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Blatt 3
Group actions

Show that every group acts freely and transitively on itself by left multipli-
cations.

For a prime number p, let Z, act on a set X with p{|X|. Show that there
is a fixed point for this action, i.e. a point x € X such that gz = z, for
every g € Zy.

Prove the following Burnside’s Lemma.

Let G act on a set X. Then |G||X/G| =5

Prove the following Ping-pong Lemma.

Jec X9,

Let G be a group acting on a set X. Suppose there exist disjoint nonempty
subsets AT, A=, BT, B~ C X, and two elements a, b of G with the following
properties:

a) ATUA-UBTUB™ C X;

b)a(X —A7)C AT, a1 (X —AT)C A~

b) (X —B~)C BY, b"Y(X - BT)C B™.

Then (a,b) < G is a free subgroup generated by a and b.

Let G be a finite group. Prove that every G-action by automorphisms on
a tree has a fixed point. Show that the set of fixed points is contractible.



