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1. A touch of algebraic geometry

Algebraic geometry, at least in its most basic form, studies sets defined by polynomial equations.
Such sets are called algebraic. We will begin our encounter with algebraic geometry through
afhine algebraic geometry where one studies algebraic subsets of the affine space k" over a field
k. In this chapter we will introduce some very basic notion in the language of algebraic geometry
a’la Weil.

Let k be a field. Soon we will restrict ourselves to algebraically closed sets, but the basic definitions
make sense of arbitrary fields. We also fix a natural number n.

1.1. Afhne algebraic sets

Definition 1.1. Let I C k[X,..., X,,]. The zero set of I is the set
V(I)={ack|fla)=0forall fel}.
We call sets of this form affine algebraic sets.

Note that if I’ is the ideal generated by I, then V (I) = V (I’). There is therefore no harm in
assuming in the above definition that [ is an ideal.

Lemma 1.2. Let I, J, (L), 4 be ideals of k [X1,. .., X,)]. The following properties hold
1LV 0) =k V({1}) =0,
2. VUV (J)=V (L)),
3.V (Xaeala) = NacaV (L),
Proof See Exercise 1.4. 0

Lemma 1.2 implies that affine algebraic sets form the closed sets of a topology on k™ (and thus on
any subset of k"). We call this topology the Zariski topology on £". From now on this is the
default topology on k™ and its subsets.

Definition 1.3. A subset V' C k" is called a quasi-afhine algebraic set if it is an open subset of
an affine algebraic set.

Recall that a ring R is noetherian if any ideal of R is finitely generated or equivalently: any
ascending chain of ideals stabilizes. The following is a standard theorem proven in any reasonable
algebra course.

Fact 1.4 (Hilbert Basis Theorem). If R is a noetherian ring then so is the ring R[X].

Since fields are clearly noetherian rings, a trivial inductive argument yields the following.

Corollary 1.5. The ring k[ X1, ..., X,] is noetherian.

Corollary 1.5 has a natural geometric intepretation. To state it we need the following definition.

Definition 1.6. A topological space X is called noetherian if there is no strictly descending chain
Xo2X12...2X, 2 ... of closed subsets of X.



Noetherian spaces are quite orthogonal to spaces one typically has in minds (like the reals or man-
ifolds). Nonetheless, they are ubiquitous in algebraic geometry as seen by the following results.

Proposition 1.7. Any affine algebraic set is a noetherian space.

Proof. Since any affine algebraic subset of k" is closed, an chain of closed subsets of in V is also a
chain of closed subsets of k™. It suffices thus to prove that k™ is a noetherian space. Let X, 2 X; D
... 2 k™ be an infinite chain of closed subsets of £". By the definition of the Zariski topology, for
each k there is some ideal I}, < k[X1,. .., X,,] such that X}, = V(I). Since X} 2 X1 we have

Xp=XonXiN..NX, =VUo)NV()N...0N V() =V(Io+...I)
by Lemma 1.2. Therefore by replacing I, by Iy + ... + I;, we may assume that
ILhCchLCcClhC...

so by Corollary 1.5 we have that Iy = Iy, = ... for some N. Thus Xy = Xy41 = ..., which
proves that k™ is noetherian. O

1.2. Dimension

Definition 1.8. A topological space X is called irreducible if there are no proper closed subsets
X1, Xy € X such that X = X; U X,. In the case X is an (quasi-)affine algebraic set, we call X an
(quasi-)athne variety.

Proposition 1.9. Let X be a noetherian space. Then there exist irreducible closed subsets X, ..., X,, € X
such that X = X; U ... U X,,. Assuming that X; € X; for all i, j, the sets X1, ..., X, are uniquely
determined up to permutation.

Sketch of a proof. 1f X is irreducible, then there is nothing to do. Otherwise X = X; U X, for some
proper closed subsets X1, Xs C X. If X; is irreducible, leave it be and move to X,. Otherwise
X1 = Xj1 U Xy for some proper closed sets X171, X12 € Xj... This process has to terminate as

otherwise we would have constructed an infinite chain of closed sets X; 2 X;; 2 .... Uniqueness
is left as an exercise (see Exercise 1.1). O
We call the sets X, .., X, from Proposition 1.9 the irreducible components of X.

Irreducible sets allow us to define the notion of dimension of a noetherian space X. Let us intro-
duce (only for the sake of the next definition) the following terminology: a strictly ascending of
nonempty irreducible closed sets Xy C ... C X,, C X is called a chain of length n in X.

Definition 1.10. Let X be a noetherian space. Let X We define the dimension of X as

dim X := sup {n € w| there exists an chain of length n in X } € NU{oo}.

It is pretty easy to see that dim k' = 1 (as the topology on k! is the cofinite topology) but already
showing that the plane £? has dimension 2 is a nontrivial task! We give a recipe for that in Exercise
1.16.

For future model-theoretic reasons, the following will unassuming fact will be important.

Lemma 1.11. A Zariski closed set V' has dimension > n + 1 ifand only ifthere disjoint Zariski closed
sets Vi, Va, ... CV, each of dimension > n.

Proof. See Exercise 2.5. [



1.3. Hilberts Nullstellensatz

Theorem 1.12 (Weak Nullstellensatz). Assume that k is algebraically closed and let I <k[ X, ..., X,)]
be a proper ideal. Then V (I) is nonempty.

Definition 1.13. Let R be a ring and let I < R be an ideal. The radical of I
VT := {a € R| there is some n € N such that a™ € I},
An ideal I is called radical if I = /1.
Definition 1.14. Let A C k" be any set. We define the vanishing ideal as the set
Za={f€klXi,....X,]|f(a)=0foralla € A}.

Theorem 1.15 (Nullstellensatz). Assume that k is an algebraically closed field. For any ideal is I we
have that Ty = V.

1.4. The ring of regular functions. Morphisms.

Definition 1.16. Let V' C k™ be an afhne algebraic set. A function f: V' — Fk is called regular if
there is a polynomial F' € k[X7,..., X,] such that f(a) = F(a) foralla € V.

Definition 1.17. Let V C k™, W C k" be afhne algebraic sets. We say that a function f: V — W
is a morphism if there are polynomials f1, ..., f, € k[X1, ..., X,,] such that

f(a) = (fi(a), ..., fula))
foralla e W.

Note that f: U — V as above yields a morphism f*: O(V) — O(W) given by f*(p) = ¢ o f for
p e OW).

Proposition 1.18. The ring O(V') is isomorphic (as a k-algebra) to k[ X1, ..., X,]/ Iy.



Exercises

Noetherian spaces

Exercise 1.1. Show that the irreducible components of a noetherian space are uniquely deter-
mined.

The Zariski topology

Exercise 1.2. Consider the map f: k — k* defined by f(t) = (¢,¢*,¢*). Show that the image of f
is Zariski closed.

Exercise 1.3. (A continuation of Exercise 1.2) For k = C give an example of a morphism f: k* — k
whose image is not Zariski closed. Note that the image of your f is a sum of sets of the form X \ Y
where X and Y are Zariski closed. For k£ = R give an example of a morphism f: k* — k which
does not have this property.

Exercise 1.4. Let I, J, I,(ov € A) be ideals of k [ X1, ..., X,]. Show the following:
1. V) =k V({1}) =0,
2. V(IHUuV (J)=V(1J),
3.V (Xaeala) = NacaV (o).

Exercise 1.5. Let R = k[X1,..., X,] and let f € R be a non-constant polynomial.

1. Assume that f is square-free (i. e. not divisible by a square of any irreducible polynomial).
Show that the ideal (f) is radical.

2. Describe the ideal (f) for arbitrary f.

Exercise 1.6. Show that an ideal 7 < R is radical if and only if the quotient ring R/ is reduced i.
e. has no nonzero nilpotent elements.

Exercise 1.7. Let R = k[X1,..., X,] let I <t R be a proper ideal. Show that /T is equal to the
intersection of all maximal ideals m < R containing I. Hint: think geometrically and use the
Nullstellensatz.

Exercise 1.8. Show that the radical of an ideal I < R is equal of the intersection of all prime ideals
p < R containing [. Show that for R = k[X,, ..., X,,] finitely many ideals sufhice. Hint: For the
former Zorn’s Lemma might be useful. For the latter: think geometrically.

Regular functions and morphisms. Duality of geometry and algebra

Exercise 1.9. Let V C k™ be an afhine algebraic set.

1. Show that O(V) is isomorphic as a k-algebra to k[ X1, ..., X, ]/ Zy.

2. Assume that k is algebraically closed. How can homomorphisms of k-algebras O(V) — &
be interpreted geometrically? Is this intepretation still valid if & = R?

3. Assume that k is algebraically closed. Describe how to see at the level of O(V') the follwoing
properties: V' is irreducible, V' is finite, V' is a point?
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Exercise 1.10. Let R be a ring and let I < R be an ideal. Show that the following correspondence
is a bijection.

{ideals J< R/I} — {ideals J < R such that J D I}

J — ! (])
w(J) <— J

Show that under this correspondence prime (resp. maximal, resp. radical) ideals correspond to
prime (resp. maximal, resp. radical) ideals. Use this to describe the ideals of O(V') geometrically.

Exercise 1.11. Show that the definition of f* makes sense, i. e. that p o f € O(V) dla ¢
O(W) and that f* is a homomorphism of k-algebras. Show that under the identification O(V)
k[X1,...,X,]/ Zy the homomorphism f* corresponds to the homomorphism od k-algebras

[l m

Fok[Xe, . X/ Tw — K[X4,..., X)) Ty
given by f(X; + Zw) = fi + Zy (first show that f is well-defined).
Exercise 1.12. Let f: V — W be a morphism of affine algebraic sets.
1. Show that f is injective if f* is surjective and that the converse does not hold.

2. Show that the image of f is dense in W if and only if f* in injective.

Exercise 1.13. Let V be an affine algebraic set. Make the following statement precise and then
prove it: a choice of a finite tuple of generators of the k-algebra O(V') is the same as embedding
V into an afhine space.

Exercise 1.14. Let V be an affine algebraic set. Show that O(V) is reduced (vide: Exercise 1.6)
finitely generated k-algebra and that each reduced finitely generated k-algebra is of the form O (W)
for some afhne algebraic set .

Planar curves

Exercise 1.15. Let V be an affine algebraic set. Show that the following conditions are equivalent.

1. V is disconnected (as a topological space).

2. There exist some f,g € O(V)such that f> = f,¢> =g, fg=0,f+g=1.
Suggestion: It is good idea to try to understand (geometrically) what f and g should be e.g. by
starting with the case when V' is a disjoint sum of two lines.
Planar curves

An affine planar curve is a closed subset of 42 all of whose irreducible components have dimension
1.

Exercise 1.16. Show that £* is two-dimensional by following the following plan.

1. Show that dim k% > 2.



2. Prove that if F,G € k[X, Y]\ k are coprime then the set V(F, G) is finite.

3. Show that if pg C p1 C po a chain of prime ideals in £[X, Y] then p, = (0), p1 generated by
an irreducible polynomial and ps is maximal.

4. Deduce that dim k% = 2.

Exercise 1.17. Deduce from 1.16 that planar curves are precisely the zero-sets of non-constant
polynomials F' € k[X,Y]. When do two non-constant ideals F,G € k[X,Y] define the same
planar curves? Describe the irreducible components of V().

Exercise 1.18. Let C = V(X? — Y?) C k? i niech f: k — k? be the morphism f(t) = (¢, ¢%).
Check that the image of f is exactly C. Show that f is a bijective morphism & — C' (even a
homeomorphism) but not an isomorphism (i. e. f~! is not a morphism).



2. Algebraically closed fields

Let us cast the very basic geometry developed so far into model-theoric terms. The less model-
theoretically inclined reader should consults Appendix A for basic facts and definitions, if needed.

Notation 2.1. We consider the language of rings £,,, consisting of two constant symbols 0, 1
and three binary function symbols +, —, . Every ring (and thus also every field) is a naturally
an L,ng-structure, with 0,1, +, —, - interpreted in the obvious way. The theory of algebraically
closed fields ACF is the £,,,-theory whose models are precisely algebraically closed fields (con-
sidered as £,,,-structures as in the previous sentence). For p being a prime number or zero we can
also consider the theory of algebraically closed fields of characteristic p. We denote this £,,,-theory
by ACF,.

2.1. Quantifier elimination and its consequences

Definition 2.2. Let £ be a language and let T be an £-theory. We say that T’ eliminates quanti-
fiers (or that 7 admits quantifier elimination) if for every £ formula ¢(Z) there is a quantifier-
free formula ¢ (7) such that T+ VZ(¢(Z) <> ¥(T)).

Remark 2.3. In Definition 2.2 it is enough to check ¢(Z) which are existential i. e. of the form
Jy0(z,7) for some quantifier-free formula 6(z, 7).

There is a nice semantic criterion for quantifier elimination.

Fact 2.4. Assume that L has at least one constant symbol and let ¢(T) be an L-formula. Then the following
are equivalent.

1. There is a quantifier-free formula 1(T) such that T - VT ($(T) <> Y (T)).

2. Assume M, My are models ofT and N C M, My is a common L-substructure. Thenfor any
a € N we have M, |= (@) if and only if M, = 9 (a).

Proposition 2.5. The Emg—theory ACF, eliminates quantiﬁers.

Proof. We will use Fact 2.4 together with Remark 2.3. O

Corollary 2.6. The theory ACF), is model-complete, i. e. whenever k C K is an extension of models of
ACF, we have k < K. Explicitely, for every L,q(k)-formula ¢(T) and any tuple @ € k we have

k = ¢(@) if and only if K = ¢(a).

Proof. Thanks to Mr Madrala (who pointed out that this is a future exercise in Ludomir’s course)
the reader is left to discover a proof by herself/himself (see Exercise 2.1). O

Model-completeness is an extremely useful property. Think about it - if you want to prove some-
thing about a tuple @ € k relative to your model & you can instead move to some model K D k as
big and fancy as you like (and are able to construct). Or the other way around: if & thinks some
law holds in k, then K also adheres to that law. Of course we are limited to thinks expressible in
first-order logic, but this is still a powerful property.

As an example we will use the above strategy to prove Hilbert’s Nullstellensatz, as promised in the
previous chapter.



Theorem 2.7 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field and let I <k[ X, ..., X,]
be an ideal. Then Ty = V.

Proof. 1t is easy to check that Zy ;) D VI so let us prove the reverse inclusion. Take f € Zy (.

By Exercise 1.8 we know that VT is the intersection of all prime ideals p containing I, so let
us fix a prime ideal p D I and let us show that f € p. Since p is a prime ideal, the quotient

ring R = k[Xy,...,X,]/p is 2 domain, so we can form its field of fractions Ry, which in turn
has an algebraic closure X' O Ry. Note that & C R C K. Fix a set of generators g1, ..., g, of
I <Qk[X,...,X,]. Unwinding the meaning of “f € Zy(;y”! we can translate it into the following
statement:

kE(VT) (0 (T)=...=gn(@) =0 = f(T)=0).
Since k C K we have by 2.6 that K has to think the same about g1, ..., g, f! That is

KEMD) (@) =...=g.(7) =0 = f(7)=0). (©)

Let us apply the above for Zsettoa = (X +p, ..., X, + p) € K" Using intensive staring we see
that quite tautologically we have
h(@)=h+p

forany h € k[X1,..., X,], in particular we getfori =1,...,n
9 (@) = gi+p =0k

because g; € I C p. By (V) we have that f (@) = 0, so again by starring we have
f+p=[(a@)=0k

hence f € p as desired. O

Recall that an £-theory T' is complete if for any L-sentence 6 we have that T = 0 or T = 6.
This is equivalent to saying that all models of 7" have the same opinion abut 0, i.e. either for all
M =T we have M = 0 or for all M |= T we have M = 4.

Corollary 2.8. The theory ACF,, is complete.

Proof. Let F be the prime field of characteristic p (i. e. the field F, with p elements if p > 0 and Q
if p=0). Let K1, K> = ACF,. Let 6 be any L,,,,-sentence. By Fact 2.4 for

M1:K17M2:K27N:F

we get that M, = 0 if and only if M, = 6. This means that any model of ACF, has the same
opinion about 6, thus ACF,, is complete. O

Quantifier elimination of ACF), has a natural geometric intepretation. For this we need to intro-
duce the following terminology.

Definition 2.9. Let X be a noetherian space and let Y C X. We say that Y is constructible if it
is a boolean combination of closed subsets of X.

Remark 2.10. Note that in the case X = k" constructible sets are precisely the quantifier-free
definable subsets of k" (see also Exercise 2.4). Proposition 2.5 can be thus stated as: the definable
sets in ACF are precisely the constructible sets.

1“If @ € k™ is a zero of every element of I, the @ is also a zero of f”.
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Corollary 2.11 (Chevalley’s Theorem). Let f: V — W be a morphism of affine algebraic sets. Then
for any constructible set U C V' its image f(U) is a constructible subset of W.

Remark 2.12. It turns out that algebraically closed fields are the only field which eliminate quan-
tifiers in the language L,,, (see Exercise 2.4). One might ask whether there are interesting ex-
amples of fields which eliminate quantifiers after naming some specific definable sets. There is
a construction called the morleyization of a theory which achieves this almost tautologically for
any theory, but in our context it is hardly interesting. A more natural example is the theory of
(R,+,—,-,0,1,>). The ordering relation z < y on R is definable in the field-language via the for-
mula (3z) (y — = = 2z?). This means that adding < to the language adds no new definable sets, but
it turns out that it yields quantifier elimination. One may say that (3z) (y — x = 2?) is essentially
the only non-eliminable existential formula.

2.2. Fields of definition

For convenience we assume in this section that £ is an algebraically closed of characteristic
zero. The positive characteristic case is not much different, but the slight additional inconviniences
might disturb the presentation. Some examples of positive characteristic quirks are discussed in the
exercises.

Definition 2.13. Let ky C k be a subfield, not neccesarily algebraically closed. We say that an
affine algebraic set V' C k" is defined over k if the Z can be generated by polynomials f, ... f,
with coeflicients in kq. In this situation we may also say that V' is ko-closed. We say that V" is
ko-irreducible (or a ko-variety).

Example 2.14 (Somewhat stupid, but it delivers a point). Let us work with k = C. The variety
V = V(rX — nY) is defined over R and Q(7) but also over Q. A fortiori Q is the smallest field
over which V is defined. The variety W = V(X — V2Y') is defined over C, R and Q[v/2], but not
over Q(~+/17). In fact in can be checked that Q[v/2] is the smallest field over which W is defined.

In the above example V and W both admit smallest field over which they are defined. It is not
particulary suprising as these are varieties defined by very simple equations. One might suspect
that for more complicated algebraic sets V' there are maybe several minimal fields ky over which
V is defined, or that maybe therea are no minimal ones at all. The following result of Weil proves
doubters wrong: there is always a smallest field ky over which V' is defined. This is stricking! It
implies in particular that if you can defined V' using polynomials over a field k; and a field k», then
you can define V' using polynomials over k; N ks.

Definition 2.15. Let V' be an afline algebraic set. We call a field £y, C k the field of definition
of V if ky is the smallest field over which V is defined.

It is absolutely unclear that fields of definitions exists, but we will prove that they do. Before doing
50, let us note the following property.

Lemma 2.16. Let V be an aﬁqne algebmic set. Iftheﬁeld ofa'eﬁni[ions ky ofV exists, then it isﬁnitely
generated (as a freld over Q).

Proof. See Exercise 2.15. ]

Lemma 2.16 will also follow directly from our construction of ki (see Theorem 2.20), but it is
good to notice that it is true by general reasons.

Now time for an auxilliary lemma, for which we need a piece of notation.
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Notation 2.17. Let o Aut(k) be any field automorphism. Such o naturally induces a bijection on
k™, which we also denote by 0. Moreover ¢ induces an automorphism of k[X, ..., X, ] by acting
on k by o and fixing X, ..., X, and by abuse of notation we denote it also by o.

Remark 2.18. It is easy to see that for an affine algebraic set V and an automorphism o Aut(k) we
have that o(V') is also an afhine algebraic set. Moreover Z, ) = o (Zv). In particular (V) = V' if
and only lfO'(Iv) = I\/.

Lemma 2.19. Let V be an affine algebraic set and let ko be a field over which V' is defined. Assume that
for any o € Aut(k) we have oy, = idy, if and only if o(V)) = V. Then ky is the field of definition of V.

Proof. We have to check that whenever k; C k is a field over V is defined then &y C k. By Galois
theory in order to show ko C k; it is enough to show that any o € Aut(k) which fixes k; pointwise
fixes also ko.? So take o € Aut(k) which fixes k; pointwise. Since V is defined over k; we have
o(V) =V so by assumption |y, = idy, as desired. O

Theorem 2.20. Every aﬁqne algebmic set V admits aﬁeld ofdeﬁnition ky.

Proof. Denote by I = Zy the vanishing ideal of V. The ring R := k[Xi, ..., X,] is a k-vector
space and the set of all monomials (in variables X1, ..., X,,) is a basis of R over k. Let (m;: i < w)
be an enumeration of all monomials. The quotient R/ is also a k-vector space and the elements
mo + I, my + I,... span R/I, so we may choose a subsequence (b;: j < w) of (m;: i < w) such
that by + I,by + I,... is a basis of R/I. For every i < wlet o, a},... € k be the coordinates of
m; + I relative to this basis, i.e. for big enough j < w we have o] = 0 and

J<w
Let ky be the field generated by all the coeficients o for 4, j < w. We will prove that ky satisfies
the assumptions of Lemma 2.19 from which it will follows that ky is the field of definition of V.
Deﬁne fz =m; — Zj<w Ckgbj e 1.
Claim 1. V is defined over ky. More precisely, Zy is generated by fo, f1,.. ..
I Take firstany f € Rand write f = >, #'m; (here upper i is a superscript, not exponentiation).

We have
FHI=D 8 albj+1=>" (Zﬁ”a{) b;
i<w j<w j<w \i<w
thus f € I exactly when 3°,_ 'a] for all j < w. But then
d Bfi=) 8 (mi - Zazbj) == Bm=f
<w <w J<w 1<w
as desired. =

Claim 2. For any o € Aut(k) we have 0|, =idy, ifand only if o(V) = V.
F The “only if” part holds simply because V' is defined over ky by Claim 1. For the “if” part,

assume o € Aut(k) fixes V setwise. We want to show oy, = idy,, i.e. that o (o) = of for all

i

i,j < w. Since o(V) =V we have o(I) = I... =
Claim 1 and Claim 2 mean that ky satisfy the assumptions of Lemma 2.19, hence by this lemma
we have that ky is the field of definition of V. O

2Here we use our assumption that & has characteristic zero - otherwise we would need to care about separability.
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Corollary 2.21. For any aﬁne algebmic set' V there is aﬁnite tuple ¢ € k such that an automorphism
o € Aut(k) fixes V setwise if and only if o fixes € pointwise.

Proof. Let ky be the field of definition of V, which exists by Theorem 2.20. By Lemma 2.16 there
is some finite tuple ¢ such that ky = Q (¢). Clearly o € Aut(k) fixes ky pointwise if and only if it
fixes ¢, so Lemma 2.19 the proof is finished. O

Remark 2.22. Essentially the same proof as in Theorem 2.20 and Corollary 2.21 gives the fol-
lowing: every ideal of the ring R = k[X;,..., X,,,...] of polynomials in infinitely many variables

admits a field of definition. We leave it to the reader to make this statement precise and supply a

proof.

Corollary 2.21 motivates the following definition.

Definition 2.23. Let T be an £L-theory, let M = T be a sufhciently saturated model, X a definable
set in M and ¢ € M a tuple. We say that € is a canonical parameter for X (or a code for X) if
any automorphism o € Aut(k) fixes X setwise if and only if o fixes € pointwise.

The name “canonical parameter” is explained by the following result.

Lemma 2.24. Let T be a L-theory, let M be a sufficiently saturated model of T\ let X be a definable set
in M and let ¢ € M be a tuple. Then the following conditions are equivalent.

1. € is a canonical parameter ofX

2. There exists an L-formula ¢(x,y) such that X = $(M,¢) and whenever @ # ¢ we have X =
o(M,T)

Proof. See Exercise 2.14. ]

So a canonical parameter for X is a tuple ¢ which appears as a parameter in a formula defining X and
in this formula only using ¢ as parameters results in X (so in a way tuple € is canonical).

Corollary 2.25. Every definable set in ACFq has a code.
Proof. We know that two things:

1. Zariski closed sets have codes by Corollary 2.21.

2. The definable sets in ACFy are precisely the locally constructible sets (see Remark 2.10), so
are boolean combinations of Zariski closed sets.

One can combine these two facts to show that every definable set in ACF, has a code (which is
the content of Exercise 2.16). O

2.3. Imaginaries and how to eliminate them

Equivalence relations and quotient set are all over the place in mathematics. If X is a definable set
in some model M and E is a definable equivalence on X then the quotient set X/E is something
that M sees and can touch but it is not directly a definable set. Elimination of imaginaries is the
ability to treat X/F like a definable set.
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Definition 2.26. We say that an a structure M eliminates imaginaries (or admits elimination
of imaginaries) if for every n < w and every 0-definable equivalence relation E on M™ there is
some k < w and a 0-definable map fr: M™ — MP* such that for a,b € M™ we have aEb if and
only if fz(a) = fr(b). We say that a theory T' eliminates imaginaries (or admits elimination
of imaginaries) if every model of 7" eliminates imaginaries.

Intuitively, the function f expresses the quotient set A"/ as a bona fide definable set f(X) C M*.

Example 2.27. We work in k = ACF,. Let E be the equivalence relation on k? defined via the
formula

(21, 2) B (y1,92) <= {71, 22} = {y1, v2}

which is easily seen to be definable. Set f: k* — k* as f(a,b) = (a + b,ab). By kindergarten
algebra we have that {a;, a2} = {b1, b2} if and only if f(ay,as) = f(b1, o).

Remark 2.28. It is easy to see that if 7' is complete then it is enough to check the conditions from
Definition 2.26 for a single model M |= T (see Exercise 2.10).

Lemma 2.29. Assume that T' eliminates imaginaries. Then every definable set has a code.

Proof. (<=) Let E(z,y) be a formula defining an equivalence relation on a definable set X
E(z,y)

(=) Assume that T eliminates imaginaries and let X be a definable set defined by a formula
¢(x,a), wherea € M™. Let E C M™ x M™ be the equivalence relation defined via the formula

e(yla y2) = (VZL‘) (¢(x7y1) — gb(x,yg))

or in other words @, Ea, exactly when ¢(z, @) and ¢(x, as) define the same set. Since T eliminates
imaginaries there is some & < w and a 0- definable function fz: — Y such that

dlEGQ lf and Ol’lly 1ff(51) = f(ag)
for all @y, @, € U. It is now easy to check that ¢ := f(a) is a code for X. O

Lemma 2.30. Assume that L contains at least two constant symbols c1,co and T = o # co. Then T
eliminates imaginaries if and only if every definable set in T has a code.

Proof. See Exercise 2.12. ]

Combining Lemma 2.30 with Corollary 2.25 yields the following.

Proposition 2.31. The theory ACF eliminates imaginaries.

2.4. Types

Recall the following.

Definition 2.32. A partial type over A in variables T is simply a set of £(A)-formulas in variables
Z. A partial type 7 (T) is consistent if for any finitely many formulas ¢, (7),..., ¢, (T) € 7 (T)
there is some @ € M such that M = A\, ¢; (@). A type 7 (T) over A is complete it is consistent
and for any £(A)-formula ¢ (Z) we have ¢ (Z) € 7 (%) or —¢ (T) € 7 (7).
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You may think of a complete type as descriptions of an ideal element of M. See Appendix A for
more on types.

Definition 2.33. Let ky C k be a field and let V' C k™ be an affine ky-variety. The generic type
of V over ky is the type py, (z) € S, (ko) saying “I am in V but in no proper kq-subvariety of V.

Proposition 2.34. Every complete n-type over kq is the generic type of a unique ko-variety V.

Proof. Uniqueness is left as an easy exercise (see Exercise 2.6), so let us focus on existence. Let
p € S,(ko) be a type and let F be the family of all k-closed sets on which p concentrates. Since
p is a type, the family F has the finite intersection property. The intersection V := () F is thus a
Zariski closed and clearly p concentrates on V. Moreover, V' is ko-irreducile: if V' = V; U V5 for
some ko-closed subsets Vi, Vo C V then p (being complete) has to concentrate on V; or V5 and thus
by minimality of V' we have that V;, =V or V, = V. O

By the above proposition the following definition makes sense.

Definition 2.35. The dimension of a complete type p € S, (ko) is the dimension of the unique
ko-variety V for which p = py .

Definition 2.36. Let ky C k; be subfields of k, let p € S, (ko) be a complete type of ko and let
q € Sn(k1) be an extension of p (i.e. ¢ O p). We say that ¢ is a forking extension (or that the
extension p C ¢ forks).

One should think that a non-forking extension ¢ of p is a “free extension”, in a sense that it imposes

no significantly new restrictions. >.

2.5. Two remarks on dimension

Fact 2.37. The dimension of an affine variety V is equal to the transcendence degree of k(V') over V.

Lemma 2.38. Work in k = ACF. Then a definable set V' has dimension > n + 1 if and only if there
disjoint definable sets Vi, Vs, ... CV, each of dimension > n.

Proof. See Exercise 2.5. ]

Note that Lemma 2.38 allows us to define dimension of definable sets in ACF without refering to
the Zariski topology.*

Comments

Marker’s book [1] has a nice introduction to the model theory of ACF (Chapter 3, Section 3.2).
His approach to elimination of imaginaries is different and does not mention fields of definition.
The proof of Proposition 2.20 (first proven by Weil) is taken from Poizat’s paper [2], where he
introduced the notion of elimination of imaginaries.

Not every theory T eliminates imaginaries (see Exercise 2.17 for a concrete example), but there is
a canonical construction way to “expand” T' to a theory 7°¢ in a bigger language £7, so that any
model

*Model-theorists are peculiar creatures and they name desired properties by negating an undesired property. Be-
” &«

cause of this we have “non-forking”, “not the independece property”, “no finite cover property” and so on.
*We just invented the Morley rank!
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1. M |= T extends uniquely to a model M®9 |= T,
2. All definable subsets of M inside A/°% are already definable in M.

3. M* eliminates imaginaries.

Essentially for every 0-definable equivalence relation E we add to M new elements corresponding
to F-classes.

Exercises

Unless said otherwise, & is an algebraically closed field of characteristic zero and types, definable
sets et cetera are considered in the theory ACF and its models.

Some basic properties of ACF

Exercise 2.1. Show that the theory ACF is model complete.

Exercise 2.2. The Lefschetz Principle is a rule of thumb saying that whatever hold in algebraic
geometry over C should hold over all algebraically closed fields, at least of sufficiently large char-
acteristic. This might be formalized, which is the goal of this exercise. For an L£,,,-sentence ¢
show that the following conditions are equivalent.

1. ACF, = 6.
2. ACF, E ¢ for all suthciently large p.
3. ACF, |= ¢ for infinitely many p.

Note that we might in the above F, = ¢ instead of ACF,, = ¢ and C = ¢ instead of ACF |~ ¢.

Exercise 2.3. Prove the following fact (called sometimes the Ax-Grothendieck theorem): if
f: C" — C" in an injective polynomial map, then f is surjective. Hint: Use the previous exercise.

Exercise 2.4. We want to explore quantifier-elimination in fields.

1. Show that over any field k (considered in the language L., as always) the constructible
subsets of k™ coincide with quantifier-free definable subsets.

2. Show that the statement of the Chevalley Theorem for a field & is equivalent to quantifier-
elimination in k.

3. Given an example of a field & which does not eliminate quantifiers in £,,,. In particular, the
Chevalley Theorem has to fail in £.

4. (x) Show that a field admiting quantifier elimination in the language L, is algebraically
closed. Warning: This might be hard or borderline impossible to solve with the theory we
have developed till now. After learning some w-stability theory we will be able to prove a
more general statement.

Exercise 2.5. Show that a definable set V' has dimension > n + 1 if and only if there disjoint
definable sets V;, V5, ... C V, each of dimension > n.

>More precisely, the naive version of Chevalley’s theorem fails for k; the scheme-theoretic version is valid over any

field.
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Types in ACF

Exercise 2.6. Let V, W C k™ be ko-varieties such that pyx, = pw,. Show that V' =W.

Exercise 2.7. Leta € k™ and set p = tp(a/ko). From the lecture we know that there is a ky-variety
V such that p = py,. Describe V directly in terms of a.

Exercise 2.8. Show that p € S, (k) is equal to the largest number & for which there is a chain of
extensions of complete types po C p1 C ... C p,, where py = p and for each i = 0,...,m — 1 the
extension p; C p;, forks.

Exercise 2.9. Describe the Stone topology on the space of types S, (k). Is there any connection
to geometry?

Imaginaries

Exercise 2.10. Assume that 7' is a complete theory. Show that T" eliminates imaginaries if and
only if some model of T" does so.

Exercise 2.11. (An extension of Example 2.27) Describe how to treat finite sets (of a given cardi-
nality) as imaginary elements. Give a recipe how to eliminate them in the theory of fields.

Exercise 2.12. Let £ be a language and let 7' be an £-theory. Assume that £ contains at least two
constant symbols ¢, ¢; and that T |= ¢; # ¢o. Show that T eliminates imaginaries if and only if
every definable set in 7" has a code.

Exercise 2.13 (A good reason for eliminating imaginaries). Let us introduce the following local
definition: we say that a theory T' defines sections if every surjective map f: X — Y admits a
definable section, i.e. a definable map g: Y — X such that f o g = idy.°

1. Show that if T' defines sections then 7' eliminates imaginaries.

2. Show that ACF does not define sections. In particular, the converse of the previous item does

not hold.

Exercise 2.14. Let T be a L-theory and let M be a sufhiciently saturated model of 7. Let X be a
definable set in M and let ¢ be a tuple. Prove that the following conditions are equivalent.

1. ¢ 1is a canonical parameter of X

2. There exists an L-formula ¢(x,y) such that X = ¢(M,¢) and whenever @ # ¢ we have
X = ¢(M,7)

Exercise 2.15. Let V be an afhine algebraic set.

1. Let K C L C M be a tower of field extensions. Show that if M is finitely generated over K,
then L is finitely generated over K.

2. Show that the field of definition of V' is finitely generated over Q without refering to a direct
construction of ky .

Exercise 2.16. Show that every definable set in ACF, has a code.

The theory of R as an ordered field has this property. More generally, o-minimal theories define sections.
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Exercise 2.17. Let K be a field. The theory of vector spaces over K is defined as follows. We
define a language £ consisting of a constant symbol 0, a binary function symbol + and for each
r € K a unary function symbol A,. If V is a vector space over K, then we consider it as an £-
structure as follows: 0 and + have a guessable interpretation and A, for r € K is intepreted as the
scalar multiplication A, (v) =7 - v.

Now, let K be a finite field with at least 3 element and let T be the theory of infinite K-vector
spaces. Show that 7" does not eliminate imaginaries.
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A. Survival guide in model theory

tl:dr

A.1. Languages and structures. Syntactics vs semantics.

A symbol is, well, a something you may write on paper. Each symbol belong to exactly one of

the following types:

1. constant symbols, typically denoted by letters like ¢,
2. relational symbols, typically denoted by letters like R, P, .. .,

3. function symbols, typically denoted by letters like f, g, . ...

Moreover, each relational and each function symbol have a prescribed arity, which is a natural
number.” A relational/function symbol of arity n is also called and n-ary relational/function sym-

»

bol. We also say “unary” instead of “1-ary”, “binary” instead of “2-ary” and “ternary” instead of
‘53_ary,’.

Example A.1. L,

A language simply a set of symbols. We denote languages typically by letters like £, possibly with
sub- and superscripts.

Symbols can be intepreted (“given a meaning”) in a set. What an intepretation of a symbol in a
set M depends on the type of the symbol:

1. the interpretation of a constant symbol ¢ is simply an element ¢™ € M,
2. the interpretation of an n-ary function symbol f is a function f*: M™ — M,

3. the interpretation of an n-ary relational symbol R is an n-ary relation RM C M™.

An L-structure is a set M equipped with an interpretation of each symbol in L.

Function symbols are interpreted as (actual) functions and functions can be composed with each
other, evaluated on constants and so on. A syntactic counterpart of this is the notion of a term.

A.1.1. Terms and sentences. Satisfaction.
Definition A.2. The set of all £-terms is constructed recursively as follows.

1. Every constant symbol and every variable symbol is a term (called also an atomic term).

2. Itm,...,7, are terms and f € L is an n-ary function symbol, then f (7,...,7,) is also a
term.

Definition A.3. An atomic L-formula is

1. R(m,...,T,) for any n-ary relational symbol R € L.

"For simplicity, let us work only with arities at least 1. It
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2. 71 = T for some L-terms

Definition A.4. Let M be an L-structure, let (x4, ... x,) be an L-formulaand letay, ..., a, € M
be elements. We recursively define the relation M = 0(ay, ..., a,) (read as: M satisfies 6(as, . . ., ay)
or...):

1.

A.1.2. Theories and models

From now on we fix a language £. An L-theory is simply a set of £-sentences.

A.1.3. Exercises

Exercise A.1. asd

1. 3

Exercise A.2. Let Lompty = 0 be the empty language. This is a completely legal language - every
element of £ is a symbol, isn’t it? - though it might seem weird at first. It cannot express much,
but it can express something - remember that we can use =.

1. What is an Leppty-structure? What are the Loppey-terms?

2. Fix a natural number n. Write down an L pty-sentence ¢,, such that M = T if and only if
M has at i) least n elements ii) at most n elements iii) exactly n elements.

3. Write down an Leppy-theory 7' whose models are exactly infinite sets.

A.2. Theories and models cntn’d

A model of T is simply an £-structure 7" such
The following is the most important basic tool in model theory and is the equivalent of breathing
for model-theorists.

Theorem A.5 (The compactness theorem). Assume for every finite subset Ty C T has a model. Then
T has a model.

If you can patch them up into a model of T'.%
Invoke “by compactness” and hope for the best.

funny story: Piotr Blaszkiewicz once asked me for some help in understanding the proof of a
model-theoretic result. At one point the authors write “By a standard compactness argument we
get that there is...”. Piotr asked me if I could provide this standard argument, to which I foolishly
agreed. Itsounded trivial at first, I regretted it immediately. Writing down explicitely the language
and theory used in this compactness argument took both blackboards in the seminar room 704.

Remark A.6. A set
Definition A.7. gg
Theorem A.8. g¢

OK, this is a priori a lie, since maybe the proof of the compactness theorem is e.g. by contradiction. One can
however prove this theorem by really patching up the models M7, into a model of 7.
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A.3. Naming constants and other tricks

A.4. Up and down

Theorem A.9 (Upward Léwenheim-Skolem theorem).

Theorem A.10 (Downward Léwenheim-Skolem theorem). s

The following is the most important basic tool in model theory and is the equivalent of breathing
for model-theorists.

Theorem A.11 (The compactness theorem).

A.5. Types

A.6. Taming monsters

It is often convenient to do everything in one big model of a theory which contains all sets and
model.

Definition A.12.

Warning A.13. If we work in a monster model ¢/ |= T then typically by “a (small) model of 7
we mean an elementary submodel of T, not an arbitrary submodel. Of course in the context of a
model-complete theory this makes no difference.

Fact A.14. A definable set X is A-definable if and only if it is A-invariant. a € dcl(A) if and only if
o(a) = a for any o € Aut(k). a € acl(A) if and only if o(a) = a for any o € Aut(k).
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