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ABSTRACT. We describe the structure of quasiflats in two-dimensional
Artin groups. We rely on the notion of metric systolicity developed in
our previous work. Using this weak form of non-positive curvature and
analyzing in details the combinatorics of tilings of the plane we describe
precisely the building blocks for quasiflats in all two-dimensional Artin
groups — atomic sectors. This allows us to provide useful quasi-isometry
invariants for such groups — completions of atomic sectors, stable lines,
and the intersection pattern of certain abelian subgroups. These are de-
scribed combinatorially, in terms of the structure of the graph defining
an Artin group. As an important tool, we introduce an analogue of the
curve complex in the context of two-dimensional Artin groups — the in-
tersection graph. We show quasi-isometric invariance of the intersection
graph under natural assumptions.

As immediate consequences we present a number of results concerning
quasi-isometric rigidity for the subclass of CLTTF Artin groups. We give
a necessary and sufficient condition for such groups to be strongly rigid
(self quasi-isometries are close to automorphisms), we describe quasi-
isometry groups, we indicate when quasi-isometries imply isomorphisms
for such groups. In particular, there exist many strongly rigid large-
type Artin groups. In contrast, none of the right-angled Artin groups
are strongly rigid by a previous work of Bestvina, Kleiner and Sageev.
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1. INTRODUCTION

Overview. Let I' be a finite simple graph with each edge labeled by an in-
teger > 2. An Artin group with defining graph I', denoted Ar, is given by the
following presentation. Generators of Ar are in one to one correspondence
with vertices of I', and there is a relation of the form

aba -+ = bab---
—— =

whenever two vertices a and b are connected by an edge labeled by m.
Despite the seemingly simple presentation, the most basic questions (tor-
sion, center, word problem and cohomology) on Artin groups remain open,
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though partial results are obtained by various authors. We refer to the sur-
vey papers by Godelle and Paris |[GP12|, and McCammond [McC17]. Other
fundamental and natural questions for Artin groups which are equally ex-
citing and difficult can be found in Charney [Chal6.

One common feature of various classes of Artin groups studied so far is
that they all exhibit features of non-positive curvature of certain form:

e small cancellation |AS83|/App84, Pri86}Pei96];

e bi-automaticity, automaticity, or some form of combing [Cha92,|Cha95|
CP03|Dig06, IR 12, Dig12,McC15|;

e other notions of combinatorial non-positive curvature [Bes99,HO20];

o C'AT(0) [CD954, BM00al[BCO2|Bel05, BM10|HKS16);

e hierarchical hyperbolicity (hence coarse median) [CC05, BHS17a,
Gor04,[BHS19];

e relative hyperbolicity [KS04,CCO7];

e acylindrical hyperbolicity [CW17,|CMW19| and hyperbolicity in a
statistical sense [Cum19,[Yan18]|.

Conjecturally, all Artin groups should be non-positively curved in an appro-
priate sense, and this is intertwined with understanding many fundamental
questions about Artin groups.

As most of the Artin groups have many abelian subgroups intersecting in
a highly non-trivial way [DH17], it is natural to compare them with other
“higher rank spaces with non-positive-curvature features” like symmetric
spaces of non-compact type of rank > 1, Fuclidean buildings, mapping class
groups and Teichmuller spaces of surfaces etc., and ask how much of the
properties on geometry and rigidity of these spaces still hold for Artin groups
and what are the new phenomena for Artin groups.

Motivated by such considerations, we study Gromov’s program of un-
derstanding quasi-isometric classification and rigidity of groups and metric
spaces in the realm of 2—-dimensional Artin groups. We build upon a previ-
ous result [HO19], where it was shown that all 2-dimensional Artin groups
satisfy a form of non-positive curvature called metric systolicity. In the cur-
rent paper, we will show that certain “O-curvature chunks” of the group
have a very specific structure, which gives rise to rigidity results.

Background. Previous works on quasi-isometric rigidity and classification
of Artin groups fall into the following three classes, listed from the most
rigid to the least rigid situation.

(1) Some affine type Artin groups are commensurable to mapping class
groups of surfaces [CCO05]. Hence the quasi-isometric rigidity results
for mapping class groups [BKMM12, Ham05| apply to them.

(2) Atomic right-angled Artin groups |[BKSO08| and their right-angled
generalizations beyond dimension 2 [Hual7a, HK18,[Hual8,[Hual6).

(3) Artin groups whose defining graphs are trees [BNO§| (they are funda-
mental groups of graph manifolds) and a right-angled generalization
beyond dimension 2 [BJN10].
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Most of the mapping class groups of surfaces enjoy the strong quasi-isometric
rigidity property that any quasi-isometry of the group to itself is uniformly
close to an automorphism. However, it follows implicitly from [BKSOS8,
Section 11] that none of the right-angled Artin groups satisfies such form of
rigidity (see [Hual7a, Example 4.14] for a more detailed explanation).

One is more likely to obtain stronger rigidity result when the complexity
of the intersection pattern of flats in the space is higher. Thus we are
motivated to study Artin groups which are not necessarily right-angled,
whose structure is generally more intricate than the one of right-angled ones.
One particular case is the class of large-type Artin group, where the label
of each edge in the defining graph is > 3. A commensuration rigidity result
was proved by Crisp [Cri05] for certain class of large-type Artin groups.

An Artin group is n—dimensional if it has cohomological dimension n.
One-dimensional Artin groups are free groups. The class of two-dimensional
Artin groups is much more abundant — all large-type Artin groups have
dimension < 2. By Charney and Davis [CD95b], Ar has dimension < 2 if
and only if for any triangle A C I' with its sides labeled by p, ¢,r, we have
% + % + % < 1. A model example to keep in mind is Ar with I being a
complete graph with all its edges labeled by 3.

Structure of quasiflats. Let Ar be a two-dimensional Artin group. We
study 2—-dimensional quasiflats in Ar, since the structure of top-dimensional
quasiflats often plays a fundamental role in quasi-isometric rigidity of non-
positively curved spaces, see the list of references after Theorem

Let X} be the universal cover of the standard presentation complex of Ar.
Modulo some technical details, quasiflats can be viewed as subcomplexes
of X} which are homeomorphic to R? and are quasi-isometric to E? with
the induced metric. Such subcomplexes are called quasi-Euclidean tilings
over X{ and studying such tilings of R? is of independent interests. This
viewpoint is motivated by both the geometric aspects of quasiflats explored
in [BKS16| and diagrammatic aspects studied in |AS83,Pri86},O0S19].

To construct such a tiling, one can first search for tilings of Euclidean
sectors appearing in X}. (see Figure |I| for some examples), then glue these
sectors along their boundaries in a cyclic fashion to form a quasi-Euclidean
tiling. The following theorem says that this is essentially the only way one
can obtain a quasiflat. Inside X{ one can build a list of sectors which
naturally arise from certain abelian subgroups, or centralizers of certain
elements in Ap. We call them atomic sectors (cf. Section in particular,
Table 2| on page since they are building blocks of quasiflats. Some of
them are shown in Figure

Theorem 1.1 (=Theorem [9.2)). Suppose Ar is two-dimensional. Then any
2-dimensional quasiflat Q) of X is at finite Hausdorff distance away from
a union of finitely many atomic sectors in X}..
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FIGURE 1. Some atomic sectors.

A simpler but less concise restatement of the above theorem is that every
2-dimensional quasiflat is made of “fragments” of subgroups of Ar of form
F,, X Fy, (n,m > 1), where F,, denotes the free group with n generators.

Previously, structure theorems for quasiflats were proved for Euclidean
buildings and symmetric spaces of non-compact type [KL97b, EF97,Wor06|,
universal covers of certain Haken manifolds [KL97a|, certain CAT(0) com-
plexes [BKS16,Hual7b| and hierarchically hyperbolic spaces [BHS17b|.

Our viewpoint of tilings is convenient for, simultaneously, analyzing rel-
evant group theoretic information and studying geometric aspects of quasi-
flats. The combinatorics of the group structure make up a substantial part.
This is quite different from the more geometric situation in [BKS16,Hual7b),
BHS17b|. Some of the atomic sectors are actually half-flats (see Defini-
tions below). This might seems strange compared to several previ-
ous quasiflat results, however, these sectors arise naturally when considering
the group structure and they are convenient for our later applications.

Atomic sectors are not necessarily preserved under quasi-isometries. How-
ever, atomic sectors have natural completions (cf. Section which are pre-
served under quasi-isometries (see Corollary for a precise statement).

The following theorem says that certain Z-subgroups corresponding to
boundaries of atomic sectors are preserved under quasi-isometries. These
Z—subgroups act on what we call stable lines, and they are analogues of
Z—subgroups generated by Dehn twists in mapping class groups.
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Theorem 1.2 (=Theorem[10.11). Suppose Ar, and Ar, are two-dimensional
Artin groups. Let q: X — X{., be an (L, A)—quasi-isometry. Then there
exists a constant D such that for any stable line Ly C Xt , there is a stable
line Ly C XFQ with dH(q(Ll),Lg) < D.

For each 2-dimensional Artin group Ar, we define an intersection graph
Zr (Definition , which describes the intersection pattern of certain
abelian subgroups. This object can be viewed as an analogue of the spherical
building at infinity for symmetric spaces of non-compact type, or the curve
graph in the case of mapping class groups. When I is a triangle with its
edges labeled by 3, the group Ar is commensurable to the mapping class
group of the 5—punctured sphere [CCO05], and Zr is isomorphic to the curve
complex of the 5—punctured sphere.

Theorem 1.3. Let Ar and Ar: be two 2—dimensional Artin groups and let
q: Ar — A be a quasi-isometry. Then q induces an isomorphism from the
stable subgraph of Ir onto the stable subgraph of Zr:. In particular, if both
Ar and Ay have finite outer automorphism group and I' has more than two
vertices, then q induces an isomorphism between their intersection graphs.

We refer to Theorem for a more general version of Theorem

Analogously, quasi-isometries of higher rank symmetric spaces of non-
compact type and Euclidean buildings induce automorphisms of their spher-
ical buildings at infinity [KL97b,|EF97]; and quasi-isometries of most map-
ping class groups induce automorphisms of their curve complexes [Ham05),
BKMM12, BHS17b].

Recall that a finitely generated group H is virtually Ar if there exists a
finite index subgroup H' < H and a homomorphism ¢: H' — Ar with finite
kernel and finite index image.

Corollary 1.4. Let Ar be a 2—dimensional Artin group with finite outer au-
tomorphism group. Suppose I' has more than two vertices. If q: Ar — Ar is
an (L, A)—quasi-isometry inducing the identity map on ZIr, then there exists
C = C(L,AT) such that d(q(z),xz) < C for any x € Apr. Thus the map
QI(Ar) — Aut(Zr) described in Theorem[1.5 s an injective homomorphism.

Thus if we know in addition that the homomorphism Ar — Aut(Zr) in-
duced by the action Ap ~ Aut(Zr) has finite index image, then any finitely
generated groups quasi-isometric to Ar is virtually Ar.

We refer to Corollary for a more general version of Corollary [10.17]

Unlike the case of mapping class groups, Aut(Zr) could be much larger
than QI(Ar) in the context of Corollary This happens for example in
the right-angled case [Hual7a, Corollary 4.20]. However, we expect more
rigidity to occur outside the right-angled world — see the next subsection for
some special cases.

Rigidity of certain large-type Artin groups. We now discuss some
immediate consequences of the results from the previous subsection. We
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will restrict ourselves to the class of CLTTF Artin groups introduced by
Crisp |Cri05] in order to use his results directly. Nevertheless, we believe
that similar goals for more general classes of Artin groups can be achieved
using the invariants described above. See the list of questions in Section
for possible further directions.

Definition 1.5. An Artin group Ar is CLTTF if all of the following condi-
tions are satisfied:

e (C) I' is connected and has at least three vertices;
e (LT) Ar is of large type;
e (TF) T is triangle-free, i.e. I' does not contain any triangles.

In particular, CLTTF Artin groups are 2—dimensional. As pointed out
by Crisp, (C) serves to rule out 2—generator Artin groups, which are best
treated as a separate case. Here, we improve the commensurability rigidity
of |Cri05, Theorem 3] to quasi-isometric rigidity results and point out some
new phenomena in the setting of quasi-isometries.

Theorem 1.6 (=Corollary [11.8)). Let Ar and A be CLTTF Artin groups.
Suppose I' does not have separating vertices and edges. Then Ar and A
are quasi-isometric if and only if I' and I are isomorphic as labeled graphs.

By |Cri05, Theorem 1], a CLTTF Artin group has finite outer automor-
phism group if and only if its defining graph has no separating vertices and
edges. So Theorem can be compared to [Hual7a, Theorem 1.1].

Theorem 1.7 (=Theorem . Let Ar be a CLTTF Artin group such
that T' does not have separating vertices and edges. Let QI(Ar) be the quasi-
isometry group of Ar. Let Isom(Ar) be the isometry group of Ap with respect
to the word distance for the standard generating set. Then the following hold.

(1) Any quasi-isometry from Ar to itself is uniformly close to an element
in Isom(Ar).

(2) There are isomorphisms QI(Ar) = Isom(Ar) = Aut(Dr), where
Aut(Dr) is the simplicial automorphism group of the Deligne com-
plex Dr of Ar.

There are counterexamples if we drop the condition that I" does not have
separating vertices and edges, see |[Cri05, Lemma 42].

If Ar is right-angled then QI(Ar) is much smaller than Aut(Dr), see
[Hual7a, Corollary 4.20]. This suggests that the Artin groups in Theo-
rem are more rigid than right-angled Artin groups. On the other hand,
the Artin groups in Theorem may not be as rigid as mapping class
groups, since elements in Isom(Ar) are not necessarily uniformly close to
automorphisms of Ap. A group G is strongly rigid if any element in QI(G)
is uniformly close to an element in Aut(G). Now we characterize all strongly
rigid members of the class of large-type and triangle-free Artin groups.
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Theorem 1.8 (=Theorem [11.10). Let Ar be a large-type and triangle-free
Artin group. Then Ar is strongly rigid if and only if I' satisfies all of the
following conditions:

(1) T is connected and has > 3 vertices;

(2) T' does not have separating vertices and edges;

(8) any label preserving automorphism of T' which fizes the neighborhood
of a vertex is the identity.

Moreover, if a large-type and triangle-free Artin group Ar satisfies all the
above conditions and H is a finitely generated group quasi-isometric to Ar,
then H is virtually Ar.

Remark 1.9. We note that the above quasi-isometric rigidity results do not
use the full strength of Theorem [1.1]and Theorem since proving the two
theorems in the special cases of triangle-free Artin groups and Artin groups
of hyperbolic type in the sense of [Cri05] are much easier (though still non-
trivial). Moreover, if an Artin group is triangle-free, then it acts geometri-
cally on a 2-dimensional CAT(0) complex [BMO0b], and it is C(4)-T(4) with
respect to the standard presentation [Pri86]. There are alternative starting
points of studying quasiflats in such complexes, either by using [BKS16], or
using [OS19]. However, several new ingredients are needed to deal with the
general 2—dimensional case. We present the above quasi-isometric rigidity
results in order to demonstrate the potential of using Theorem and The-
orem to obtain similar results for more general classes of Artin groups.

Comments on the proof. First we discuss the proof of Theorem
Let X} be the universal cover of the standard presentation complex of a 2
dimensional Artin group Ar. To avoid technicalities, we assume the quasiflat
is a subcomplex () of X} homeomorphic to R? and quasi-isometric to EZ2,
and we would like to understand the tiling of Q.

Step 0: The general idea is to use geometry of Ar to control the tiling of
Q. We start by showing that Ar is non-positively curved in an appropriate
sense. We would like to use CAT(0) geometry, however, at the time of
writing, it is not known whether all 2-dimensional Artin groups are CAT(0).
Moreover, [BC02] implies that if certain 2-dimensional Artin groups act
geometrically on CAT(0) complexes, the dimension of the complexes is > 3.
There are quite non-trivial technicalities in studying 2—quasiflats in higher
dimensional complexes and relating them to the combinatorics of groups,
which we would like to bypass.

In [HO19|, we built a geometric model Xt for Ar with features of both
CAT(0) geometry and two-dimensionality. More precisely, Xt is a thickening
of Xt. We equip the 2-skeleton Xl(?) with a metric and it turns out that Xp
becomes non-positively curved in the sense that any 1-cycle can be filled by

a CAT(0) disc in Xl(}). Such a complex Xr is an example of a metrically
systolic complex.



QUASI-EUCLIDEAN TILINGS AND THEIR APPLICATIONS 9

Step 1. We study the local structure of ) and show that outside a compact
set, @ is locally flat in an appropriate combinatorial sense.

Step 1.1. We approximate @ by a CAT(0) subcomplex @’ in X such that @’
is homeomorphic to R?. To do that, we pick larger and larger discs in @, and

we replace them by minimal discs in Xg), which are CAT(0), then we take
a limit. By a version of Morse Lemma proved in [HO19], Q' is at bounded
Hausdorff distance from Q. An argument on area growth implies that Q’
is flat outside a compact set. In fact, we obtain the following result in the
more general setting of all metrically systolic complexes (see Theorem
for the detailed statement).

Theorem 1.10. (c¢f. Theorem Every quasiflat in a metrically systolic
complexr X can be uniformly approrimated by a simplicial map ¢': Y — X
from a CAT(0) triangulation Y of R? being flat outside a compact set such
that ¢’ is injective on neighbourhoods of flat vertices.

Recently, independently, Elsner [Els19] has obtained an analogous result
for systolic complexes. Theorem [1.10] applies to a larger class of spaces,
however, Elsner’s result provides better control on the structure of quasiflats
in the systolic setting.

Step 1.2. Though @' is CAT(0) and flat outside a compact set, the cell
structure on @’ is not ideal. A priori there may be triangles in Q' such
that their angles are irrational multiples of 7, and the cell structure is not
compatible with the intersection pattern of quasiflats of Apr. So we go back
to X, whose combinatorial structure is simpler than the one of Xr. By
the design of Xp, there is a partial retraction p from Xp (defined on a
subcomplex of Xr) to Xj:. We argue that outside a compact subset, p
is well-defined on @Q'. Let Q" = p(Q'). Then Q" is a subcomplex with
a “hole” (since p may not be defined on all of @’). The map p transfers
information on local structure of @’ to information on local structure of Q”

(cf. Lemma [4.11)). This step is discussed in Section |3 and Section

Step 2. So far, we have a subcomplex Q" about which we know that its
local structure belongs to one of several types (as in Lemma. The next
goal is to run a local-to-global argument in order to produce the sectors as
required.

Step 2.1. We first produce a boundary ray for the sector, which is easier
than producing the whole sector. To guess what kind of ray it could be, we
look at a motivating example X = SL(3,R)/SO(3,R). Quasiflats in X are
Hausdorff close to a finite union of Weyl cones [KL97b, EF97|. The boundary
of a Weyl cone is a singular ray, i.e. this ray is contained in the intersection of
two flats. Analogously, we search for singular rays in Xr, which are possibly
contained in the intersection of two free abelian subgroups of rank 2. A list
of plausible singular rays is given in Section
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Step 2.2. We show that there is at least one singular ray in Q. The strategy
is to start at one vertex of Q”, then walk away from this vertex and collect
information about local landscape from Step 1.2 along the way to decide
where to go further. Note that there is a “hole” in Q" we want to avoid.
This can be handled in the following way. Paths in Q" have shadows in Q’.
Thus we can use the CAT(0) geometry in Q' to control where to go so we
can avoid the “hole”. Section [6] Section [7] and Section [§] are devoted to the
proof of the existence of singular rays in Q”. Another thing we need to be
careful about is that the local structure discussed in Step 1.2 concerns not
just the shapes of the cells around one vertex, but also the orientation of the
edges around that vertex. In Section [7] we deal with the orientation issues.

Step 2.3. Now we know there is at least one singular ray in Q”. We start with
this singular ray, and use the local characterization from Step 1.2 to “sweep
out” a sector which ends in another singular ray. This uses a development
argument. Now we iterate this process. It turns out that each sector in
Q" corresponds to a CAT(0) sector in Q" with angle bounded below by a
uniform number. Since )’ has quadratic growth, after finitely many steps we
produce enough sectors to fill Q”, which finishes the proof of Theorem
This step is discussed in Section [9}

Finally, we discuss how to deduce the quasi-isometric rigidity theorems
for CLTTF Artin groups from Theorem Again, we proceed in several
steps. The first two steps can be generalized in an appropriate way to all

2-dimensional Artin groups (cf. Theorem [10.11| and Theorem [10.16)).

Step 1: Let Ar be a CLTTF Artin. We consider the collection of maximal
cyclic subgroups of Ar with centralizers commensurable to F5 x Z. We show
that these cyclic subgroups are preserved under quasi-isometries.

Step 2: Let Or be a graph whose vertices correspond to cyclic subgroups
from the previous step, and two vertices are adjacent if the associated cyclic
subgroups generate a free abelian subgroup of rank 2. This graph was intro-
duced by Crisp [Cri05]. We show that any quasi-isometry from Ar to itself
induces an automorphism of Or.

Step 3: Crisp |Cri05] showed that any automorphism of Or is induced by
a canonical bijection from Ar to itself, under appropriate additional condi-
tions. In such way we approximate quasi-isometries by maps which preserve
more combinatorial structure, and then deduce the quasi-isometric rigidity
results listed above, see Section

On the structure of the paper. In Section [2] we analyze the structure
of quasiflats in metrically systolic complexes and we prove Theorem [1.10
above (Theorem [2.7)in the text). In Sections [3}-[9] we describe the structure
of complexes approximating quasiﬁats in two-dimensional Artin groups. In

Section [9 we prove Theorem [L.1] (Theorem [9 -D In Section |10 we prove The-
orem [1.2| (Theorem [10.11]) and T heorem (Theorem [10.16)). In Section [11]



QUASI-EUCLIDEAN TILINGS AND THEIR APPLICATIONS 11

we provide proofs of the results concerning CLTTF Artin groups: Theo-

rem (Corollary , Theorem (Theorem [11.9), and Theorem
(Theorem [11.10).
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2. QUASIFLATS IN METRICALLY SYSTOLIC COMPLEXES

We start with several notations. Let X be a combinatorial cell complex.
For a subset Y C X, the carrier of Y in X is the union of closed cells in X
which contain at least one point of Y in their interior. For a vertex x € X,
the closed star of v in X, denoted by St(x, X), is the union of closed cells in
X which contain . When X is a piecewise Euclidean polyhedral complex,
i.e. X is obtained by taking the disjoint union of a family of convex polyhedra
in Euclidean spaces of various dimensions and gluing them along isometric
faces, see [BH99, Definition 1.7.37], the e-sphere around each vertex of X
inherits a natural polyhedral complex structure from X, for e small (see
[BH99, Definition 1.7.15]). This polyhedral complex is called the link of x in
X, and is denoted by lk(z, X). If X is a 2-dimensional simplicial complex,
then we always identify 1k(z, X)) with the full subgraph of the one-skeleton
XM of X spanned by vertices adjacent to .

For a metric space Z and a point z € Z, we use B(z, R) to denote the
R-Dball in Z centered at z. For a subset Y C Z, we use Ng(Y, R) to denote
the R—neighborhood of Y in Z.

2.1. Preliminaries on metrically systolic complexes. Let X be a flag
simplicial complex. We put a piecewise Euclidean structure on X (2 (the 2—
skeleton of X) in the following way. Since X (2) can be viewed as a disjoint
collection of simplices with identifications between their faces, we assume
every 2-simplex (triangle) is isometric to a non-degenerate Euclidean trian-
gle and all the identifications are isometries. This gives a length metric on
X @ which we denote by d. Since we will work with the 2-skeleton of X,
for a vertex v € X, we define its link to be the full subgraph of X() spanned
by all vertices adjacent to v as explained as above. Every link is equipped
with an angular metric, defined as follows. For an edge v1v3, we define the
angular length of this edge to be the angle Z,(v1,v2) with the apex v. This



12 JINGYIN HUANG AND DAMIAN OSAJDA

turns the link into a metric graph, and the angular metric, which we denote
by d,, is the path metric of this metric graph (note that a priori we do not
know Z,(v1,v2) = d(v1,v2) for adjacent vertices v; and v). The angular
length of a path w in the link, which we denote by length ,(w), is the sum-
mation of angular lengths of edges in this path. In this paper we assume
that the following weak form of triangle inequality holds for angular lengths
of edges in X: for each v € X and every three pairwise adjacent vertices
v1,v92,v3 in the link of v we have that Z,(vi,v3) < Z,(v1,v2) + Ly (va, v3).
Then we call X (with metric d) a metric simplicial complex.

Remark 2.1. We allow that the above inequality becomes equality — intu-
itively, it corresponds to degenerate 2—simplices in a link, which correspond
to degenerate 3—simplices in X.

For k =4,5,6,..., a simple k—cycle C in a simplicial complex is 2—full if
there is no edge connecting any two vertices in C' having a common neighbor
in C (that is, there are no local diagonals).

Definition 2.2 (Metrically systolic complex). A link in a metric simplicial
complex is 2w —large if every 2—full simple cycle in the link has angular length
at least 2. A metric simplicial complex X is locally 2w —large if every its link
is 2m—large. A simply connected locally 27—large metric complex is called a
metrically systolic complex.

In Theorem below we state a fundamental property of metrically sys-
tolic complexes. It concerns filling diagrams for cycles, and it is a main
tool used in proofs of various results about such complexes in subsequent
sections and, previously, in [HO19|.

Let X be a simplicial complex. A cycle in X is a simplicial map from a
triangulated circle to X which is injective on each edge. A singular disc D is
a simplicial complex isomorphic to a finite connected and simply connected
subcomplex of a triangulation of the plane. There is the (obvious) boundary
cycle for D, that is, a map from a triangulation of 1-sphere (circle) to the
boundary of D, which is injective on edges. More precisely, we can view D as
a subset of the 2-sphere S2. Then S?\ D is an open cell, and the boundary of
this open cell gives rise to the boundary cycle of D. For a cycle C': K — X
in a simplicial complex X, a singular disc diagram for C is a simplicial map
f: D — X from a singular disc D to X such that C': K — X factors through
the boundary cycle of D. By the relative simplicial approximation theorem
[Zeeb64], for every cycle in a simply connected simplicial complex there exists
a singular disc diagram (cf. also van Kampen’s lemma e.g. in [LS01}, pp. 150-
151]). It is an essential feature of metrically systolic complexes that singular
disc diagrams may be modified to ones with some additional properties; see
Theorem 2.3] below.

A singular disc diagram is called nondegenerate if it is injective on all
simplices. It is reduced if distinct adjacent triangles (i.e., triangles sharing
an edge) are mapped into distinct triangles. For a metric simplicial complex
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X and a nondegenerate singular disc diagram f: D — X we equip D with
a metric in which f|, is an isometry onto its image, for every simplex o in
D. Then, f is a CAT(0) singular disc diagram if D is CAT(0), that is, if
the angular length of every link in D being a cycle (that is, the link of an
interior vertex in D) is at least 2. An internal vertex in D is flat when the
angular length of its link is exactly 2.

Theorem 2.3 (CAT(0) disc diagram). [HO19, Theorem 2.8] Let f: D — X
be a singular disc diagram for a cycle C in a metrically systolic complex X .
Then there exists a singular disc diagram f': D' — X for C such that

(1) f': D' — X is a CAT(0) nondegenerate reduced disc diagram;

(2) f' does not use any new vertices in the sense that there is an injective
map i from the vertex set of D' to the vertex set of D such that
f = f'oi on the vertex set of D;

(3) if v e D" is a flat interior vertex, then f' is injective on the closed
star of v in D’.

The number of 2—simplices in D' is at most the number of 2—simplices in D.
The following result is immediate.

Corollary 2.4. Suppose X is a metrically systolic complex with finitely
many isometry types of cells. Then there exists a constant L > 0 such that
for each cycle C with < n edges, there is a singular disc diagram for C
with < Cn? triangles in the disc diagram and the image of the singular disc
diagram is contained in the (L - n)—-neighborhood of C'.

Note that whenever there is a statement regarding metric on X, we always
mean the length metric d with respect to the piecewise Euclidean structure
on X@ If there are finitely many isometry types of cells in X(®, then
(X®),d) is a complete geodesic metric space [BH99, Theorem 1.7.19]. More-
over, d is quasi-isometric to the path metric on X such that each edge
has length 1 [BH99, Proposition 1.7.31].

We also need the following version of the Morse Lemma for discs in met-
rically systolic complexes. See [HO19, Theorem 3.9] for the proof.

Lemma 2.5. [Morse Lemma for 2-dimensional quasi-discs| Let D be a
combinatorial ball in the Fuclidean plane tiled by equilateral triangles. Let
f: D — X be a disc diagram for a cycle C in X being an (L, A)—quasi-
isometric embedding. Let g: D' — X be a singular disc diagram for C.
Then im(f) C N,(im(g)), where a > 0 is a constant depending only on L
and A.

2.2. The structure of quasiflats. Recall that Bx(z,r) denotes the ball
of radius r centered at x in a metric space X. Here and elsewhere we use

the notation dy for the Hausdorff distance. The following is a consequence
of |[BKS16, Theorem 4.1].
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Theorem 2.6. Suppose X is a 2—dimensional piecewise Euclidean CAT(0)
complex such that X is homeomorphic to R? and X has finitely many isom-
etry types of cells. If there is a constant L > 0 and a base point x € X such
that Area(Bx (z,7)) < Lr2, for any r > 0, then X is flat outside a compact
subset.

Theorem 2.7. Let X be a locally finite metrically systolic complex with
finitely many isometry types of cells. Let q: E*> — X be an (L, A)-quasi-
isometric embedding. Then there exist a constant My depending only on
L, A and X, a simplicial complex Y, and a reduced nondegenerate simplical
map ¢': Y — X such that

(1) Y is a 2-dimensional simplicial complex homeomorphic to R?;

(2) if we endow Y with the piecewise Fuclidean structure such that each
simplex in'Y is isometric to its ¢'—image, then'Y is CAT(0);

(3) Y is flat outside a compact subset;

(4) for any flat vertex v € Y, ¢’ is injective on St(v,Y); and if we view
Ik(v,Y) as a simple close cycle in X, then it does not bound a disc
diagram without interior vertices;

(5) dp(Imgq,Imq") < My.

Proof. Let q: E* — X be an (L, A)-quasi-isometric embedding. We view
E? as a simplicial complex which is tiled by equilateral triangles. Using
Corollary and a skeleton by skeleton approximation argument, we can
assume ¢ is also L'-Lipschitz. Since X has finitely many isometry types of
cells, it follows from g being L'-Lipschitz and [BH99, Lemma 1.7.54] that if
the diameter of equilateral triangles in E? is small enough, then the ¢-image
of the closed star of a vertex in E? is contained in the closed star of a vertex
in X. By a standard simplicial approximation argument, we can assume in
addition that ¢ is a simplicial map. The new quasi-isometric constants of ¢
depend only on the old constants and X.

Pick a base vertex x € E2. Let D,, C E? be the full subcomplex spanned
by vertices with combinatorial distance < n from z. Up to attaching a thin
annulus to D,, along 0D,,, we assume ¢, = q|p, maps each edge in 9D,, to an
edge in X. Asin Theorem[2.3] for each n, we modify ¢, : D, — X to obtain a
reduced nondegenerate CAT(0) singular disc diagram ¢/,: D], — X such that
¢/, and ¢, have the same boundary cycle. Moreover, we assume ¢,: D] — X
has the least number of triangles among all singular disc diagrams satisfying
the conditions of Theorem and has the same boundary cycle as ¢,. Then

e dy(Img),,Img,) < M with M depending only on L and A;
e Theorem (4) holds for flat interior vertices in D/,.

The first property follows from Lemma [2.5) For the second property, if
lk(v, D!,) bounds a singular disc diagram without interior vertices for some
flat interior vertex v € D}, then we can replace St(v, D],) with such diagram
to obtain a singular disc diagram g,: D, — X with fewer triangles. Now,
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use Theorem to modify @, further to obtain a singular disc diagram
Qn : ﬁn — X. Then lA)n contradicts the minimality of DJ,.

Let Ag = max{L, A, L', M}. For R > 100A4¢ and n > 100AgR, let K, C
D], be the largest possible subcomplex such that ¢},(Kr,) is contained in
the R—ball Bx(q(z), R) of X centered at ¢(x). Then the following hold:

(a) KRy, is locally CAT(0);

(b) there is M’ depending only on L and A such that ¢(E?)NBx (q(z), &)
is contained in the M’-neighborhood of ¢,(Kr.,);

(c) k(v, Kgy) is a circle for any vertex v € K%n;

(b) follows from the inequality dg(Img),,Img,) < M, and (c) follows from
the fact that ¢/,(v) is far away from ¢},(0D;,). Since ¢), does not use new

vertices in the sense of Theorem the cardinality of K ;OZL is < the number

of vertices in E? whose ¢g-images are contained in Bx(q(x), R). Moreover,
X is locally finite by our assumption. Thus by passing to a subsequence, we
assume for any n and m, there is a simplicial isomorphism ¢, ,: Kgr, —
KR such that ¢, = ¢}, © ¢pm on Kr,. Now we let R — oo and use
a diagonal argument to produce ¢': Y — X such that for any R and any
subcomplex K C Y such that ¢’(K) is contained in the R-ball of z, there
exists n and a simplicial embedding ¢ : K — D!, such that ¢’ = ¢}, 0o ¢ on
K.

Now we show that ¢’ satisfies all the requirements. First we show Y
is simply-connected. Take a closed curve C C Y and take R such that
¢ (C) C Bx(q(z), £). Let K C Y be the maximal subcomplex such that
q(K) € Bx(q(x),R) and let D], be as above. Since D], is CAT(0), we can
find a geodesic homotopy in D!, that contracts C to a point in C. Note that
q), is Lipschitz since it is simplicial. Thus the g-image of this homotopy
is contained in Bx(g(x), R), and the homotopy actually happens inside K.
This together with property (a) above implies that Y is CAT(0). By (c),
Y is homeomorphic to R?. By Theorem ¢'(Y) is contained in the full
subcomplex of X spanned by ¢(E?). This and property (b) above imply
dp(Imq',Imq) < My for My = My(L, A, X). Also Theorem [2.7] (4) follows
from Theorem (3) and the properties of ¢/, discussed before.

It remains to show Y is flat outside a compact set. By Theorem [2.6] it
suffices to estimate the area of balls in Y. Pick a base point y € Y such that
d(q'(y),q(x)) < My. Let Bg be the R-ball in Y centered at y with respect
to the CAT(0) metric and let Kr be the union of faces of Y that intersect
Bpr. Then there exists n and a simplicial embedding ¢r: K — D), such
that ¢’ = ¢),0¢r on Kr. Thus we also view y, B and Kp as subsets of D),.
Since B C Bpy (y, R), it suffices to show Area(Bp, (y, R)) < LgR? for L
independent of R and n.

Note that there exists a constant 0 < § < 1 independent of n and R
such that Bp: (y,0n) does not touch the boundary of Dj,. This uses the
fact that g, and ¢/, agree on the boundary, g, is a quasi-isometry and ¢/, is
simplicial (hence Lipschitz). We assume n is large enough so that R < dn.
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For r < én, let h,.: Bp, (y,0n) — Bpr (y,7) be the map which moves every
point p € Bps (y,0n) towards y along the geodesic py by a factor of f-.
Then h, is 5--Lipschitz and we have
Area(Bp (y,0n)) - Area(Bp, (y,7))
(0n)? - r2

On the other hand,
Area(Bp, (y,6n)) < Area(D),) < L1(£(0D},))* = L1(£(0Dy))* < Lon®.

Here L; is the isoperimetric constant for CAT(0) space and ¢(9D),) denotes
the length of D/,. Thus there exists L3 independent of n and R such that
Area(Bp, (y,r)) < Lgr? for any r < én. This finishes the proof. O

3. THE COMPLEXES FOR DIHEDRAL ARTIN GROUPS

In this section we recall the local structure of the complexes for dihe-
dral Artin groups constructed in [HO19| and study disc diagrams over such
complexes.

3.1. The complex for dihedral Artin groups. Let DA, be the 2—
generator Artin group presented by (a,b | aba---=bab- - -).
S—— =

Let P, be the standard presentation comglex for lSLAn. Namely the 1-
skeleton of P, is the wedge of two oriented circles, one labeled a and one
labeled b. Then we attach the boundary of a closed 2—cell C' to the 1-
skeleton with respect to the relator of DA,,. Let C' — P, be the attaching
map. Let X be the universal cover of P,. Then any lift of the map C' — P,
to C — X' is an embedding (cf. [HO20, Corollary 3.3]). These embedded
discs in X' are called precells. Figure [2| depicts a precell II*. X is a union
of copies of II*’s. We pull back the labeling and orientation of edges in P, to
obtain labeling and orientation of edges in X. We label the vertices of II*

up b dy a u3 b dy a Us b a

FIGURE 2. Precell IT*.

as in Figure[2] The vertices £ and r are called the left tip and the right tip of

II*. The boundary OII* is made of two paths. The one starting at ¢, going

along aba - - - (resp. pab- - ), and ending at r is called the upper half (resp.
N—— ——

n n
lower half) of OII*. The orientation of edges inside one half is consistent,
thus each half has an orientation.
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We summarize several facts on how precells intersect each other.

Lemma 3.1. [HO20, Corollary 3.4] Let I and II5 be two different precells
in Xr. Then
(1) either 115 NI15 = 0, or 115 N 115 is connected;
(2) if I NI # 0, 11 N 115 4s properly contained in the upper half or in
the lower half of I} (and 113 );
(3) if 115 NII5 contains at least one edge, then one end point of 115 N 113
is a tip of I, and another end point of II7 NII5 is a tip of 113,
moreover, among these two tips, one is a left tip and one is a right
tip.
Lemma 3.2. [HO19, Corollary 4.3] Let I and II5 be two different precells
in X, If 11T N I3 contains at least one edge, and 113 N1I5 = 117 N 1135, then
I3 =117
Lemma 3.3. Let {II} 5’21 be three different precells in X. Suppose
(1) I N1II5 contains an edge;
(2) 117 N II5 contains an edge;
(3) (II; NII5) N (II7 N II%) s either one point or empty.
Then 115 N 113 is either one point or empty.

Proof. By Lemma there are two cases to consider. Either II7 NII5 and
IT7 N1II; are in the same half of II], or they are in different halves. The
latter case follows from [HO20, Corollary 3.5]. For the former case, we
assume without loss of generality that II7 N II5 and II7 N II3 are contained
in the upper half of IT{. By Lemma (3) and Lemma (3), we assume
IT; N II5 (resp. II] N II3) contains the left tip (resp. right tip) of IIj, see
Figure Assume by contradiction that IT5 N II5 contains an edge. By
[HO20, Corollary 3.5], if IT5 N IT5 and II5 N II] are in different halves of II3,
then IIT N II3 can not contain any edge, which yields a contradiction. Thus
II5 N II5 and II5 N 1I7 are in the same half of II5. It follows that P is not
an embedded path, where P travels from the left tip of II} to the left tip of
I17, then travel to the right tip of II] along the upper half of II7, then travel
to the right tip of II5. On the other hand, since P represents a word in the
positive Artin monoid, P is an embedded path by the injectivity of positive
Artin monoid [Del72,[BS72|, which leads to a contradiction. O

FiGuRre 3.
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We subdivide each precell II* in X into a simplicial complex by placing
a vertex in the middle of the precell, and adding edges which connect this
new vertex and vertices in the boundary 0II*. This subdivision turns X
into a simplicial complex X;. A cell of X is defined to be a subdivided
precell, and we use the symbol II for a cell. The original vertices of X in
X/ are called the real vertices, and the new vertices of X/ after subdivision
are called fake vertices. The fake vertex in a cell II is denoted o.

For each pair of cells (IT1,II2) in X such that ITI; NI, contains at least
two edges, we add an edge between the fake vertex of Iy and the fake vertex
of IIy. Let X,, be the flag completion of the complex obtained by adding
these edges to X”. There is a simplicial action DA, ~ X,,.

Definition 3.4. We assign lengths to edges of X,,. Edges connecting a real
vertex to a fake vertex have length 1. Edges between two real vertices have
length equal to the distance between two adjacent vertices in a Euclidean
regular (2n)-gon with radius 1.

Now we assign lengths to edges between two fake vertices. First define
a function ¢: [0,7) — R as follows. Let A(ABC) be a Euclidean isosceles
triangle with length of AB and AC equal to 1, and Z4(B,C) = «. Then
¢(a) is defined to be the length of BC. Suppose II; and IIy are cells such
that IT; NI contains ¢ edges (i > 2). Then the edge between the fake vertex
of II; and the fake vertex of II has length = ¢(’5=22r).

Remark 3.5 (Intuitive explanation of the construction of X,,). A natural
way to metrize X} to declare each 2—cell in X} is a regular polygon in the
Euclidean plane. However, if we take II; and Il (say, two n—gons) such
that P = I1y N 1ls has > 2 edges, then any interior vertex of P is not non-
positively curved. Let o; be the fake vertex in II; and let the two endpoints
of P be v; and ve. Let K be the region in IT; U Ily bounded by the 4-gon
whose vertices are o1, 02, v1 and ve. Those positively curved cone points are
contained in K. Now we replace K by something flat as follows. Add a new
edge e between 01 and 02 and add two new triangles {Ai}?zl such that the
three sides of A; are e, 017; and 027;. We replace K by A; U Ao, which is
flat. Moreover, we would like Z,, (v1,02) = Zo, (02,v2) = % so that o; is
still flat (| P| is the number of edges in P). That is why we assign the length

of e as in Definition 3.4

By [HO19, Lemma 4.7], the lengths of the three sides of each triangle in
X,Sl) satisfy the strict triangle inequality. Thus we can treat XT(Lz) as a piece-
wise Euclidean complex such that each 2—simplex is a Euclidean triangle
whose lengths of sides coincide with the assigned lengths on XT(LU.

3.2. Local structure of X,,. For a vertex v € X,,, define A, = lk(v, Xq(f)).
In this subsection we study the structure of A,.

Pick an identification between real vertices of X,, and elements of DA,

via the action DA,, ~ X,,. Let II be a base cell in X,, with its vertices and
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edges labeled as in Figure [2| We assume ug =dy =¥, u, = d,, =, and £ is
identified with the identity element of DA,,.

We first look at the case when v is a real vertex. Up to action of DA,
we assume v = {. Vertices of A, consist of two classes. (1) Real ver-
tices a’,a,b" and b°, where a' and a® are the vertices in A, which corre-
sponds to the incoming and outgoing a-edge containing v (b’ and b° are
defined similarly). (2) Fake vertices. There is a 1-1 correspondence be-
tween such vertices and cells in X,, containing ¢. Then the fake vertices
of A, are of the form w0 where w is a vertex of 9II and o is the fake
vertex in IT (w™!'o means the image of o under the action of w™1!), that is
{t=1o,r 1o, dflo, d;lo, ... ,d;ilo, uflo7 u;lo, ... ,u;ﬁlo}.

Edges of A, can be divided into two classes. Edges of type I in A, are
edges between a real vertex and a fake vertex. These edges are drawn in
Figure |4] (we use the convention that the real vertices are drawn as solid
points and the fake vertices as circles). By [HO19, Lemma 5.2], each edge
of type I has angular length = ’1—;1271

F1GURE 4. Edges of type I in the link of a real vertex.
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Edges of type II in A, are edges between two fake vertices. They are
characterized by Lemma [3.6] There do not exist edges of A, which are
between two real vertices. We write t ~ s (resp. t ~ s) if vertices t and s
are connected (resp. are not connected) by an edge.

Lemma 3.6.
(1) di_lo ~ dj_lo if and only if 1 < |j —i| < n — 2, in this case, the
edge between d;lo and d;lo has angular length = %271’. A similar

statement holds with d replaced by u.
(2) If1<i<n—1land1<j<n-1, thendi_looouj_lo.

This lemma is deduced from the fact that d Lo ~ dj_lo if and only if
d; N d;lﬂ has > 2 edges. We refer to [HO19, Lemma 5.3] for a proof.

Now we study cycles in A,. Let A be the full subgraph of A, spanned
by {b, a®, dglo, dl_lo, ...,d-'o}. Let A, be the full subgraph of A, spanned
by {¥°,a’, ualo, ul_lo, o uytol.

Lemma 3.7. [HO19, Lemma 5.8] Suppose w C Ay, is a simple cycle. Then
at least one of the following two situations happen:

(1) w CAf orw C Ay,

(2) t7locw and r~lo € w.

Thus {¢~to,r 1o} is called the necks of A,. The next two lemmas give
more detailed description of situations (1) and (2) of Lemmal3.7 respectively.

Lemma 3.8. Suppose w is a simple cycle in A} or A;. Then w is not
2—full.

This follows from [HO19, Lemma 5.6] and [HO19, Lemma 5.7].

Lemma 3.9. [HO19, Lemma 5.11] Suppose v is real and w is an edge path
from r~Yo to £~1o. Then w has angular length > .
If w has angular length = 7, then either w C A} or w C A, and the

following are the only possibilities of w when w C A} :

(1) w=r"to—= b —d;'o—dylo;

(2) w=d;'o—d o a® = o;

(3) w:d;10—>di_210—>~-—>di_klo where n =141 > 19 > -+ > 4 = 0.
A similar statement holds for w C A, .

Now we turn to the case when v is a fake vertex. Up to the action of
DA,, we assume v = o. Vertices of A, consists of two classes. (1) Real
vertices: these are the vertices in OII. (2) Fake vertices: these are the fake
vertices of cells II' such that II' N IT contain at least two edges.

By Lemma IT" N 1I is a connected path such that it contains exactly
one of the tips of II and it is properly contained in a half of OII. If II' N 1I
is a path in the upper half (resp. lower half) of OII that has m edges and
contains the left tip, then we denote the fake vertex in II' by L, (resp. L} ,),
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and write II' = Iy, (resp. II' = Iy, ). Note that such II' is unique by
Lemma Similarly, we define R, R;,, IIg, and g respectively; see
Figure

Ly, Ly L, e o RUR, R

FI1GURE 5. The link of a fake vertex.

The structure of A, will be easier to describe if we label vertices of OI1
differently as follows. The vertices in the upper half (resp. lower half) of
OII are called v, v1, ..., v, (vesp. vj, v, ..., v;,) from left to right. Note that
vo = vy and v, = v),.

Edges of A, consist of three classes:

(1) Edges of type I. They are edges between real vertices of A,. Hence
they are edges in OII. Each of them has angular length = ﬁ%r.

(2) Edges of type II. They are edges between a real vertex and a fake
vertex, and they are characterized by Lemma below.

(3) Edges of type III. They are edges between fake vertices of A,. We
will not need information about them in this paper. The interested
reader can find a description of them in [HO19, Lemma 5.13].

We refer to Figure [5] for a picture of A,. Edges of type I and some edges of
type II are drawn. Edges of type III are not drawn in the picture.

Lemma 3.10.
(1) The collection of vertices in OII adjacent to L; (resp. L}) is {vo,v1,. ..,
v} (resp. {v),vq,...,vi}).
(2) The collection of vertices in OII adjacent to R; (resp. R}) is {vy, vn—1,
ceoyUn—i} (resp. {v), v, _1, ... 0 }).
(3) The angular length of any edge between L; and a real vertex of A, is
1.2m. The same holds with L; replaced by Lj, R; and R;.

Here (1) and (2) follow from the definition of L; and R;. (3) follows from
Definition [3.41
Let A} be the full subgraph of A, spanned by

{’L}D,’Ul, - ,vn} U {LQ,L3, - aLn—l} U {RQ,Rg, - aRn—l}'
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Let A, be the full subgraph of A, spanned by
{wi, v, v YUL{LS, LY, . L) YU{RS, RS, ..., R, _1}.

The following is proved in [HO19, Lemma 5.15] and [HO19, Lemma 5.16].
It says that Lemma [3.7] and Lemma [3.8] continue to hold also in the case

of v being fake (r~!o and ¢~!o in the statement of Lemma should be
replaced by vy and vy,).

Lemma 3.11. Suppose w C A, is a simple cycle. Then at least one of the
following two situations happen:

(1) w C A} orw C A,

(2) vy, vy € w.
If w is a simple cycle in A or A, then w is not 2—full.

We call {vg,v,} the necks of A,. The following is parallel to Lemma

Lemma 3.12. [HO19, Lemma 5.18] Suppose v is fake and w is an edge path
in Ay, from vy to v,. Then w has angular length > .

If w has angular length = 7, then either w C A} or w C A, and the
following are the only possibilities of w when w C A} :

(1) w does not contain fake vertices, i.e. w = vy — V1 — +++ — Up;

(2) w=wvy = vy = -+ = Uy, - Ry — -+ = R;, — vy, where
> > i > 2;
(8) w=vy — Ly — -+ — L;, = v, — Vi, +1 — -+ — Uy, where

2<iy < e < i
(4) w=wvo = Liy = -+ = Lij,, > Vi, = Vg — - = Uy — Ry —
o= Ry = v, where 2 <y < -ev <y, 07 > >0, > 2, and
i < — 1.
A similar statement holds when w C A, .
Remark 3.13. Note that in all the cases (1)—(4) of Lemma for any
two non-neck vertices wuq,us € w with uq real and us fake, either uj is a

tip of the cell II,, that contains ug, or u; ¢ II,,. This statement can be
deduced from Lemma .10l and Lemma [3.1]

It follows from Lemma Lemma Lemma Lemma and
Lemma that X,, is locally 2m—large (cf. Definition [2.2). Moreover, we
showed in [HO19, Lemma 6.4] that X,, is simply-connected.

Theorem 3.14. X,, is metrically systolic.

3.3. Flat vertices in disc diagrams over X,. In this subsection, we
explore links of certain flat vertices in reduced disc diagrams.

Definition 3.15. A flat interior vertex in a disc diagram whose all neigh-
bours are flat interior vertices is called a deep flat verter.

Lemma 3.16. Suppose ¢':' Y — X, satisfies all the conditions in The-
orem . Let y € Y be a flat interior vertex and let v = ¢'(y). Then
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¢ (Ik(y,Y)) is a simple cycle in A, that is made of two paths of angular
length = m connecting the two necks of A,, one in A} and one in A} .

Proof. Since ¢’ is injective on St(y,Y), to simplify notation, we identify
k(y,Y) and ¢'(lk(y,Y)). By Lemma Lemma and Lemma it
suffices to rule out the cases lk(y,Y) C A and lk(y,Y) € A,. To rule
out the former case, note that lk(y,Y’) is a simple cycle in A}, then by
Lemma (or Lemma [3.11)), we can add a local diagonal to lk(y,Y") to cut
it into a triangle and a cycle ¢ with smaller number of edges. Now we apply
same procedure to o (note that o C A} since A} is a full subgraph of A,
by definition). By repeating this process finitely many times, we know that
Ik(y,Y’) bounds a disc diagram without interior vertices, which contradicts
Theorem (4). Similarly, we rule out the case lk(y,Y) C Ay . O

Lemma 3.17. Suppose ¢': Y — X, satisfies all the conditions in Theo-
rem [2.7] Let v € Y be a deep flat vertex. Then there do not exist two
adjacent non-neck fake vertices in ¢'(k(v,Y)).

To simply notation, denote ¢’ (v) by v and identify lk(v, Y) and ¢/ (lk(v, Y)).

Proof. Arguing by contradiction we assume there are two adjacent non-neck
fake vertices 01,092 in lk(v,Y’). We assume that v = o when v is fake (recall
that o is the fake vertex in the base cell II), and v = ¢ when v is real. For
1= 1,2, let IT; be the cell containing o;.

Case 1: v = {. By Lemma Ik(v,Y") consists of two paths o1, 09
of angular length = 7 connecting the two necks of A,. By Lemma we
can assume that 01,00 € 01 C A. Then oy must satisfy Lemma (3),
moreover, we can assume d;zlo = 01 and di;lo = 09. See Figure

FIGURE 6.

Now we consider the path P = r~1o — v — 0y in lk(01,Y). Since v is
not a tip of Ily, v is not a neck of A,,. By Lemma there is a path o
of angular length = 7 connecting the two necks of A,, such that P C o C
lk(01,Y). Since P has a real vertex between two fake vertices, o satisfies
Lemma (4). Tt follows from Lemma [3.1| that »—TI N ITy N Iy contains
at least one edge. However, by Lemma [3.10} in case (4) of Lemma
g, NIINIlg, is either empty (when i, < n — i) or one point (when

1
im =mn —i}). This leads to a contradiction.
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Case 2: v = o. By Lemma [3.16], 07 and 02 are consecutive non-neck
fake vertices in a path of angular length m between the two necks of A,.
By Lemma [3.12] we can assume either oy = L;,, 0o = L;,, or 0 = Ry L

-1
0y = Ry . Now we study the former case. See Figure m Consider the path

I,
Hl 02

01

FiGURE 7.

P =1{— 0— 02 in lk(01,Y). Since ¢ is not a tip of II;, ¢ is not a neck of
Ao, . It follows that P is contained in a path o C A,, of angular length =7
connecting the two necks of A,,. Note that ¢ € Il, but ¢ is not a tip of Il
(by applying Lemma (3) to IToNII). This contradicts Remark The
case 01 = R,-/m . and og = Ri;n’ can be treated similarly. ([

4. LOCAL STRUCTURE OF QUASI-EUCLIDEAN DIAGRAMS

In this section we recall the construction of the metrically systolic com-
plexes for two-dimensional Artin groups, and use these complexes as a tool
to study the local structure of quasi-Euclidean diagrams over the universal
covers of standard presentation complexes of two-dimensional Artin groups.

4.1. The complex for 2—dimensional Artin groups. Let Ar be an Artin
group with defining graph I'. Let IV C T be a full subgraph with induced
edge labeling and let Ap be the Artin group with defining graph IV. Then
there is a natural homomorphism A — Ap. By [vdL83|, this homomor-
phism is injective. Subgroups of Ar of the form Aps are called standard
subgroups. Let Pr be the standard presentation complex of Ar, and let X}
be the universal cover of Pr. We orient each edge in Pr and label each edge
in Pr by a generator of Ar. Thus edges of X' have induced orientation
and labeling. There is a natural embedding Pr < Pr. Since Ar» — Ar is
injective, Prv — Pr lifts to various embeddings X, — X[. Subcomplexes
of X[ arising in such way are called standard subcomplexes.

A block of X} is a standard subcomplex which comes from an edge in I'.
This edge is called the defining edge of the block. Two blocks with the same
defining edge are either disjoint, or identical. A block is large if the label of
the corresponding edge is at least 3.

We define precells of X7 as in Section Each precell is embedded. We
subdivide each precell as in Section to obtain a simplicial complex Xlé.
Fake vertices and real vertices of Xlé are defined in a similar way.
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Within each block of X[, we add edges between fake vertices as in Sec-
tion [3.1] Then we take the flag completion to obtain Xr. The action
Ar ~ Xlé extends to a simplicial action Ar ~ Xrpr, which is proper and
cocompact. A block in Xr is defined to be the full subcomplex spanned by
vertices in a block of Xﬁ. Intersection of two different blocks of Xt does
not contain fake vertices. Pick a block B ¢ X2, and let B C Xt be the
block containing B2. Let n be the label of the defining edge of B®. Then
by [HO19, Lemma 6.3], the natural isomorphism B® — X2 extends to an
isomorphism B — X,,.

Next we assign lengths to edges of Xr. Let B C Xr be a block and let
B — X, be the isomorphism in the previous paragraph. We first rescale
the edge lengths of X,, defined in Section by a uniform factor such that
any edge between two real vertices has length = 1. Then we pull back these
edge lengths to B by the above isomorphism. We repeat this process for
each block of Xt. Note that if an edge of X belongs to two different blocks,
then this edge is between two real vertices, hence it has a well-defined length
(which is 1). The action of Ap preserves edge lengths.

Theorem 4.1. [HO19, Theorem 6.1] If Ar has dimension < 2, then Xp
with its piecewise Fuclidean structure is metrically systolic.

From now on we will assume Ar has dimension < 2.

Now we consider local structure of Xr. If v € Xr is a fake vertex, then
there is a unique block B > v. Moreover, lk(v,Xl@) = lk(v, B®) by our
construction, which reduces to discussion in Section [3:2] Links of real ver-
tices are more complicated since they can travel through several blocks.
However, cycles of angular length < 27 in the link have a relatively simple
characterization as follows.

Lemma 4.2. [HO19, Lemma 6.7] Let v € Xr be a real vertex and let w be

a simple cycle in lk(v, Xl(?)) with angular length < 27 in the link of v. Then
exactly one of the following four situations happens:

(1) w is contained in one block;

(2) w travels through two different blocks B1 and By such that their
defining edges intersect in a vertex a, and w has angular length = w
inside each block, moreover, there are exactly two vertices in wN BN
By and they corresponding to an incoming a—edge and an outgoing
a—edge based at v;

(8) w travels through three blocks By, Ba, Bs such that the defining edges
of these blocks form a triangle A\(abc) C T’ and nil + n% + % =1
where ny, no and ng are labels of the edges of this triangle, moreover,
w 1s a 6—cycle with its vertices alternating between real and fake such
that the three real vertices in w correspond to an a—edge, a b—edge
and a c—edge based at v;
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(4) w travels through four blocks such that the defining edges of these
blocks form a full 4—cycle in I", moreover, w is a 4—cycle with one
edge of angular length w/2 in each block.

Note that in cases (2), (3) and (4), w actually has angular length = 2.

4.2. Classification of flat points in diagrams over Xr. Let ¢': Q' —
Xr be a map which satisfies all the requirements of Theorem We study
the local properties of ¢’ and Q' in this subsection.

We define a partial retraction p from Xﬁz) (defined on its subset) to Xp
as follows. The map is the identity on the 2—skeleton of Xlé. Let 0702 be an

edge of Xl(}) not in X7, where o; is the fake vertex in some cell II; for i = 1, 2.
Let m be the middle point of 0111 N1y and let 1, 9 be the two endpoints of
O0I1;NOIl,. We map 0102 homeomorphically to the concatenation of o177 and
moz, and map the triangle A(010221) (resp. A(0102x2)) homeomorphically
to the region in II; U Ils bounded by 01771, Z102, ogm and oy (resp. 0122,
T202, ogm and mo7). This finishes the definition of p. Note that p is not

defined on the whole space Xlgz). That is why we call it a partial retraction.

More precisely, for a triangle A € X (2), p(A) is defined if and only if A
satisfies one of the following two cases:

(1) A has two real vertices and one fake vertices, in this case p(A) = A;
(2) A has one real vertex v and two interior vertices o; and o2, moreover,
v is a tip of Il or Ils, where II; is the cell containing o; for ¢ = 1, 2.

Lemma 4.3. Let g = poq'. If A C Q' is a triangle such that all of its
vertices are flat and deep, then q(A) is defined.

Proof. If all vertices of ¢/(A) are fake, then for any vertex x € A, the cycle

¢ (Ik(z, Q")) in 1k(q¢'(x), Xl(?)) contains two consecutive fake vertices, hence
contradicts Lemma If ¢'(A) has one real vertex u and two interior
vertices 01 and o9, but u is neither the tip of II; nor the tip of IIy (II; is the
cell containing 0;), then u € II; and w is not a neck of lk(oq, Xg)), which
contradicts Remark (let the non-neck real vertex and the fake vertex
in Remark be u and 07 respectively). ([l

In what follows we use the map ¢ as in Lemma (wherever it is well-
defined). A vertex x € Q' is real or fake if ¢'(x) = q(x) is, respectively, real
or fake.

Lemma 4.4. Suppose x € Q' is flat, deep and fake, then the restriction of
q to St(x, Q") is an embedding. Moreover, q(St(z, Q")) contains the cell of
X[ containing q(z).
Proof. By Theorem the restriction of ¢’ to the closed star St(x, Q') is
an embedding. Let v = ¢/(x) and let w = ¢/(lk(x,Q")). Then
(1) wis a concatenation of two paths w™ and w™ such that each of them
connects the two necks of A, = lk(v, Xl(?)), and wt C A, w™ C A
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(2) wt and w™ do not contain consecutive fake vertices.

(1) follows from Lemma (2) follows from Lemma By (2) and
Lemma there are only four possibilities for w™:

(1) wt does not contain fake vertices, i.e. w = vg — v] — - = Vy;

(2) wt=v9g = vy = - = Vp_j = Ri — vp, where i > 2;

(3) wt =wv9 — L; = v; = vi11 — -+ — vy, where 2 < i;

(4) wt =vg — Li > v; = viy1 = -+ = vy—j = Rj — vy, where 2 < 4,

j>2,andi<n-—j.

A similar statement holds for w™. Then the lemma follows from Lemma [3.10]
and the definition of p (see Figure |8 for an example). O

Li Rj

FIiGURE 8.

Let = be as in Lemma Then for any fake vertex =’ € lk(z,Q’), there
are exactly two triangles in St(z,Q’) containing z/. The union of these
two triangles is called an ear of St(z,Q’"). Note that St(z, Q") can have at
most four ears. By Lemma again, there is a subset of St(z, Q") which is
mapped to the cell containing ¢'(z) homeomorphically by g. We denote this
subset by C,. Note that the boundary 9C,, cuts through the ears of St(z, Q')
and follows the edges in lk(z, Q') that are between two real vertices.

Lemma 4.5. Suppose x € Q' is flat, deep and real. Let v = ¢'(z). Suppose
the cycle w = ¢'(Ik(z, Q")) in lk(v,XISQ)) satisfies Lemma (1), then the
restriction of q to St(x,Q’) is an embedding. Moreover, there are exactly

four fake vertices in w, and the four cells containing these four fake vertices
can be ordered as {I1;}1_; such that (see Figure@

(1) each 11; contains v, and 11,1y, 113,114 are in the same block;

(2) v is the right tip of o and is the left tip of I1y;

(8) v is not a tip of Il or Ily;

(4) each of Il N1y, I3 N 11, Iy NIy and Iy NII; contains at least one
edge, hence I1; N (I1; UIly) is a half of I1; for i = 3,4 by Lemma '

(5) if in addition each vertex in 1k(z, Q') is deep and flat, then St(x, Q")
s contained in UleCxi, where x; is the fake vertex in lk(xz, Q") such
that q(x;) is the fake vertex in I1;;
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(6) under the assumption of (5), x € Cy, for each i.

FiGURE 9.

Proof. Let B be the block containing w. We argue as before to deduce w is
a concatenation of two paths ¢y and oy connecting two necks of lk(v, B())
such that each of them satisfies one of the three possibilities in Lemma |3.9
Moreover, by Lemma k = 3 in Lemma (3). Thus there are four
fake vertices in w. We can assume II; = II is the base cell of X,,. Then the
conclusions (1)-(4) of the lemma follows by letting ITy = 7111, IT3 = d; 'o
and Il = u;lo for some 1 < 4,57 < n —1. For (5), it follows from our
assumption that the link of each fake vertex in lk(x, Q') is as described in
the proof of Lemma Thus (5) follows from the definition of p and Cy,.
To see (6), note that for each C,,;, x is either a real vertex in an ear of
St(x;,Q’), or z is inside an edge of lk(x;, Q") whose two end points are real.
Thus z € Cp,. We refer to Figure [10|for a particular example. U

FIGURE 10. The path oo — 03 — 01 satisfies Lemma [3.9|(3),
and the path o9 — u — 04 — 01 satisfies Lemma (1).

Lemma 4.6. Let x,v,w be as in Lemma . If w satisfies Lemma (2),
then the restriction of q to St(z, Q') is an embedding.

Let ab,ac C T be the defining edges of By and By as in Lemma (2).
For i = 1,2, let the label of the defining edge of B; be n;. Then there are
exactly four fake vertices in w, and the four cells contains these four fake
vertices can be ordered as {I1;}}_, (see Figure such that

(1) each 1I; contains v;

(2) II; and Iy are in By, and Il and 11y are in Bs;

(8) II;NIIy has ny —1 edges, lI3NIly has ngy—1 edges, 111 N1l3 intersects
along an a—edge, and 1y N1y intersects along an a—edge;
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C

FiGure 11.
(4) the analogous statements of Lemmal4.5 (5) and (6) hold.

Remark 4.7. We did not specify orientations of edges in Figure How-
ever, it follows from Lemma (3) that all vertical edges in Figure [11| have
orientations pointing towards the same direction (all up or all down). All
non-vertical edges in Figure that are in B; have orientations pointing
towards the same direction (all left or all right), and a similar statement
holds with B replaced by Bs.

Proof of Lemma[].6. We denote the two vertices in w N By N By by a’ and
a® respectively. For i = 1,2, let 0; be the sub-path of w from a° to a’ in
lk(v, Bi(l)). We now study the possibilities for o1. We identify By with X,
and assume v = £ in the cell IT of X,,,.

By the discussion in Section all edges of type II in lk(v, Bgl)) (see
Figure [4)) are between two interior vertices, and there are no edges between
real vertices. Thus to travel from one real vertex to another real vertex in
lk(v, Bgl))7 one has to go through at least two edges of type I. However, only
two edges of type I do not bring one from a’ to a®. So we need at least one
another edge. By Lemma an edge in lk(v, BP) has angular length at
least %271 Thus o is made of two edges of type I and one edges of type
II with minimal angular length. Thus o7 = a° — uo_lo — ul_lo — a’ or
o1 =a’— d;ll_lo — dy; o — a'. Note that ug 'TI N uy 'TT has n; — 1 edges,
and dr_LElH N d,; I has n; — 1 edges (see Figure . A similar statement
holds for o2. Now the lemma follows from the definition of p.

Lemma 4.8. Let z,v,w be as in Lemmal4.5 If w satisfies Lemmal4.9 (3),
then the restriction of q to St(x, Q') is an embedding. Moreover, let {B;}?_,
be as in Lemma (3). Then there are three cells {II; C B;}}_, as in
Figure|15 (left) such that

(1) vell; for1 <i<3;

(2) each of 111 N1lg, IIs N 113, and I3 N 11y consists of one edge;

(3) the analogous statements of Lemmal4.5 (5) and (6) hold.
A similar statement holds when w satisfies Lemma (4), where we have
four squares around v, see Figure right.
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FIGURE 12.

FIGURE 13.

Proof. Take w = o1 U 09 U 03 where each o; is a sub-path of w made of
two edges such that o; C B;. For 1 < i < 3, we take II; to be the cell
that contains the fake vertex in o;. Then o; C II;. Thus ¢/(St(x,Q’)) C
Xp. Consequently, p is the identity on ¢'(St(z,Q’)). Hence the lemma
follows. O

4.3. A new cell structure on the quasiflat. It follows from Lemma [4.3
Lemma, Lemma Lemma and Lemma that if x € @’ is flat
and deep, then the restriction of ¢ to St(z, Q") is well-defined (in particular,
it is well-defined outside a compact set) and it is an embedding. Now we
think of the range of ¢ as X.. In this subsection we want to “pull back” the
cell structure on X} to an appropriate subset of Q' via g.

Choose a base point z9 € . For R > 0, let Q’; be the smallest subcom-
plex of @ that contains Q" \ B(zo, R). Recall that B(zo, R) is the ball of
radius R centered at xg. Let Q’R+ be the subcomplex made of all triangles of
Q" which have non-trivial intersection with Q’,. By Theorem we choose
R large enough such that each vertex in @ that has combinatorial distance
<5 from Q' is flat and deep.

Lemma 4.9. Suppose Cy, N Cy, # 0 for two fake, deep and flat vertices
x1,m9 € Q. We also assume each vertex in St(x1, Q") is flat and deep. Let
I1; be the cell containing o; = q(x;). Then q maps Cy, U Cy, homeomorphi-
cally onto 11y UIly. In particular, Cy, NCy, is a connected interval (possibly
degenerate).
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Proof. Note that 1 and x5 have combinatorial distance < 2 in Q. We claim
that if 1 and x5 are not adjacent, then o; and oo are not adjacent. To see
this, note that there exists = € lk(z1, Q") such that x1, 25 € lk(x,Q’). Since
x is deep and flat, the claim follows from the descriptions of lk(z,@’) in
Lemma [1.4] Lemma Lemma and Lemma

If 21 and x5 are adjacent, then so are 07 and og. It is clear that ¢(Cy, N
Cy,) C I} N1I5. Let w be the arc on 9C;, which is mapped homeomorphi-
cally to ITy NIl C OII;. Then C,, N Cy, C w since q|CI1 is an embedding.
However, w cuts through an ear of St(x, Q") thus, by definition of Cy,, we
have w C C, N Cy,. Hence C;, N Cy, = w and the lemma follows.

Suppose x1 and x5 are not adjacent. Since Cp, NCy, # 0, the intersection
St(x1, Q" )NSt(z2, Q') consists of at least one vertex. If there is a fake vertex
x € St(z1,Q") N St(xe2,Q’), then let 11, be the cell containing ¢(z). Since
x1 and z9 are fake vertices in lk(x,Q’), by the description of lk(z, Q') in
Lemma [4.4] we know II; N II, contains an edge, Il N II, contains an edge
and (IT; NII,) N (IIo N II,) is at most one point. Thus IT; NIy is one point
by Lemma (note that IT;, Ty and II, are in the same block). Thus the
lemma follows by the discussion in the previous paragraph. Now suppose
there are no fake vertices in St(z1, Q") N St(z2, Q). If there is an edge e in
St(x1, Q)N St(ze,Q"), then e C Cy, NCy, since both endpoints of e are real.
Thus ¢(e) is an edge in IIy N IIs. However, II; N Il has at most one edge
since 01 and o2 are not adjacent. Thus e = C;; NC,, and the lemma follows.
If there are no edges in St(z1, Q") N St(x2, Q’), then let x be a vertex in this
intersection. Since x1 and x5 are two fake vertices in lk(z, Q’), in all cases
of Lemma Lemma and Lemma IT; N II, is a point whenever
St(z1, Q") N St(ze, Q") is a real vertex. Hence the lemma follows. O

Lemma 4.10. Q'; is contained in the union of Cy with x varying among
vertices of Q;RJF that are flat, deep and fake.

Proof. Recall that there are no triangles with three fake vertices in X, thus
the same is true for @Q'. Thus Q' is contained in the union of St(z, Q') with
x ranging over real vertices in Q. By Lemma Lemma Lemma
and our choice of R, for any real € Q',, St(z, Q') is contained in the union
of €y with y varying among fake vertices in lk(z,Q’). Note that y € Q' .
Then the lemma follows. ([

Let Qg be the union of C, with z varying among fake vertices of Q' .
By Lemma[£.9 and Lemma QR has a well-defined cell structure whose
closed 2—cells are the C,, and whose edges (resp. vertices) are arcs (resp.
points) in the boundary of C, which are mapped to edges (resp. vertices)
in X;* by ¢. Also, Lemma implies that we can pullback the orientation
and labeling of edges of X} to orientation and labeling of edges of Qr.

A vertex of Qg is interior if it has a neighborhood in Qg which is home-
omorphic to an open disc. Let St(x,Qr) be the union of cells of Qg that
contain z. Now we look at the structure of St(z, Qr).
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Lemma 4.11. Let x € Qr be an interior vertex. Then the following are
the only possibilities for St(z,QR).

(1) St(xz,QR) is a union of two 2—cells.
(2) The point x corresponds to a real vertex in @', and ¢ maps St(z, QRr)
homeomorphically onto the union of the I1; in X{ described in Lemma

[£.8, Lemmal[{.6, or Lemma[{.8

Proof. Suppose z is not a real vertex of @’. There are at least two 2—
cells Cy,, Cy, in Qg that contain z. Thus z is in the interior of an ear of
St(x;, Q') for i = 1,2. Hence z1 and x2 are adjacent in @', and St(x1, Q")
and St(x2, Q') share an ear. Now (1) follows.

Suppose z is a real vertex of ()'. Then each vertex of St(z,Q’) is flat
and deep by our choice of R. If x satisfies the assumptions of Lemma
then UL, C,, C St(z,Q’), by Lemma (6). By Lemma (5), UL, Cy,
contains a disc neighborhood of x, thus U!_;C,, = St(z,Q’). Since, by
Lemma q maps Cy,UC,