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Abstract

The main result of this paper is that the Banach-Mazur compacta are one point
compactifications of Q-manifolds. We also show that they are homeomorphic to
orbit spaces of some group actions on the Hilbert cube.
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1 Introduction

The Banach-Mazur compactum BM (n), for n = 2,3, ..., is the space of isom-
etry classes of the n-dimensional Banach spaces and was introduced in [B].
A. Pelczynski posed the following two questions concerning the Banach-Mazur
compacta (see [We]):

Are BM (n)’s absolute retracts ? Are they Hilbert cubes 7

An affirmative answer to the first question was then given in [Fa] for the case
n =2 and in [ABF]|, [An3] for the general case.

The second question remains open in the general case while for n = 2 it was
solved negatively in [An4] (compare also [AB]). The idea of the proof (follow-
ing the general idea of [TW]) is to show that the complement of the class of
the Euclidean space in BM (2) is not contractible while the complement of
one point in the Hilbert cube is (see for example [M]).

In connection with the above results there arises a question about the topol-
ogy of BM (n)\ {Eucl.}. In this paper we show that BM (n) \ {Eucl.} is a Q-
manifold for every n > 2. It should be noticed that similar results have been al-
ready published ([An5] and [ABR]). In [AR] it is showed that BM (n)\{Eucl.}
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is a ()-manifold for n = 2. However our methods are different, seem to us more
elementary (we do not use the Slice Theorem to show the disjoint discs prop-
erty) and were developed independently (see [O]).

The proof is based on the characterization of Q-manifolds given by H. Torunczyk
in [T]. We use another representations of Banach-Mazur compactum BM (n)
(see [An4]) as the quotient of the space Cy(n) (of compact, convex and sym-
metric with respect to the origin, bodies in R", whose minimal volume ellipsoid
is the unit ball B") with the Hausdorff metric, by a natural O(n)-action.
Then we prove:

Theorem 1 Let K be a closed subgroup of the group O(n), n > 2. Then
(Co(n)\ {B"})/K is a Q-manifold.

As a corollary for K = O(n) we get the main result:

Corollary 2 The complement BM (n) \ { Eucl.} of the class of the Euclidean
space in the Banach-Mazur compactum is a QQ-manifold, for n > 2.

Referring to the Toruiiczyk characterization of the Hilbert cube @ (see [T])
we also get the following

Corollary 3 For every finite subgroup K of O(n), Cy(n)/K is homeomorphic
to the Hilbert cube.

And hence in the case K = {1} the following holds.

Corollary 4 For everyn > 2 the Banach-Mazur compactum BM (n) is home-
omorphic to some orbit space QQ/O(n).

In Section 2 we give some basic definitions, notions and facts about Banach-
Mazur compacta. In the next Section we prove Theorem 1 and Corollary 3.
Then, in Section 4 we give some remarks about that proof and as a conclusion
we prove Corollary 3. In Section 5 we sketch another proof of Theorem 1 in
the case n = 2.

2 Preliminaries

In the rest of this paper we will denote by || - || the ordinary Euclidean norm
on R" ie. || z ||= />Xr,2? for any © = (21,...,x,) € R™, by B" the unit,

closed ball: B = {z € R":|| z ||< 1} and if we not say otherwise, by B, the
closed ball of radius r: B, = {z € R™:|| « ||< r} (where the value of n is clear
from the context). We will always consider the metric on S"~! C R" induced

by the norm || - ||



For a given integer n > 2 the Banach-Mazur compactum BM (n) is defined as
the space of isometry classes of n-dimensional Banach spaces with the metric:

d([E], [F]) = In inf {|| T T |:T:E— Fisalin. isomorphism},

where [E] denotes the isometry class of a Banach space E.
It is easy to check that this formula defines a metric on BM (n).

Now let C'(n) denote the set of all compact, convex, symmetric with respect
to the origin subsets of R™ with non empty interior, (we will call them bodies)
with the Hausdorff metric dy, defined by

du(A,B) =inf{e >0: AC B.(B) and B C B.(A)},

where A,B € C(n) and B.(A) = {x e R":||x —y ||[< € for somey € A}.
With the natural action it is a GL(n)- space and it is well known (compare
[We]) that BM (n) is homeomorphic to the orbit space C'(n)/GL(n). Moreover
according to [J] for every body A € C'(n) there exists a unique (closed) ellipsoid
of minimal volume j(A) containing A (the so called John ellipsoid (or Léwner
ellipsoid - see e.g. [L]). Let Cy(n) be the subspace of C'(n) consisting of bodies
whose John ellipsoid is the unit ball B™. From the minimality of the volume
and from the uniquness it follows that Cy(n) is O(n) invariant (compare [An4]).
One has the following representation of the Banach-Mazur compactum.

Theorem 5 ([And], Corollary 1) The Banach-Mazur compactum
BM (n) is homeomorphic to the O(n)-orbit space Cy(n)/O(n).

(Compare also [AR]).

Recall that a space X is a @Q-manifold (or a manifold modelled on the Hilbert

cube - Q) iff it can be covered by open sets homeomorphic to open subsets of
the Hilbert cube.
The following characterization is due to Torunczyk:

Theorem 6 (see [T]) A locally compact space X is a Q-manifold iff X 1is
an ANR and for each € > 0 there exist two e-close to the identity maps from
X to itself which have disjoint images.

3 The proof of the main theorem

The aim of this section is to prove Theorem 1 (see Introduction). For K = O(n)
it implies, by Theorem 5, the main result, i.e. Corollary 2.



By Corollary 2 of [An4], and the 4.5 Corollary 1 of [V] Cy(n) is a compact
K-AR. Then according to Theorem 8 of [An2] (see also [A]) the orbit space
Co(n)/K is an AR and, since an open subset of an AR is an ANR (compare
[M]), a complement of one point in it, (Co(n) \ {B"})/K, is a locally compact
ANR. So according to Theorem 6 to prove that it is a (Q-manifold it suffices
to show that there exist two maps from (Cy(n) \ {B"})/K to itself that are
e-close to the identity and have disjoint images. To do this we will construct
two O(n)-equivariant maps from Cy(n) \ {B"} to itself, which are e-close to
the identity and have disjoint images. Such maps clearly induce the desired

maps on (Cy(n) \ {B"})/K.

We will construct those two maps in Subsection 3.1 and 3.2. Before that we
will introduce the notion of a maximal set that leads to properties that will
distinguish the two maps.

Let C'(S"!',R™") denote the space of continuous functions from S™! to R"
endowed with the supremum metric and Cy(S™~1, R™) its subspace consisting
of functions bounded by 1 and symmetric with respect to the origin.

By C (n) we denote the space of all subsets of R™ that are compact, symmetric
with respect to the origin and with non-empty interior. We endow this space
with the Hausdorff metric dy. By C(n) we will understand, as before, the
subspace of C'(n) consisting of convex bodies and by Cy(n) a subspace of C'(n)

consisting of those bodies whose minimal volume elipsoid (John elipsoid) is
the unit ball B".

Definition 7 Define a map B : Co(S"',RT) — C(n)

by B(p) = {0} U {z € R"\ {0} :|| 2 ||< @(;%) }, where || - || means the Eu-
clidean norm on R".

Denote also by ¢ : im(B) — Co(S™ 1, RT) the radial function of a set given
by o(A)(z) =max{A e RT: -z € A}

Remark. Observe that Cy(n) C im(B) and that for A € Cy(n) we have

o(A)(z) = ”;”A, where || - || 4 is the norm on R"™ whose unit ball is A.

Lemma 8 a) For given ¢, € C(S" 1, R™)
if | — | := max {|p(x) —Y(x)| : . € S" 1} < € then dg(B(p), B(v)) < e.

b) The map B is a homeomorphism onto its image with inverse o.

PROOF. a) If A - x € B(y) for some x € S 1 X\ > 0, then A < p(z) <
¥ (x) 4 € hence there exists 0 < p < ¢(x) such that A = p+¢ with 0 < € <.
But p -2 € B(%) so that since | A\ -z — p -z ||< €, we get B(p) C B(B(v)).
Doing the same for points of B(¢)) we get dy(B(p), B(¢))) < e.

b) It’s clear that B is a bijection on its image with g as its inverse. From a)



we get the continuity of B. The continuity of g follows from the continuity of
the map B —|| - || and the above remark. O

We will need the following

Definition 9 A mazimal point of ¢ € C(S" Y, RT) is a point v € S"!
satisfying the following condition: for every path v : [0,1] — S™! such that
7(0) = z and for any t € (0,1] such that p(y(t)) > ¢(x) there exists ty € (0,1)
such that o(v(ty)) < p(x). A mazimal point of the radial function of a set A,
i.e.of 0(A) will be called ”a mazimal point of A”. A path connected component
of the set of mazximal points of ¢ (or of A) will be called a maximal set of ¢

(or of A).

Remark. Observe that a point x € S" ! with p(z) = max {p(y) : y € S" 1}
is a maximal point of ¢ . The next two lemmas show some basic technical
properties of maximal sets.

Lemma 10 For x,y € S"! belonging to the same mazimal set of ¢ we have
p(r) = ¢(y).

PROOF. Suppose ¢(z) < ¢(y). Let v : [0,1] — S be a curve with
v(0) = z, v(1) = y consisting of maximal points. Choose ¢, € [0,1) such
that ¢(7(t0)) = min {e(y(¢t)) : t € [0,1]}. Then for the curve v'(t) = y(to +
t-(1—1tp)), t e |0,1], for which 7/(0) = v(ty) and 7/(1) = v(1) = y, we have
for t € [0,1], (7' (t)) = ¢(7/(0)) < ¢(7'(1)) = ¢(y) which contradicts the
maximality of 4'(0) = y(to).

O

Hence p(x) = ¢(y).

Lemma 11 Let x € S™! be a maximal point of ¢ and let
= {ye S" ' :p(y) =¢(x)}. Then any point in the same (as x) path-
connected component of the set A is maximal.

PROOF. Suppose we have a non-maximal y € A and a path v : [0,1] — A
with 7(0) = 2 and (1) = y. Then there exists a path o : [0,1] — S"~!
with o(0) = y such that Vicp1¢(0(t)) > ¢(y) and ¢(y) < ¢(o(1)). Hence the
existence of the curve

v(2-t) iftelo, ]
o(2-t—1) ift e [3,1]

DO =

() =

contradicts the maximality of x. O



We will also need the following technical lemma

Lemma 12 There exists a constant C' > 1 such that for each A € Cy(n) and
for any two points x,y € S"71, |p(A)(x) — (A) )| < C- [z —y ||

PROOF. Suppose there is no such constant. By compactness of S™! we
could then find a sequence of pairs of points {(z;,v;)}ieg C S™7t x St
converging to some (z,y) and a sequence {A4;},°, of bodies in Cy(n) such that
004 (z1) — o(A) ()| > i+ | 7 — i ||

In what follows for a point z; € S ! we will denote by Z; the corresponding
point of the boundary of A; that is 7 = z - o(A;)(z) € R™

Consider the triangle A(0, Z;, 7;) (0 - the origin of R"). As i — oo, || z; —y; ||
tends to 0 because all p(A;)’s are uniformly bounded by 1. Without loss of
generality we can assume that o(A4;)(x;) < 0(A;)(y;). Then, for some a; € A;,

1, . _ ..
<sWgall =Nz ) < = ga | =1 ai ).

It follows that the angle /(07,;Z;) tends to 0 as i tends to infinity , hence there
exists k > 0 such that for ¢ > k the line z;7; intersects the interior of the ball
B/ which is contained in every A; (see [H, Lemma 1.4.3]). Let Z; € B s, be
such a point of intersection. Then there exists A > 1 such that z; = X\-Z; € B 5
and hence z; belongs to A;. By convexity the point v; of intersection of lines
2z;J; and 0z; belongs to A; and we have || v; ||>]| Z; ||, that contradicts the fact
that ; = = - ¢(B;)(x). This finishes the proof. O

In the next two subsections we will construct two maps from Cy(n) \ {B"} to
itself that were mentioned at the beginning of Section 3. The image of the first
map will consist of bodies with finitely many maximal sets and the image of
the second one will consist of bodies with infinitely many maximal sets each.

3.1 Construction of the first map

Let € > 0 be given. We shall construct an e-close to the identity map

G : Co(n)\{B"} — Cyp(n)\ {B"} whose image consists of bodies with finitely
many maximal sets each.

First for a given body A € Cy(n) \ {B"} define §'(A) as

smax {6 > 0 : Ip,con1Veep,0(A)(z) < 1 — &} where Bj is the ball of radius 6
in S"~! - remember (see the beginning of Section 2) that metric on S~ is
that induced by the Euclidean norm on R".



Lemma 13 The map A — §'(A) is continuous and §'(A) > 0.

PROOF. By Lemma 8 the map A — p(A) is continuous and the continuity of
the map o(A) — ¢'(A) follows easily from the definition. The second assertion
is clear. O

Let 6(A) = & mln{ld’(A), e}, where C' is the constant of Lemma 12
Now define a function G(A4) : S*~1 — R* by

G(A)(z) = maX{Q(A)(y) NS Bé(A)<x)}7

where Bs(z) is the d-ball centered at .

Lemma 14 The function G(A) belongs to Co(S™ 1, RY)\ {1} and every maa-
imal point of G(A) belongs to some §(A)-ball contained in the maximal set of
that point.

PROOF. The first assertion is clear in view of definitions of 6(A) and G/(A).
For the second, let € S~ be a maximal point of G(A). Then G( )(x) =
o(A)(y) for some y € Bsa)(r). But then for all z € Bsa(y), G(A)(2) =
0(A)(y), because G(A)(z) > o(A)(y) by definition and if G(A)(z) > o(A)(y)
then, by the geodesic convexity of Bsay(y) one could find a geodesic seg-
ment v : [0,1] — S"7! with y(0) = z, 7(1) = z, for which we would have
G(A)(y(t) > G(A)(z) < G(A)(z) for all t € [0,1], which contradicts the
maximality of z. Since z is maximal we get from Lemma 11 that Bsc)(y) is
contained in the same maximal set as x. O

Lemma 15 The map A — G(A) is continuous.

PROOF. Let € > 0 be given. By Lemmas 8 and 13 we can choose d; > 0, such
that for every D € Co( )\{B"} with du(A, D) < 61, we have [o(D)—o(A)| < £
and [0(D) —d(A)| < 15 (C of Lemma 12). Now, for every x € S"~" there exist
y € Bsay(x) C 5™ 1 such that G(A)(z) = o(A)(y) and z € Ba.js(py-s(4)(y),
such that G(D)(z) > o(D)(z) (if 9(D) > 5(A) take y = z; if not one can find
such z on the geodesic segment (z,y) C S™') by the definition of G. Then
G(A)(z) — G(D)( ) < o(A)(y) — o(D)(2) = o(A)(y) — o(D)(y) + o(D)(y) —
oD)(2) £+ C || z—y < £+ C 55 < é Similarly we have G(D)(x) —
G(A)(z) < ¢ Wthh finishes the proof 0

\_/\_/

Definition 16 Define the map G : Co(n) \ {B"} — Co(n) \ {B"} by G(A) =
conv(B(G(A))), where conv(A) means convex hull of A.



Lemma 17 FEvery mazimal point of G(A) belongs to some §(A)-ball contained
i the same maximal set as that point.

PROOF. For y € S"! we will denote by ¢ the point y - o(G(A))(y) € R™,
where - means the standard product by scalar in R".
First, we shall show that if x € S"! is a maximal point of o(G(A)), then

0(G(A)) () = G(A)(x).

Suppose o(G(A))(z) # G(A)(x). Then & € G(A) \ B(G(A)), so that & =
Ayt o+ Ny, forsome l € N, yy, ..,y € B(G(A)) and Ay, ..., \ € (0,1)
with A\;+...+X; = 1. But then there exists i € {1, ..., 1} such that || y; ||>]| Z ||.
If now there is a point y, lying on the segment (Z,y;) C R™ such, that
| v |I<|| Z || then & € conv{y1,...,Yi-1, ¥}, Yi+1, -, yi}. Then again there
exists j € {1,...,i—1,i+1,....l} such that || y; [[>| Z || and if there is
y; € (7,y;) C R satisfying || v} [|<[| Z || then again

T € conv {yl, s Uit Y Yty oo Yi 1y Uiy YLy -y yl}. We could repeat this pro-
cedure but it is not possible that & € conv {y],...,y;} for y} # & such that
| vi [|<||  ||,7=1,...,1. Hence there exists i € {1,...,{} such that || y; ||>]| Z ||
and for all z € (Z,y,] , || z ||>] Z ||, which contradicts the maximality of x.

Now, since o(G(A)) > G(A), = has to be a maximal point of B(G(A)) and, if
Bscay C 8™ 1is a 6(A)- ball, containing = and contained in the same maximal

set of B(G(A)) as z(see Lemma 14), then for all y € Bsa) we must have

o(G(A))(y) = G(A)(y) and, in view of Lemma 11, every such y is a maximal
point of G(A). O

Lemma 18 The map G is an O(n)- equivariant, continuous, e-close to the
identity map from Cy(n) \ {B"} to itself, whose image consists of bodies with
finitely many mazximal sets.

PROOF. It’s clear, that G(A) € Cy(n) \ {B"} for A € Cy(n)\ {B"}, and, in
view of Lemma 17, that G(A) has only finitely many maximal sets.
Since |o(A) — G(A)| < ¢, in view of definitions of the constant C' from Lemma

12, of 6(A) and of G(A), we get du(A, B(G(A))) <€, by Lemma 8.

Now, to show, that G is e-close to the identity, it’s enough to show, that if
du(A, D) <, for A, D C R", then dy(conv(A), conv(D)) < e.

We will show only that for each x € conv(A) there exists y € conv(D) such
that, || z—y || < e since analogously one has the same for A and D interchanged.
Let x = A\ +...4+ A2, for some k € N, xy,...,xp € Aand Ay, ..., A\, € [0, 1]
with A\; + ...+ g = 1. Then, by the assumption,we can find ¥, ..., yx € D such
that || x; —y; ||<e€ fori=1,...,k. Hence y = A1 - y1 + ... + A\ - yx € conv(D)
and ||z —y ||< e



From Lemma 15 we get the continuity of the map A — B(G(A)), so that
the continuity of G follows from the continuity of the map conwv(-), which is
obvious, in view of what was shown above.

The O(n)- equivariance follows easily from the definition of G(A) and the
equivariance of Euclidean norm || - [|. O

3.2 Construction of the second map

Let € > 0 be given. We will construct a map F : Cy(n) \{B"} — Cy(n)\ {B"}
which is e-close to the identity and such that for A € Cy(n) \ {B"}, there are
infinitely many maximal sets of F'(A).

To get that, given a body A € Cy(n) \ {B"} we will construct an ascending
sequence {Fj(A)}, of bodies in Cy(n) \ {B"} such that F'(A) will be the clo-
sure of the union of Fy(A)’s, and sequences {Fj(A)min}g of subsets of 5",
and {ox(A)min}o of positive numbers.

First, we define

00(A)min = min {g(A)(x) : x € "'}

and

Fo(A)min = { € S+ 0(A)(x) = 00(A)min } -

Then we shall proceed recursively. Assume, that for k£ > 1,
FO(A>7 teey Fk71<A)7 FO(A)mina ceey Fk*l(A>min and QO(A)mim ceey Qk*l(A)min
are defined.

Let 00(A)max = 1 and 0k 1(A)max = min{o(Fr_1(A))(x) : 2 € Fr_2(A)min},
for k > 2.

For k > 0 set also 0, = 4 *min {¢, 051 (A)max — %k—1(A)min; 1 — 00(A)min }-
Finally, if we denote by (*) the condition

(%) o(Fr-1(A))(x) > 0k—1(A)min + Ik

we can define a function F(A) on S"~! by

. { o(Fie 1(A))(x) if (x)
2 (0k-1(A)min + ) — 0(Fr—1(A))(z) if —().



Then

Fi(A) = conv(B(Fy(A))),
Qk(A)min = min{g(Fk(A) (x) rc S"”}
and
FilA)in = {2 € 5" < 0(Fu(A))(#) = 0e( A}

Remark. Notice that Fj(A) is a function and F.(A) is a body.
Observe, that by the above definitions we have Fj(A) > Fj_;(A) and hence
Fr(A) C Fi,(A).

Definition 19 Let F(A) be the closure (with respect to the Euclidean norm
on R™) of the union of all Fy(A)’s:

F(A) = kfj Fi(A).

It’s quite easy to observe that points of Fi(A)m, are "minimal” points of
Fi(A) in a sense analogous to the def. 9 of maximal points. Consequently they
become maximal points of Fj,,1(A) which is a kind of "reflection” of ¢(Fj,(A))
with respect to the sphere of radius gx(A)min + k11 In a few following lemmas
we shall see that they are indeed maximal points of all Fy,;(A), for [ > 1.

Lemma 20 For every k =0,1,2...; if v € Fj(A)min, then:

0) Fenr(A)(1) = ol Fiom(A)) (1) = o(F(A))(x), for m=1,2,3, .,

b) there exists v > 0 such that if y € S"™' satisfies | x —y [|< v, then
o(F(A))(2) > o(F(A))(y). and if additionally Fiy(A))(z) > Fir(A))(y)
then o(F(A))(x) > o(F(A))(y).

PROOF. a) Let & = o(F(A))(z) - = € R™ be a point of a border of Fj(A)
corresponding to x. Let H C R"™ be a hyperplane perpendicular to x and
containing ¥ (as a point), and H~, H* denote, respectively the two closed half-
spaces (into which H separates R"), the first containing 0. By the convexity
of Fi(A) and by definition of Fy(A)n, we have Fp(A) C H~. Now, by the
definition of FkH(A) one can see, that B(FkH(A)) C H™ U By, (A)in+2-65s15
hence B(Fj41(A)) C (H + 20,41)", where H + 26, € H is the hyperplane
parallel to H and at distance 2d;, from it, and (H 4 20;)~ - the corresponding
half-space, containing 0. But then Fj;(A4) = conv(B(Fj41(A))) € (H +
20k41)", hence Fyy1(A)(x) = o(Fri1(A))(z).

This implies that gg11(A)max = FkH(A)(x) = 0k(A)min +2- 11 and hence, by

definition of d;, o we get FkH(A) () = 0k(A)min+2- 0k 1 > 0k31(A)min+2-9k12
for all £ > 0 and hence, by induction:

Fk+1(14)($) = 0k(A)min + 2 Ok1 > 0(A)min + 2 - d141, (1)

10



for I > k. This implies that for [ > k, Fi11(A) C conv(Fi(A)UBg, || (4)()) and
hence, by induction Fy;1(A) C (H +26,41)7, for all [ > k+1. This shows that
Fri1(A)(x) = 0(Frrm(A))(x) for m > 1 and that Fy,1(A)(z) = o(F(A))(x).

b) Following the notations from a) we can similarily observe, that
B(Fiy1(A)) C (H™ N B") U By, (A),m+26,., and, that

HN((H-NB")U By, (A)min+260e1) = 1(0k(A)min + 2 - 6341) - 2}. One can now
find a positive v such, that for y € S"~! with || z—y ||< v one has H,N((H~ N
B")UBy, (A)min+20r11) = 1(0k(A)min + 2 - 0p41) - y}, where Hy is the hyperplane
perpendicular to y and containing (ox(A)min+2-0k+1) -y (it is enough to choose
v such that then H, N (H~ N B") = 0). As in a) we have Fj(A) C H, (where
H_ is the corresponding closed half-space containing 0) for all | > k and hence
F(A) € H, which means, that o(F(A))(z) > o(F(A))(y).

Now, if Fyi1(A)(z) > Fpp1(A)(y), then H, N B(EFx;1(A)) = 0 and, hence
there exists a > 0 such, that B(Fj,,(A)) C (H, — a)~, where H, — a C H;
is the hyperplane parallel to H, lying at distance « from it, and (H, — a)~ is
the corresponding halfspace containing 0. This means that o(Fj1(A))(z) >

o(Fry1(A))(y).

Now observe that if d;117 > 0 then for any > 0 one can find € F;(A)min
and y € S"! satisfying || z — y ||< a and Fi1(A)(z) > Fi41(A)(y). Hence as
above o(Fi11(A))(x) > o(Fi41(A))(y) and consequently ;1o > 0. Since §; > 0
we get by induction ¢; > 0 for all + > 0.

By definition of ¢; it follows that we have strict inequality in formula (1), i.e.:

Fri(A) () = 0r(B)min + 2 - 011 > 01(B)min +2 - 6111, (2)

for [ > k.

Thus there exists § > 0 such that Fy1(A) U By, (A)mmt26e0 C (Hy — B)7.
By the same ineqality for k + 1 instead of k we have Fj(A) C conv(F,_1(A)U
By 1 (A)min+2-0r42)» for I >k + 1 hence, by induction F;(A) C (H, — 3)~, for
all | > k+ 1. It follows that F'(A) C (H, — (), which implies o(F(A))(z) >
o(F(A))(y). B

Lemma 21 The function A — F(A) is an e-close to the identity, continuous
function from Co(n) \ {B"} into itself.

PROOF. First realize, that |Fj(A) — Fy1(A)| < 6 and hence

du(Fr(A), Fr41(A)) < §x by arguments of the proof of Lemma 18. It follows
that dy(Fy(A), Fra(A)) < 55 for every k,I > 0 and hence, that F' is e-close
to the identity.

Similarly we have |EF,(A) — 1| > %, for every k > 0 so, that F'(A) €

11



Co(n) \ {B"}.

Now we shall show the continuity of F'. Because of the above observations
and since U¥_, Fj(A) = Fi.(A), it’s enough to prove that maps A — F},(A) are
continuous for all £ € N.

Let’s proceed inductively.

For k = 0 the assertion is clear.

Now if we know that A — F;(A) is continuous for ¢ = 0,1,....k — 1 then
0k—1(A)min depends continuously on A, because of its definition. By the above
Lemma 20 we have gx_1(A)max = Ok—2(A)min + 201 for k > 1, so that it is a
continuous function of A (in the case k = 1 it is obvious and further we assume
by induction that ;1 is a continous function of A - for k = 2 it is clear) and
hence 0y depends continuously on A. It follows that A +— F(A) — Fj(A) is
continuous. O

Lemma 22 [fx € Fi(A)wn for some k =0,1,2..., then x is a maximal point

of F(A).

PROOF. Let v : [0,1] — S™! be a path with v(0) = z. Assume, there
exists such a tog € (0,1], that o(F(A))(v(ty)) > o(F(A))(x). Then we have to
show, that there exists t; € (0,tq) satisfying o(F(A))(y(t1)) < o(F(A))(x).
According to Lemma 20 a) o(F(A))(z) = Fpi1(A)(z). As is easy to observe
and as it has been already pointed out x is a maximal point of ﬁ’kH(A), hence
either for all ¢t € [0,1] EFry1(A)(y(t)) = Fry1(A)(z), which is impossible in
view of Lemma 20 a) and of our assumption for ¢y, or there is t5 € (0, %) such,
that for all ¢ € [0,ty] Fyp1(A)(y(t)) = Fre1(A)(x) and for every ¢ > t, there
exists s € (ty,t) such, that F1(A)(7(s)) < Fep1(A)(z). But then, by Lemma
20 b) we can find s € (0,%y) such, that o(F(A))(7(s)) < o(F(A))(z) which
ends the proof by setting s =¢;. O

Lemma 23 The map F is an O(n)- equivariant, continuous, e-close to the
identity map from Co(n) \ B™ to itself, whose image consists of bodies with
infinitely many maximal sets.

PROOF. By Lemma 21, F is continuous and e-close to the identity and it
follows easily from construction of F'(A) that it’s O(n)-equivariant.

Now, by Lemma 20, for each £k > 0 if 2 € Fj(A)nn then x is a maximal
point of F(A) with o(F(A))(x) = Fry1(A)(z). If I > k and y € F)(A)min, then
E(A)(y) < Fi(A)(x), as in the proof of Lemma 20. Hence, by Lemma 10, =
and y belong to distinct maximal sets of F'(A). In conclusion we get infinitely
many maximal sets of F'(A) - at least one contained in each Fj(A)y, (in fact
at least two, by symmetry of F/(A)). O
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4 Remarks and corollaries

In this section we give some remarks and corollaries concerning the proof from
the previous section. In particular we show that for any finite subgroup K of
O(n) the space Cy(n)/ K is homeomorphic to the Hilbert cube @ (Corollary 3).

4.1  Remarks

There is also another characterization of -manifolds (compare Theorem 6),
which states that a locally compact ANR X is a Q-manifold iff for eachn € N
any two maps f,g : B" — X may be approximated by maps with disjoint
images (see [T], Remark 3).

Hence in order to prove that (Co(n)\ {B"})/K is a Q-manifold for each closed
subgroup K of O(n) it suffices to show that for every compact subset Y C
Co(n) \ {B"} and every € > 0 there exist two O(n)-equivariant, continuous,
e-close to the identity maps F,G : Y — Cy(n) \ {B"} with disjoint images
(because then the two compositions F'o f and G o g would approximate f and
g and have disjoint images).

If now one reminds the constructions of the maps GG and F in Sections 3.1 and
3.2 one can notice that if we assume they both are defined on a compact set Y
then the function A +— §(A) (see the definition in Section 3.1) can be chosen
to be constant 6(A) = J so that there exist m € N such that, for every A € Y,
G(A) consists of bodies with less than m maximal sets . Then, according
to what was shown in Section 3.2 one could redefine the map F' as follows:
F(A) = F,(A), getting (see the proof of Lemma 23) that im(F) Nim(G) = 0.

4.2 The proof of Corollary 3

Let K be a finite subgroup of O(n). Choose z, € S™~'.

Let now € > 0 be given. As in the previous section we shall construct two
K-equivariant, e-close to the identity maps from Cy(n) to itself, with disjoint
images. To do that we use the maps F' and G from the previous section as
follows.

For a € [0,1) and z € S"~! denote by H, — « the hyperplane perpendicular
to z (in a sense of an euclidean structure on R™) and at a distance 1 — «
from the origin. Let o € (0, 1) be such, that for all y # z, both belonging to
{kzo : k € K} U{k(—20) : k€ K}, one has (H, —a) N (H, —a)NB" =, for
every a < qp.

For a € [0,1) and A € Cy(n) define

Jo(A) = AN Nrer (Hpzg — @)™ N Nier (Hp(—2) — @), where (H, — ) is one
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of the closed half-spaces , the one containing the origin, into which (H, — «)
divides R™.

Clearly J,(A) is a continuous function of A and a.

Unfortunately j%(A) does not have to belong to Cy(n). But according the

John ellipsoid j(J.(A)) depends continuously on A and «a (compare [ABF]).
Hence if £ € O(n) maps the axes of j(J,(A)) onto the coordinate axes of R”

so that k(j(Ja(A))) = {(:El, e Tp) ERM YT zj} then the map (stretching
of A along axes of it’s John ellipsoid):

(0,1) x Cy(n) 2 (o, A) — J,(A) € Cy(n),

where
a7t 0 0
] 0 et 0 .
Jo(A) =k . k(Ja(A))
I 0 O a;l_

is well defined (does not depend on a choice of k), continuous, because of the
continuity of the map j (compare [ABF]) and K-equivariant (as K acts on A).
Morover J,(A) # B" if a € (0, ayp) since if it were equal then .J,(A) would be
an ellipsoid and hence J,(A) N (Urex (Hrzy — @) U Uper (Hi(—z) — @) would
be finite. But if A # J,(A) this intersection can’t, clearly, be finite and if
A = J,(A) then A would not belong to Cy(n) which would contradict our
assumptions.

Now since for every A € Cy(n), Jo(A) = A by continuity and the compactness
of Cy(n) one can choose § € (0,ap) such that dg(A, J5(A)) < § for every
A e () (n)

Now let I and G be the §-close to the identity maps from Cy(n) \ {B"} to
itself constructed in subsections 3.1 and 3.2. Then by Lemmas 18 and 23 and
because of what was shown above we get

Lemma 24 The two maps A — F(J5(A)) and A — G(Js5(A)) are two contin-
uous, e-close to the identity, K -equivariant maps from Cy(n) to itself, having
disjoint images.

These two maps induce two continuous, e-close to the identity, maps from
Co(n)/K into itself, having disjoint images. Since Cy(n) is compact the orbit
space Cy(n)/K is compact too. Since Cy(n)/K is an AR using the Torunczyk
characterization of the Hilbert cube ([T]) we proved Corollary 3 and in par-
ticular, for K = {1} we get Corollary 4.
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5 Another proof in the case n = 2

In this section we will give a sketch of another proof of Theorem 1 in the case
n = 2, which probably can be extended to an arbitrary n > 2.

As previously it suffices to construct two maps from Cy(2) \ {B?} to itself
that are O(2)-equivariant, e-close to the identity, one of them having an image
consisting of bodies with differentiable boundaries and the other with a disjoint
image. Those maps induce two maps from BM (2)\{B?} to itself which satisfy
the assumptions of Theorem 6. Since, as was shown in Section 3, BM (2)\{B?}
is a locally compact AN R, this will finish the proof of Theorem 1 in the case
n = 2.

In general we follow the notation of Section 3.
Let, in addition C'(S', R*) denote the subspace of C'(S', R") consisting of
differentiable functions from S* to R™.

Let now € > 0 be given.

5.1 Construction of the first map

Definition 25 Define the map F : Cy(2) \ {B*} — Co(2) \ {B?*} by:
F(A) = a(A)(Bsa)(4)),

where the map

o a;t 0
a(A) =k ke GL(2,R),
0 ay’

k € O(2), is a right "stretching” as defined in Section 4.2;

i.e. F'(A) is the "stretching” of the closure of the d(A)-neighbourhood of A in
R?; here §(A) = min {0'(A), e} for §'(A) given in Section 3.1.
By fact 13 and the properties of J-neighbourhood we obtain

Lemma 26 The map F is an O(2)-equivariant, continuous, e-close to the

identity map from Cy(2)\ {B?} into (Co(2) \ {B?*})NB(C'(S',R")), i.e. into
the subset of Cy(2) \ {B%} consisting of bodies with differentiable boundaries.
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5.2 Construction of the second map

First define a function p : R — S* C R? by p(t) = (cost, sint).

Let again A € Cy(2) and G : Cy(2)\{B?} — Co(2) \{B?} be the $-close to the
identity map of subsection 3.1. Then, by Lemma 18, G(A) has only finitely
many, let us say k maximal sets. Let m; < ny < mg < ny < ... < my <
ng be numbers such that the images p([mi,n1]), ..., p([mg, ny]) are pairwise
distinct (and hence all) maximal sets of G(A). Define now p*(4) : R — R*
by p*(A)(t) = o(G(A))(p(t)), where g is the map defined in Section 3.

Now let us define:

R(A, z,y) / (max{p*(A —p*(A)(s) : x < s < t})dt
LA, z,y) = [ (max{p'(A)(y) = p"(A)(s) : £ < 5 < )t
r(A,y) = [ (max{p'(A)(s) = p(A)(w) 2 < s < 1))t

A, z,y) = [ (max{p (A)(s) = 5" (A)(y) : £ < 5 < )t

and for i = 1,2,...,k let z; € R be such, that L(A,x;,m;) =7, y; € R such
that R(A,n;,y;) = 7 (such numbers clearly exist by definition of maximal
points and because B # B? and we choose 7 to assure that we integrate over
an interval of length greater than the period 2).

Let s be the homeomorphism: RT U {oo} — (0, 1] given by s(t) = 2 arctan(t),
for t € Rt and s(00) = 1.

For i as above define:

) R(A,n;,y)
+ _ inf Sl RACE- VAN Rape .
Z; m {S<r( 7ni,y>).77”,<y<yz}

. L(A,z,m;)
zi =inf{s| —— |1z <z <my
l(A, z,m;)
(with the convention: ¢/0 = oo for ¢ > 0) and:
2 = min{z;, 2}
Then we define a 27-periodic function H(A) : R — R*:
p (A)t) +z-{if t=x;+2nm or t =y +2n7
H(A)(t) = for some i€{l,...k} and n€Z
p*(A)(t) in other cases
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This function induces a function H(A) on S' by the formula H(A)(x) =
H(A)(t), where t is an arbitrary number such that p(t) = z. Unfortunately

A

H(A)(x) is not always < 1, hence B(H(A)) (where the map B was defined
at the begining of Section 3) does not need to be contained in B? but we can
"stretch” it using the method of Section 4:

Definition 27 Define the map H : Co(2) \ {B*} — Co(2) \ {B?} by:

~

H(A) = a(A)(conv(B(H(A)))),

where the map

_ a0

a(A) =k ke GL(2,R),

0 ay’

k € O(2), is a right "stretching” as defined in Section 4.
Lemma 28 The map H is an O(2)-equivariant, continuous, e-close to the
identity map from (Co(2) \ {B?*}) to Cy(2) \ B(C*(S*,R")), i.e. its image is
disjoint with that of F.

A sketch of a proof of the last lemma can be found in [O].
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