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Bȩdlewo, June 15 - 21, 2014 / Vector Measures VI



Subject

The title refers to a problem in the 1972 paper ‘On Radon
maps with values in arbitrary topological vector
spaces, and their integral extensions’. In that paper
Thomas developed an integration theory of scalar
functions with respect to a vector Radon measure (à la
Bourbaki). His TVS’s were truly general - no local
convexity was assumed.
Thomas writes: It has been shown that L1(µ) is a C-space,
at least when X is a Banach C-space. Whether this is the
case in general, is an unsolved question even if X is an
F-space.
Actually, Thomas knew that ‘this was the case’ for locally
convex spaces X . He himself proved it by the end of
sixties. In the 1972 paper he was able to extend the theory
with no constraints on X and hence the question.
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Series

A series
∑

xn in a Banach space X , is sometimes called
weakly unconditionally converging (wuc) if, for each
x ′ ∈ X ′,

∑
| < xn, x ′ > | <∞. In Bourbaki’s terminology,∑

xn is scalarly converging.
The 1929 theorem of Orlicz proclaims that if X is weakly
sequentially complete, then every scalarly converging
series is (subseries) convergent in X . A characterization
was given by Pełczyński in 1957 and the result became
known as the Bessaga-Pełczyński Theorem:
A Banach space X 6⊃ c0 iff every scalarly converging
series is converging in X (i.e., is subseries convergent in
the norm topology of X).
In 1970, Tumarkin extended the result to the case of a
sequentially complete locally convex Hausdorff space.
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Integration

Suppose that an integral
∫

f dµ of a scalar-valued function
with respect to a vector measure µ with values in a locally
convex space X is defined. It is rather natural to consider
‘scalarly integrable’ functions f such that

∫
f d < µ, x ′ >

exists for each x ′ ∈ X ′. Then, perhaps the first important
question that comes to mind is: What are spaces X such
that scalarly integrable functions are integrable?
ET did not know the Bessaga-Pełczyński Theorem but,
needing the property, he introduced in 1967 ‘weakly∑

-complete spaces’ and proved the theorem he was after:
If X is weakly

∑
-complete, then his L1(µ) is composed of

scalarly µ-integrable functions.
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C-spaces

The next year, he introduced C-spaces (under a different
name, the name C-space was coined by his supervisor L.
Schwartz). A series

∑
xn in X is a C-series if

∑
anxn

converges in X for each (an) ∈ c0. A tvs X is a C-space if
every C-series converges in X . Thomas proved that a
sequentially complete locally convex space is a C-space iff
it is weakly

∑
-complete.

But the definition of a C-space works for any TVS! The
connection with the Bessaga-Pełczyński Theorem was
established in 1975 by Kalton: A sequentially complete
Hausdorff tvs is a C-space iff it does not contain c0.
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Reformulation

Suppose that L1(µ) is a vector lattice that is a solid vector
subspace of L0(µ) and, topologically, using the terminology
of Aliprantis and Burkinshaw, is a locally solid Riesz space.
This e.g. is the case when X is locally convex (in which
case L1(µ) is locally convex as well).
For such a ‘tRs’ non-containment of c0 usually is equivalent
to being σ-Lebesgue σ-Levi. ‘Usually’ in this case means:
when the space has a separating dual. In general, this
type of equivalence most probably does not hold. Reason:
Orlicz L0-theorem over a submeasure does not seem likely.
Since for a locally convex X our L1(µ) is always
σ-Lebesgue, in a locally convex case an equivalent answer
to Thomas problem is: if X does not contain c0, then L1(µ)
is σ-Levi (i.e. Beppo Levi or Monotone Convergence
Theorem holds).
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If X 6⊃ c0 then L1(µ) is σ-Levi

It is in that form that the Thomas problem will be
answered positively for any X .
Bourbaki is history, and Radon vector measures are buried
with him. So let us say a few words about the integration
over vector measures today. The measure µ is defined
over a σ-algebra A of subsets of a set T , takes values in a
Hausdorff sequentially complete TVS X and the convex
hull of its range is a bounded set in X . The original
definition of BDS works.
An A-measurable function f (t) is integrable if there exists
a sequence fn of simple functions converging µ-a.e. to f on
T such that

∫
A f dµ = limn

∫
A fn dµ exists in X for every

A ∈ A.



BDS-integral

The space L1(µ) of BDS-integrable functions is a vector
lattice and a TVS under its natural topology τ1 given by
F -seminorms

|f |1 = sup
{∣∣∣∣∫

A
f dµ

∣∣∣∣ : A ∈ A

}
,

where | . | run through F -seminorms of X . However, in
general, the space is not solid in L0(µ), τ1 is not locally
solid and the Lebesgue DCT does not work.
The correct object is the largest vector subspace of L1(µ)
that is solid in L0(µ). It has all needed properties. In
particular, it is locally solid as TVS and the Lebesgue DCT
works. Notation: L1

◦(µ).



TT -integral

L1
◦(µ) is in fact the space of TT-integrable functions (TT is

for Thomas and Turpin). Turpin knew that his definition of
the integral was equivalent to the definition of Thomas.
Although French, for him the vector measure was a
convexly bounded µ : A→ X . His 1975 definition follows.
An A-measurable function f (t) is TT -integrable if there
exists a sequence fn of simple functions converging µ-a.e.
to f on T such that

∫
fh dµ = limn

∫
fnh dµ exists in X for

every h ∈ B∞(µ). One shows that one can also use
essentially bounded functions fn in the definition. The
topology τ1

◦ on L1
◦(µ) is defined by the F -seminorms

|f |1 = sup
{∣∣∣∣∫ fh dµ

∣∣∣∣ : h ∈ B∞(µ)
}
,

where | . | run through F -seminorms of X .



Proof of σ-Levi property (Beppo Levi Theorem)

Let (fn) be an increasing bounded sequence of nonnegative
functions in L1

◦(µ). The definition of the topology in L1
◦(µ) implies

that M = {
∫

T fnh dµ : n ∈ N,h ∈ B∞(µ)} is a bounded set in X .
We need proving that the pointwise supremum on T ,
f := supn fn, belongs to L1

◦(µ). We first show that f is finite µ-a.e.
If not, then there is a non-µ-zero set A ∈ A such that f (t) =∞
for all t ∈ A. Of course, we may assume that µ(A) 6= 0. An
application of the Egorov theorem (for the submeasure
majorant µ with respect to a continuous F -seminorm ‖·‖ on X
such that ‖µ(A)‖ > 0) allows us also to assume that fn → f
uniformly on A. That is, kn := inft∈A fn(t)→∞ as n→∞. Then∫

T knχA dµ = knµ(A) would be in M for every n which is
impossible because M is bounded in X .
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Proof continued

Hence we may assume that f (t) <∞ for all t ∈ T . Let (Ak ) be a
measurable partition of T such that f is bounded on each of the
sets Ak . Denote Bk = A1 ∪ · · · ∪ Ak for k ∈ N, and fix any
h ∈ B∞(µ). We claim that the series

∑
k
∫

Ak
fh dµ is a C-series

in X . Take any sequence of reals (ak ) with |ak | ≤ 1 for each k .
Then, for all K ,n ∈ N,

K∑
k=1

ak

∫
Ak

fnh dµ =
∫

T
fn
( K∑

k=1

akχAk

)
h dµ ∈ M.

Next note that, for any fixed K , the integrands in the last integral
converge to f (

∑K
k=1 akχAk )h on T as n→∞, and all are in

absolute value ≤ f |h|χBK ∈ L1(µ).



End of proof

In consequence, by the dominated convergence theorem,

K∑
k=1

ak

∫
Ak

fh dµ ∈ M.

As M is a bounded set, we have just checked that our series is
a C-series.
Since X is sequentially complete C-space, the series∑∞

k=1
∫

Ak
fh dµ converges in X . Therefore, if gn := fχBn , then

gn ∈ L∞(µ), gn → f on T , and the limit limn
∫

T gnh dµ exists in X
for every h ∈ B∞(µ). Hence f ∈ L1

◦(µ).



Proposition
The following are equivalent.
(a) L1

◦(µ) 6= L1
•.

(b) There is a lattice isomorphism J : `∞ → L1
• with

J(c0) = J(`∞) ∩ L1
◦(µ).

(c) There is a lattice isomorphism J : c0 → L1
◦(µ).


