which is presented as a function of the size of the input of the problem.
There are many problems that are hard in this theory, but appear not to be so hard under
a more refined analysis of complexity that takes into account the structure of the input
data. A notable example of such a problem is LTL model checking (i.e., a problem if
a given Kripke structure satisfies a given formula of the logic LTL) in the area of auto-
mated verification [10]. The problem is hard in classical complexity theory, where we
consider input as a whole, but it becomes tractable if we look into the structure of the
input and assume that the “hard” part (here, the checked formula) is relatively small in
comparison to the “easy” part (the checked Kripke structure).

Parameterized complexity [6] [8] gives a framework for analysis of such problems.
In this theory, an instance x of a problem comes together with a parameter k (typically,
the size of some part of the input x). If a problem is decidable in time f(k)p(|x|) for
some function f and some polynomial p, then the problem is considered to be tractable
and is called fixed-parameter tractable. There are two fundamental hierarchies of prob-
lems that are not known to be fixed-parameter tractable: the W-hierarchy and the A-
hierarchy. It is believed (but there is no proof of that, similarly as there is no proof of
P6=NP) that they do not collapse, so if one proves that a problem is hard for some lev-
els of these hierarchies, then the existence of efficient algorithms for this problem is
unlikely.

Tree automata. The theory of finite tree automata [5] is a straightforward extension
of the theory of finite word automata. The main task of this theory is to provide a finite



representation for infinite sets of terms, with efficient operations for manipulating these
sets, and with decidable basic decision problems.

In this paper we investigate parameterized complexity of NP-hard problems for tree
automata. In addition to classical tree automata we also consider recent extensions like
rigid tree automata (RTA), automata with global constraints (TAGED) and automata
on DAG representations of trees (t-DAG). It was known that these extensions gain ad-
ditional expressive power for the prize of harder (in many cases NP-hard) decision
problems.

Our contribution. Our results are summarized in Table 2 at the end of the paper. In
particular, we show that for t-DAG automata the membership problem parameterized by
the size of a t-dag and the size of a signature is W[1]-complete and parameterized by the
number of states of the input automaton it is para-NP-complete while the k-emptiness
problem parameterized by k and the size of a signature is W[1]-complete. For RTA and
TAGED automata the membership problem parameterized by the number of states is
W[2]-hard; parameterized by the size of the input term and the size of the signature
it is in W[1]. We also show that for classical tree automata the inclusion problem and
the universality problem parameterized by the number of states is para-co-NP-hard.
A consequence of all these hardness (which includes completeness) results is that these
problems are not fixed-parameter tractable (unless the W-hierarchy is not strict). This is
rather a bad news for the theory of tree automata, and it was quite surprising for us —
we expected at least some of these problems to be fixed-parameter tractable.

Related work. We are not aware of any work on parameterized complexity of deci-
sion problems for tree automata. The closest results [11] concern automata on words. It
is shown there that the k−∩-EMPTINESS problem (see Section 3.3 for the definition of
the problem) parameterized by either |Σ|+k, |A|+ |Q| or |Σ|+ |Q| is fixed-parameter
tractable while parameterized by |A|+ k is W[1]-hard and parameterized by |Q|+ k is
W[2]-hard. From the proofs it is not difficult to infer that∩-EMPTINESS parameterized
by the number of intersected automata is W[1]-hard.

2 The parameterized complexity theory

Below we recall the most important concepts from the parameterized complexity theory
that are used in this paper.

Definition 1. A parameterized problem over an alphabet Σ is a pair (A, κ) consisting
of a set A ⊂ Σ∗ and a function κ : Σ∗ → N. The function κ is called a parameteriza-
tion of the problem.

Definition 2. Let (A, κA) and (B, κB) be parameterized problems over Σ and Γ re-
spectively. An FPT-reduction of (A, κA) to (B, κB) is a mapping F : Σ∗ → Γ ∗ such
that for every input x ∈ Σ∗ we have x ∈ A ⇔ F (x) ∈ B, there exist a function
h and a polynomial p such that for every x ∈ Σ∗ the result F (x) is computable in
time h(κA(x))p(|x|) and there exists a function g such that for every x ∈ Σ∗ we have
κB(F (x)) 6 g(κA(x)).

We say that a parameterized problem (A, κ) is fixed parameter tractable or that it is
in the class FPT (respectively, it is in the class para-NP) if there exists a deterministic



(respectively, nondeterministic) algorithm that for all x ∈ Σ∗ decides whether x ∈
A in time f(κ(x))p(|x|), where f is a computable function and p is a polynomial.
A parameterized problem (A, κ) is in the class para-co-NP class if its complement
(Σ∗\A, κ) is in the para-NP class. W[P] is the class of parameterized problems (A, κ)
such that there exists a nondeterministic algorithm that for all x ∈ Σ∗ decides whether
x ∈ A in time f(κ(x))p(|x|) and uses g(κ(x)) log |x| nondeterministic steps where f, g
are computable functions and p is a polynomial.

The W-hierarchy is a fundamental hierarchy of problems that are not known to be
fixed-parameter tractable. For the purpose of the current paper it is not important how
exactly the levels of this hierarchy are defined; it is more important that the inclusions

FPT ⊂ W[1] ⊂ W[2] ⊂ . . .W[P] ⊂ para-NP.

are known to be true (and despite a lot of research already done, they are not known
to be strict or to collapse). The following problems are known to be complete for the
respective levels of these hierarchies (see [8] for proofs). To simplify the notation, we
write values of parameter functions next to inputs of problems instead of treating pa-
rameters as separate functions.

The problem of parameterized model checking for Σ1-formulas and the parameter-
ized clique problem are W[1]-complete.

Problem (p-MC(Σ1)). Instance: A structure A and a first-order formula φ with quan-
tifier prefix ∃∗. Parameter: |φ|. Question: A |= φ?

Problem (p-CLIQUE). Instance: A graph G and k ∈ N. Parameter: k. Question: Is
there a clique of k elements in G ?

The problem p-DOMINATING-SET is W[2]-complete. A dominating set for a graph
G = (V,E) is a set X ⊂ V such that for every v ∈ V either v ∈ X or there exists
v′ ∈ X such that {v, v′} ∈ E.

Problem (p-DOMINATING-SET). Instance: A graph G and k ∈ N. Parameter: k.
Question: Is there a dominating set of k elements in G ?

The parameterized colorability problem is para-NP-complete. Its dual is para-co-NP-
complete.

Problem (p-COLORABILITY). Instance: A graph G and k ∈ N. Parameter: k. Ques-
tion: Is G k-colorable?

Problem (p-NON-COLORABILITY). Instance: A graph G and k ∈ N. Parameter: k.
Question: Is G a non-k-colorable graph?

3 Finite Automata

3.1 Preliminaries

Before discussing different types of finite automata on trees we introduce a basic termi-
nology connected with this subject. This is a standard terminology when dealing with
tree automata [5].



A signature Σ is a finite set of function symbols with their arity. A term over a
signatureΣ is either a constant symbol fromΣ or has the form f(t1, t2, . . . , tn), where
f ∈ Σ is an n-ary function symbol and t1, t2, . . . , tn are terms. We identify terms with
their tree representations, so we use both notions of a tree and a term interchangeably.
A size of a term t (in this paper denoted by |t|) is a number of subterms of this term (or,
equivalently, a number of vertices in its tree presentation). A language over a signature
Σ is a set (not necessarily finite) of terms over Σ. A term t can be seen as a function
from its set of positions Pos(t) into a set of function symbols Σ. The positions from
Pos(t) are sequences of positive integers (ε, the empty sequence, is the root position;
generally a number sequence represents a node as the path of argument-order edges
followed from the root to get to that node). By t|p, where t is a term and p ∈ Pos(t),
we denote a subterm of t at the position p. A DAG representation of a term (in short,
a t-dag) over a signature Σ is a directed, acyclic, ordered graph with vertices labeled
with symbols from Σ such that if a vertex is labeled with an n-ary symbol then it has
n immediate successors. Moreover, it cannot contain two different isomorphic closed
graphs. The size of a t-dag is the number of its vertices.

3.2 Classes of automata

In this section we present the models of automata we are interested in. All considered
automata are nondeterministic.

Classical tree automata (TA). This class of automata is described with details in [5].

Definition 3. A tree automaton (TA) is a 4-tuple 〈Σ,Q, F, δ〉, where Σ is a finite sig-
nature,Q is a finite set of states, F ⊂ Q is a set of final states and δ is a set of transition
rules of the form f(q1, q2 . . . , qn) → q with q, q1, q2 . . . , qn ∈ Q and f ∈ Σ of arity n.

An automaton starts a computation at the leaves of a tree and moves upward to the root
associating inductively states with subtrees in such a way that its transition rules are
fulfilled. The size of a tree automaton A = 〈Σ,Q, F, δ〉 is equal to |Q|+ |Σ|+ |δ| and
is denoted by |A |.

Definition 4. A run of a TA automaton 〈Σ,Q, F, δ〉 on a term t is a mapping r :
Pos(t) → Q such that for every position p ∈ Pos(t), if t(p) = f where f is a n-
ary symbol in Σ, r(p) = q and r(pi) = qi for all i ∈ {1, . . . , n} then the transition
f(q1, q2, . . . , qn) → q belongs to δ. A run is successful if it maps the root of t to a final
state.

An automaton A accepts a tree t if there exists a successful run of A on t. The set
of all trees accepted by A is called the language of A and is denoted L (A ).

Rigid tree automata (RTA). The RTA class is presented in [9]. It is an extension of
the TA class where some states are identified as rigid.

Definition 5. A rigid tree automaton (RTA) is a 5-tuple 〈Σ,Q,R, F, δ〉, where 〈Σ,Q,
F, δ〉 is a tree automaton and R ⊂ Q is a set of rigid states.



During a computation of an RTA automaton all subtrees associated with one rigid state
must be equal.

Definition 6. A run of an RTA automaton 〈Σ,Q,R, F, δ〉 on a term t is a mapping
r that is a run of TA 〈Σ,Q, F, δ〉 on t satisfying for all p1, p2 ∈ Pos(t) an additional
condition: r(p1) = r(p2) ∈ R ⇒ t|p1 = t|p2 .

Tree automata with global equality and disequality constraints (TAGED). The
TAGED class is described with details in [7]. It is a generalization of RTA class.

Definition 7. A tree automaton with global constraints (TAGED) is a 6-tuple 〈Σ,Q,
R=, R 6=, F, δ〉, where 〈Σ,Q, F, δ〉 is a tree automaton andR=, R 6= are binary relations
on Q.

Definition 8. A run of a TAGED automaton 〈Σ,Q,R=, R 6=, F, δ〉 on a term t is a
mapping r that is a run of TA 〈Σ,Q, F, δ〉 on t satisfying additional conditions for all
p1, p2 ∈ Pos(t):

(r(p1), r(p2)) ∈ R= ⇒ t|p1 = t|p2 and (r(p1), r(p2)) ∈ R 6= ⇒ t|p1 6= t|p2 .

Automata on dag representations of trees (t-DAG automata). The t-DAG class is
introduced in [3] and used in [4] for solving set constraints. It is a class of automata
running on dag representations of terms. In other words, a t-DAG automaton is a tree
automaton that with equal subtrees of a tree associates equal states. Using the notation
from Definition 6 it means that t|p1 = t|p2 ⇒ r(p1) = r(p2). In this sense it is an
automata class dual to the RTA class.

Definition 9. A t-DAG automaton is a 4-tuple 〈Σ,Q, F, δ〉, where Σ is a finite signa-
ture, Q is a finite set of states, F ⊂ Q is a set of final states and δ is a set of transitions
of a form f(q1, q2 . . . , qn) → q with q, q1, q2 . . . , qn ∈ Q and f ∈ Σ of arity n.

Definition 10. A run of a t-DAG automaton 〈Σ,Q, F, δ〉 on a t-dag G is a mapping r
from the set of nodes ofG to the setQ such that for every node v ofG labeled with n-ary
symbol f ∈ Σ, if v1, v2, . . . , vn are successors of v, then f(r(v1), r(v2), . . . , r(vn)) →
r(v) belongs to δ. A run is successful if it maps the root of G to a final state.

3.3 Parameterized decision problems for finite automata on trees

We introduce some parameterized decision problems for finite automata on trees. By
Q we denote the set of states of an automaton and by Σ its signature. By k we denote
a unary encoded number. For each problem different parameterizations can be consid-
ered.

Problem (EMPTINESS). Instance: An automaton A . Parameter: |Q|, |Σ| or a sum of
them. Question: Is the language recognized by A empty?

Problem (k-EMPTINESS). Instance: An automaton A and k ∈ N. Parameter: |Q|, |Σ|,
k or a sum of some of them. Question: Does there exist a tree/t-dag of size k accepted
by A ?



In the following problems all automata in A are defined over the same signature Σ.
By |Q| we denote the maximal number of states of an automaton from A.

Problem (∩-EMPTINESS). Instance: A set of automata A = {A1,A2, . . . ,An}. Pa-
rameter: |Q|, |Σ|, |A| or a sum of some of them. Question: Does there exist a tree/t-dag
accepted by all automata from A?

Problem (k-∩-EMPTINESS). Instance: A set of automata A = {A1,A2, . . . ,An} and
k ∈ N. Parameter: |Q|, |Σ|, |A|, k or a sum of some of them. Question: Does there exist
a tree/t-dag of size k accepted by all automata from A?

Problem (MEMBERSHIP). Instance: An automaton A and a word/tree/t-dag t. Param-
eter: |Q|, |Σ|, |t| or a sum of some of them. Question: Is t accepted by A ?

Problem (UNIVERSALITY). Instance: An automaton A . Parameter: |Q|, |Σ| or a sum
of them. Question: Is the language recognized by A total?

Problem (INCLUSION). Instance: Two automata A1 and A2 defined over the same
signature Σ. Parameter: |Q1|, |Q2|, |Σ| or a sum of some of them. Question: Is it true
that L (A1) ⊂ L (A2)?

3.4 Known results

The table below presents known results in the area of the classical complexity of de-
scribed decision problems. For proofs see [1], [2],[3],[5],[7],[9].

Table 1. Summary of known results

TA RTA TAGED t-DAG
EMPTINESS PTIME PTIME EXPTIME-hard NP-complete

decidable
∩-EMPTINESS EXPTIME-compl EXPTIME-compl EXPTIME-hard
MEMBERSHIP PTIME NP-complete NP-complete NP-complete

UNIVERSALITY EXPTIME-compl undecidable undecidable undecidable
INCLUSION EXPTIME-compl undecidable undecidable undecidable

4 Results

Most of the theorems from this section are proved by FPT-reductions. A definition of
FPT-reduction can be found in Section 2 (see Definition 2).

4.1 Classical tree automata (TA)

We start with simple observations on emptiness problems for classical tree automata.



k-EMPTINESS, ∩-EMPTINESS and k-∩-EMPTINESS
Proposition 1. For TA automata the k-EMPTINESS problem parameterized by k+ |Σ|
belongs to FPT.

Proof. Consider an instance of the k-EMPTINESS problem with a tree automaton
〈Σ,Q, F, δ〉 and a number k. The number of terms of size k depends only on k and
|Σ|. For every such a term one can check in polynomial time if it is accepted by the
automaton. ut
Proposition 2.
(a) For TA automata the ∩-EMPTINESS problem parameterized by the number of au-

tomata and their maximal number of states belongs to FPT.
(b) For TA automata the ∩-EMPTINESS problem parameterized by the number of au-

tomata is W[1]-hard.
(c) For TA automata the ∩-EMPTINESS problem parameterized by the maximal num-

ber of states of given automata is W[2]-hard.

Proof. For part (a), this problem can be solved by the algorithm that first constructs an
intersection TA of given automata and then checks nonemptiness of the received au-
tomaton. The result automaton from the first step of the algorithm has O(|Q||A|) states.
Nonemptiness of a TA automaton can be checked with a polynomial time algorithm.
Thus, the presented algorithm is a FPT algorithm.

Points (b) and (c) are corollaries from the proof of Theorem 8 from [11]. ut
Proposition 3.
(a) For TA class k-∩-EMPTINESS parameterized by |Σ|+ k is in FPT.
(b) For TA class k-∩-EMPTINESS parameterized by |A|+ |Q| belongs to FPT.
(c) For TA class k-∩-EMPTINESS parameterized by |A|+ k is W[1]-hard.
(d) For TA class k-∩-EMPTINESS parameterized by |Q|+ k is W[2]-hard.

Proof. For part (a), the number of terms over Σ of size k depends only on |Σ| and k.
For every such a term and each automaton from A one can resolve in polynomial time
the membership problem. Part (b) can be proved similarly as the part (a) of Proposition
2. Points (c,d) are corollaries from Theorem 8. from [11]. ut

UNIVERSALITY
Theorem 1. For TA automata the UNIVERSALITY problem parameterized by the num-
ber of states of an automaton is para-co-NP-hard.

Proof. We propose a reduction of p-NON-COLORABILITY, which is a para-co-NP-
complete problem. Consider an instance of the p-NON-COLORABILITY problem: a
graph G = (V,E) of n vertices v1, v2, . . . , vn and a number k ∈ N. We construct a TA
automaton A = 〈Σ,Q, F, δ〉 such thatG is not k-colorable if and only if A accepts all
terms over the signatureΣ. LetΣ = {a1, a2, . . . , ak, f}, where ai is a constant symbol
and f is an n-ary function symbol.

A term over Σ of the form f(x1, x2, . . . , xn) for xi ∈ {a1, a2, . . . , ak} represents
a coloring of G with a set of k-colors (xi = aj means that the vertex vi has the color
j). Let Q = {q1, q2, . . . , qk, q, q′, qF } and F = {qF }. Let δ consist of the following
transitions:



(i) ai 7→ q | qi | qF for i ∈ {1, 2, . . . , k},
(ii) f(pi1 , pi2 , . . . , pin) 7→ q | q′ | qF if there exists an edge {vj , vl} ∈ E such that

pij = pil
= qi for some i and pii = q for all i 6= j, i 6= l,

(iii) f(pi1 , pi2 , . . . , pin
) 7→ q | q′ | qF if pij

= q′ for some j and pil
= q for all l 6= j.

The automaton A accepts a term t if and only if it does not contain a subterm represent-
ing a good coloring. Indeed, this fact can be proved by the induction on the structure of
a term.

(i) If t = ai for some i, t can be accepted by the run r such that r(ai) = qF .
(ii) If t = f(x1, x2, . . . , xn) for xi ∈ {a1, a2, . . . , ak}, a run on t must use a transition

rule of type (ii). Hence, it is successful if and only if t represents a bad coloring.
(iii) If t = f(t1, t2, . . . , tn) where ti /∈ {a1, a2, . . . , ak} for some i, a run on t, when

evaluating t, must use a transition of type (iii). Let I =
{
i | ti /∈ {a1, a2, . . . , ak}

}
.

If t does not contain a subterm representing a good coloring, then ti for i ∈ I
does not contain it neither. From the inductive assumption, for all i ∈ I there is an
accepting run on ti. Note that, if a term is not a single letter and it is accepted by A ,
there exist runs on it that end in q and q′ (it is enough to change the last transition
rule used in an accepting run). Thus, an accepting run on t can be constructed as
follows:

- r(ti) = q for i 6= i0,
- r(ti0) = q′,
- r(t) = qF .

where i0 is a chosen index from I.
Similarly, if t contains a term representing a good coloring, then for some i ∈ I
the term ti also contains a term representing a good coloring. From the inductive
assumption, there does not exist an accepting run on ti. Equivalently, there does
not exist a run on it that ends in q or q′. Hence, there are no accepting runs on t.

Thus, A accepts all terms over the signature Σ if and only if there are no good k-
colorings of G i.e. G is not k-colorable. Moreover, |Q| = k + 3 and the size of A
depends polynomially on the number k and the size of G. ut

The result above shows that universality is a very hard problem. Even if we fix
the number of states in the input automaton, it remains co-NP-hard. In fact, since 3-
colorability is an NP-complete problem, we can observe that already universality of
automata with 6 states is co-NP-hard. If one identifies (which is quite common) the
number of states of an automaton with its size, this becomes a surprising result, because
for automata of fixed size the problem should be solvable in constant time.

INCLUSION
Proposition 4. For TA automata INCLUSION problem parameterized by the size of A2

is in FPT .

Proof. This problem for given automata A1,A2 can be solved by the algorithm that first
constructs a complementation TA automaton A ′

2 of A2, then constructs an intersection
TA of A1 and A ′

2 and checks nonemptiness of the received automaton. The automaton
constructed in the first step has a sizeO(2|A2|) where by |A2| we denote the size of A2.
The second and the third steps can be made by polynomial time algorithms. ut



Theorem 2. For TA automata INCLUSION problem parameterized by |Q1| + |Q2| is
para-co-NP-hard.

Proof. There is an automaton of one state that accepts all terms over a given signature.
The theorem is a consequence of this fact and Theorem 1. ut

4.2 Rigid Tree Automata (RTA)

k-EMPTINESS. As a direct consequence of Theorem 6 we obtain the following result.

Theorem 3. For RTA class k-EMPTINESS parameterized by k + |Σ| is in W[1].

MEMBERSHIP

Theorem 4. For RTA automata the MEMBERSHIP problem parameterized by |Q| is
W[2]-hard.

Proof. We propose a reduction of p-DOMINATING-SET which is a W[2]-complete
problem. Consider an instance of p-DOMINATING-SET problem: a graph G = (V,E)
with V = {v1, v2, . . . , vn} and a number k ∈ N. We construct a RTA automaton A =
(Σ,Q,R, F, δ) and a term t over the signature Σ such that in G there is a dominating
set of k elements if and only if A accepts the term t.

Let Σ = {xv| v ∈ V } ∪ {fv1,v2 | v1, v2 ∈ V } ∪ {f, g}, where xv are constant
symbols, fv1,v2 are symbols of binary functions and f and g are symbols of n-ary
functions. Let Q = {q1, . . . , qk, q, q0, qF }, R = {q1, . . . , qk}, F = {qF }. States qi
for i ∈ {1, . . . , k} represent a choice of vertices of a dominating set. Let δ consist of
the following transitions.

(i) xv 7→ qi for v ∈ V and i ∈ {0, 1, . . . , k},
(ii) fv,w(qi, qj) 7→ q0 for v, w ∈ V and i, j ∈ {0, 1, . . . , k},

(iii) fv,w(q0, qi) 7→ q for v, w ∈ V such that {v, w} ∈ E and i ∈ {1, 2, . . . , k},
(iv) fv,w(qi, qj) 7→ q for v, w ∈ V, i ∈ {1, 2, . . . , k} and j ∈ {0, 1, . . . , k},
(v) g(p1, p2, . . . , pn) 7→ q, if there exists i ∈ {1, 2, . . . , n} such that pi = q and

pj = q0 for all j 6= i,
(vi) f(q, q, . . . , q) 7→ qF .

Let t be the term f
(
g
(
fv1,v1(xv1 , xv1), . . . , fv1,vn(xv1 , xvn)

)
, . . . , g

(
fvn,v1(xvn , xv1),

. . . , fvn,vn(xvn , xvn)
))

. The size of the automaton A and the length of the term t

depend polynomially on the size of the graph G. Indeed, there are n(k + 1) transitions
of the form (i), n2(k + 1)2 transitions of the form (ii), n2k transitions of the form (iii),
n2k(k + 1) transitions of the form (iv), n transitions of the form (v) and one transition
of the form (vi). Moreover, |Q| = k + 3.

Thus, it is enough to show that in G there is a dominating set of k elements if and
only if A accepts the term t.

Suppose that X = {a1, a2, . . . , ak} is a dominating set in G. For vj ∈ V let ij ∈
{1, 2 . . . , k} be such that {vj , aij

} ∈ E or vj = aij
. Indices ij are chosen is such a

way that aij
is a witness for the vertex vj that X is a dominating set.

An accepting run r can be defined as follows:



– r(xai
) = qi,

– r(xv) = q0 for v /∈ X,
– r(fvj ,aij

(xvj
, xaij

)) = q,

– r(fvj ,vi
(xvj

, xvi
)) = q0 for vi 6= aij

,

– r
(
g
(
fvi,v1(xvi

, xv1), . . . , fvi,vn
(xvi

, xvn
)
))

= q for i ∈ {1, 2 . . . , n},
– r(t) = qF .

Conversely, let r be a successful run of A on t. Let X = {v ∈ V | ∃l ∈ tv r(l) 6= q0},
where tv is the set of all vertices of t labeled by xv . The rigidity of states qi for i > 0
implies that |X| 6 k. The run r is successful, so for every i ∈ {1, 2, . . . , n}

r
(
g
(
fvi,v1(xvi

, xv1), . . . , fvi,vn
(xvi

, xvn
)
))

= q.

This means that for exactly one j ∈ {1, ..., n} we have r(fvi,vj (xvi , xvj )) = q. Then
either r(xvi) 6= q0 and vi ∈ X or r(xvj ) 6= q0, vj ∈ X and {vi, vj} ∈ E. So vi is
dominated by vj . Hence, the set X is a dominating set in G. ut

Theorem 5. The MEMBERSHIP problem for rigid tree automata parameterized by the
length of the input term is in W[1].

Proof. This is a direct consequence of Theorem 7. ut

4.3 Tree Automata with Equalities and Disequalities (TAGED)

k-EMPTINESS

Theorem 6. For TAGED automata the k-EMPTINESS problem parameterized by k +
|Σ| belongs to W[1].

Proof. It is enough to reduce the problem to p-MC(Σ1). Consider a TAGED automaton
〈Σ,Q,R=, R 6=, F, δ〉 and a number k ∈ N. We construct a structure A and a formula φ
such that the formula φ is fulfilled in A if and only if the automata 〈Σ,Q,R=, R 6=, F, δ〉
accepts some term of size k. Let A be defined over the setA = Θ∪Q∪Σ∪{⊥},where
Θ is the set of terms over Σ of size not greater than k. Let M = max{ ar(f) | f ∈ Σ }.
Let there be the following relations in A .

D :=
{
(q0, f, q1, . . . , qM ) |f(q1, . . . , qar(f)) 7→q0 ∈ δ and qi =⊥ for ar(f)< i 6 M

}
T :=

{
(t0, f, t1, . . . , tM ) | f(t1, . . . , tar(f)) = t0 and ti =⊥ for ar(f) < i 6 M

}
,

T= :=
{
(t, t) | t ∈ Θ

}
, T 6= := Θ ×Θ \T= RA= := R=,

RA 6= := R 6= and FA := F.

Now we define the formula φ = ∃x1, . . . , xk, y1, . . . , yk φ
′ where φ′ is the conjunction∧

f∈Σ

∧
1≤i0,...,iarf≤k

(
T (yi0 , f, yi1 , . . . , yiarf ,⊥, . . . ,⊥) ⇒

D(xi0 , f, xi1 , . . . , xiarf ,⊥, . . . ,⊥)
)

∧
∧

1≤i1,i2≤n

(
RA=(xi1 , xi2) ⇒ T=(yi1 , yi2)

)
∧

(
RA 6=(xi1 , xi2) ⇒ T 6=(yi1 , yi2)

)
∧FA(x1) ∧ ψ(y1, . . . , yk),



where ψ(y1, . . . , yk) is fulfilled if terms y1, . . . , yk form a tree and are written from the
top to the bottom and from the left to the right.

ψ(y1, . . . , yk) :=
∨

t∈Θk

∧
1≤i≤k

T (yi, ft(i), yct(i)+1, . . . , yct(i)+arf ,⊥, . . . ,⊥),

where Θk is the set of all terms from Θ that have the size k, ct(i) is the index of the
first child of the vertex of the index i in the tree t (we are numbering from the top to
the bottom and from the left to the right) and ft(i) is the function symbol labeling that
vertex. The length of ψ depends only on k and |Σ|. The size of the structure A depends
on k and |Σ| and polynomially on the size of the automaton. The length of φ depends
only on k and |Σ|. ut

MEMBERSHIP. By using similar methods as in Theorem 6 we can solve the mem-
bership problem.

Theorem 7. For TAGED automata the MEMBERSHIP problem parameterized by the
length of a term belongs to W[1].

Remark 1. The length of the formula φ from the proof of this theorem depends on k
and on |Σ|. However, here one can assume that in φ are considered only those symbols
fromΣ that appear in the term t (the input of the membership problem). Then the length
of φ depends only on the size of t.

The following theorem is a direct consequence of Theorem 4.

Theorem 8. For TAGED automata the MEMBERSHIP problem parameterized by |Q|
is W[2]-hard.

4.4 Automata on DAG representations of finite trees (t-DAG automata)

EMPTINESS

Proposition 5. For t-DAG automata the EMPTINESS problem parameterized by |Q|
belongs to W[P]. The same problem parameterized by |Q|+ |Σ| belongs to FPT.

Proof. In [3] it was proved that if a language recognized by a t-DAG automaton A is
nonempty then A accepts a t-dag of size not greater than 2|Q|3 where Q is the set of
states of A . To check the EMPTINESS for A it is enough to guess a t-dag t of a size
not greater than 2|Q|3 and a mapping r from the set of subterms of t to Q and check if
r is an accepting run. The algorithm guesses 2 |Q|3 log( |Σ| ) bits; moreover, there are
O(|Q|2|Q|3) possible runs on a term of size not greater than 2|Q|3.

In the case of parameterization with |Q|+ |Σ|, it is enough to check, for every t-dag
of size not greater than 2|Q|3, if it is accepted by A . One can do this by analyzing all
possible runs of the automaton on this term. There are O(|Q|6|Σ|) such terms and there
are O(|Q|2|Q|3) possible runs on each of them. ut



k-EMPTINESS

Theorem 9. For t-DAG automata the k-EMPTINESS problem parameterized by k+|Σ|
is W[1]-complete.

Proof. We propose a reduction of p-CLIQUE which is a W[1]-complete problem. Con-
sider an instance of the p-CLIQUE problem: a graph G = (V,E) and a number k ∈ N.
We construct a t-DAG automaton A = (Σ,Q, F, δ) and a number k′ such that in G
there is a clique of k elements if and only if A accepts a tree of the size k′.

Let Σ = {x1, x2, . . . , xk} ∪ {f, g}, where xi is a constant symbol, f is a sym-
bol of a k(k − 1)-ary function and g is a symbol of a binary function. Let Q =
{q1,2, q1,3, . . . , qk,k−1, qF } ∪ {qv,i| v ∈ V, 1 ≤ i ≤ k}, F = {qF }. Let δ consist
of the following transitions:

(i) xi 7→ qv,i for v ∈ V and 1 ≤ i ≤ k,
(ii) g(qv1,i, qv2,j) 7→ qi,j for v1, v2 ∈ V such that {v1, v2} ∈ E,

(iii) f(q1,2, q1,3, . . . , qk,k−1) 7→ qF .

Note that t = f(g(x1, x2), g(x1, x3), . . . , g(xk−1, xk)) is the only term that can be
accepted by A .

Let k′ = |t| = 1+k(k−1)+2k(k−1) = 3k(k−1)+1. The size of the automaton A
depends polynomially on the size of the graph G. Moreover, the parameter k′ depends
polynomially on the parameter k. It is enough to show that in G there is a clique of k
elements if and only if A accepts the term t.

Suppose that X = {a1, a2, . . . , ak} is a clique in G. An accepting run r of A on t
can be constructed as follows:

– r(xi) = qai,i,
– r(g(xi, xj)) = qi,j (X is a clique so there is an edge between ai and aj),
– r(t) = qF .

Conversely, let r be a successful run of A on t. Let X = {vi | r(xi) = qvi
for

some 1 ≤ i ≤ k}. We show that X is a clique in G. Since r is successful, for every
i, j ∈ {1, 2, . . . , k} such that i 6= j we have r(g(xi, xj)) = qi,j . This implies that
{vi, vj} ∈ E. Hence, the set X is a clique set in G.

The proof of the fact that the examined problem is in W[1] is similar to the proof of
Theorem 6. ut

MEMBERSHIP

Theorem 10. For t-DAG automata the MEMBERSHIP problem parameterized by |t|+
|Σ| is W[1]-complete.

Proof. The proof of W[1]-hardness of the problem is the same as the proof of W[1]-
hardness of the k-EMPTINESS problem (see Theorem 9). The proof of the membership
in W[1] is similar to the proof of Theorem 6. ut

Theorem 11. For t-DAG automata the MEMBERSHIP problem parameterized by a
number of states is para-NP-complete.



Proof. In order to show para-NP-hardness of the problem we propose a reduction of
p-COLORABILITY which is a para-NP-complete problem. Consider an instance of
the p-COLORABILITY problem: a graph G = (V,E) of n vertices v1, v2, . . . , vn

and m edges e1, e2, . . . , em and a number k ∈ N. We construct a t-DAG automaton
A = 〈Σ,Q, F, δ〉 and a t-dag t over the signature Σ such that in G is k-colorable if
and only if A accepts the t-dag t. Let Σ = {v1, v2, . . . , vn, e1, e2, . . . , em, f}, where
vi is a constant symbol, ei is a symbol of a binary function and f is a n-ary function
symbol. LetQ = {q1, q2, . . . , qk, q, qF } andF = {qF }. States q1, q2, . . . , qk symbolize
k colors. Let δ consist of the following transitions.

(i) v 7→ qi for i ∈ {1, 2, . . . , k},
(ii) el(qi, qj) 7→ q for 1 ≤ l ≤ m and 1 ≤ i 6= j ≤ k,

(iii) f(q, q, . . . , q) 7→ qF .

Let t = f(e1(v11, v12), e2(v21, v22), . . . , em(vm1, vm2)),where vi1 and vi2 are ver-
tices incident to an edge ei. The size of the automaton A and the size of the t-dag t
depend polynomially on k and on the size of the graph G. Moreover |Q| = k + 2.

It is enough to show that G is k-colorable if and only if A accepts the term t.
Suppose that α : V → {1, . . . , k} is a coloring of G. We construct an accepting run r
of A on t as follows:

- r(v) = qα(v),
- r(ei(vi1, vi2)) = q (as α is a coloring of G, neighboring vertices must have differ-

ent colors),
- r(t) = qF .

Conversely, let r be a successful run of A on t. Let ji be such that r(vi) = qji
and let

α(vi) = ji. We show that α is a coloring ofG. The run r is successful, so for every ei ∈
E we have r(ei(vi1, vi2)) = q. This means that r(vi1) 6= r(vi2), so α(vi1) 6= α(vi2).
Thus, the function α is a coloring of G.

The fact that examined problem belongs to the para-NP class is quite obvious. In-
deed, it is solvable by the algorithm that for each vertex of t guesses a state from Q and
then checks in polynomial time if this mapping is an accepting run of A on t. ut

5 Conclusion

We have studied parameterized complexity of several decision problems for the follow-
ing classes of automata on finite trees: TA automata, RTA automata, TAGED automata
and t-DAG automata. Results of our studies are presented in Table 2 (some of val-
ues "PTIME" and "undecidable" are rewritten from already presented Table 1). These
results were quite surprising for us — we had expected more of these problems to be
fixed-parameter tractable. However, a lot of the examined problems turn to be hard even
for such a big parameter as the number of states of an automaton.

As one can see there are still gaps in the presented table. Moreover, some issues are
partially examined as we have only proved that they belong to some complexity class
or that they are hard in that class. In addition, it seems interesting to check how the
complexity will change if one uses binary (instead of unary) encoding of a number k in
k-EMPTINESS and k-∩-EMPTINESS problems. In consequence, there are left some
open questions that we hope to examine in future.



Table 2. Summary of our results

problem parameter TA RTA TAGED t-DAG

EMPTINESS |Q| + |Σ| PTIME PTIME FPT
|Q| W[P]

k-EMPTINESS k + |Σ| FPT W[1] W[1] W[1]-complete
∩-EMPTINESS |A| + |Q| FPT

|A| W[1]-hard W[1]-hard W[1]-hard W[1]-hard
|Q| W[2]-hard W[2]-hard W[2]-hard W[2]-hard

k-∩-EMPTINESS |Σ| + |Q| + k FPT
|A| + |Q| FPT
|A| + k W[1]-hard W[1]-hard W[1]-hard W[1]-hard
|Q| + k W[2]-hard W[2]-hard W[2]-hard W[2]-hard

MEMBERSHIP |t| + |Σ| PTIME W[1] W[1] W[1]-complete
|t| W[1] W[1] W[1]-complete
|Q| W[2]-hard W[2]-hard para-NP-compl

UNIVERSALITY |Q| para-co-NP-compl undecidable undecidable undecidable
INCLUSION |A2| FPT undecidable undecidable undecidable

|Q1| + |Q2| para-co-NP-compl
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