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While spectral multiplier theorems for a single left-invariant differential operator on a nilpotent
Lie group have been obtained in quite general contexts (see, e.g., the result of Christ [1] and
Mauceri and Meda [6] for a sublaplacian on a stratified Lie group), joint spectral multipliers of
several differential operators have been considered only in special cases, e.g., on Heisenberg and
related groups (see Mauceri [5]; Müller, Ricci and Stein [7], [8]; Fraser [2], [3]; Veneruso [11]).

Our results are about joint spectral multipliers on a general homogeneous Lie group, and are
essentially two: one is of Mihlin-Hörmander type, the other is of Marcinkiewicz type. They
involve weighted subcoercive operators, which are a large class of left-invariant differential op-
erators — containing, e.g., elliptic operators, sublaplacians and positive Rockland operators —
for which “Gaussian” heat kernel estimates hold [10]. The condition on the multiplier is stated
in terms of a Hölder norm

‖f‖Cs =
∑
|α|≤bsc

‖Dαf‖∞ +
∑
|α|=bsc

sup
ξ 6=ξ′

|Dαf(ξ)−Dαf(ξ′)|
|ξ − ξ′|s−bsc

for some (non-integer) real s > 0, or a multi-parameter Sobolev norm

‖f‖2Hs =
∫

Rn

|f̂(ξ)|2 (1 + |ξ1|)2s1 · · · (1 + |ξn|)2sn dξ

for some s = (s1, . . . , sn) ∈ Rn.

Theorem 1. Let G be a homogeneous Lie group with degree of polynomial growth Q. Let
L1, . . . , Ln be a family of pairwise-commuting, formally self-adjoint, homogeneous left-invariant
differential operators on G which generate an algebra containing a weighted subcoercive operator.
Let moreover dj be the homogeneous degree of Lj. If m is a bounded Borel function on Rn, a
sufficient condition for the operator m(L1, . . . , Ln) to be bounded on Lp(G) for 1 < p <∞ is

sup
r>0
‖mr η‖Cs <∞ for some s >

Q

2

where mr(ξ) = m(r−d1ξ1, . . . , r−dnξn) and η ∈ D(Rn) is non-negative and supported on an
annulus centered at the origin.

Theorem 2. For j = 1, . . . , n, let Lj be a self-adjoint Rockland operator on a homogeneous Lie
group Gj with degree of polynomial growth Qj. Suppose that all the Gj are closed subgroups of
a unimodular Lie group G, and moreover that L1, . . . , Ln, as differential operators on G, have a
joint spectral resolution. If m is a bounded Borel function on Rn, a sufficient condition for the
operator m(L1, . . . , Ln) to be bounded on Lp(G) for 1 < p <∞ is

sup
r1,...,rn>0

‖mr η ⊗ · · · ⊗ η‖Hs <∞ for some s1 >
Q1

2
, . . . , sn >

Qn
2

where mr(ξ) = m(r−1
1 ξ1, . . . , r

−1
n ξn) and η ∈ D(R) is non-negative and supported on an annulus

centered at the origin.

In particular cases we are able to improve the results by lowering the regularity threshold.
For instance, in the case of H-type groups, the degree of polynomial growth can be replaced by
the topological dimension, using the technique of Hebisch and Zienkiewicz [4].

1



2 ALESSIO MARTINI

References

[1] M. Christ. Lp bounds for spectral multipliers on nilpotent groups. Transactions of the American Mathemat-

ical Society, 328:73–81, 1991.

[2] A. J. Fraser. An (n + 1)-fold Marcinkiewicz multiplier theorem on the Heisenberg group. Bulletin of the
Australian Mathematical Society, 63(1):35–58, 2001.

[3] A. J. Fraser. Convolution kernels of (n + 1)-fold Marcinkiewicz multipliers on the Heisenberg group. Bulletin

of the Australian Mathematical Society, 64(3):353–376, 2001.
[4] W. Hebisch and J. Zienkiewicz. Multiplier theorem on generalized Heisenberg groups. II. Colloquium Math-

ematicum, 69(1):29–36, 1995.

[5] G. Mauceri. Zonal multipliers on the Heisenberg group. Pacific Journal of Mathematics, 95(1):143–159, 1981.
[6] G. Mauceri and S. Meda. Vector-valued multipliers on stratified groups. Revista Matemática Iberoamericana,
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