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1 Introduction

Let L = (Rni
i )i∈I be a countable relational language and XL =

∏
i∈I 2ω

ni be the corresponding topological
space under the product topology. We consider XL as the space of all L-structures on ω (see Section 2.5 in [4]
or Section 2.D of [2] for details). If F is a countable fragment 1 of Lω1ω, then the family of all sets Mod(φ, s̄) =
{M ∈ XL : M |= φ(s̄)}, where φ ∈ F , s̄ ∈ ω, forms a basis of a topology on XL which will be denoted by tF
(it is easy to see that the fragment of quantifier-free first-order formulas defines the original product topology).
The group S∞ of all permutations of ω has the natural action on XL and the action is continuous with respect
to tF . It is called the logic action of S∞ corresponding to the fragment F . If M ∈ XL, then we can code
in HF(M) some properties of the above basis of the topology tF and properties of some invariant subsets of
the logic action. Model-theoretic forcing provides natural examples of such sets. This approach is based on the
standard coding of terms, formulas and logic rules in HF(ω) (see [1]). Moreover computable relations between
these objects can be coded by Σ-formulas of the language of HF(M). As a result we can analyse complexity
of some relations induced by tF through the complexity of formulas defining them in HF(M). The aim of our
paper is to show that this approach can be substantially extended to Polish group actions and nice topologies
(introduced in [3]). Using ideas of [5] we give some illustrations of the method.

To present our approach in more detail we should remind the reader some definitions. In particular we must
explain what a nice topology is.

Preliminaries. A Polish space (group) is a separable, completely metrizable topological space (group). If a
Polish group G continuously acts on a Polish space X , then we say that X is a Polish G-space. We usually
assume that G is considered under a left-invariant metric. We simply say that a subset of X is invariant if it is
G-invariant.

We consider the group S∞ of all permutations of the set ω of natural numbers under the usual left invariant
metric d defined by

d(f, g) = 2−min{k:f(k) 6=g(k)}, whenever f 6= g.

For a finie set D of natural numbers let idD be the identity map D → D and VD be the group of all permutations
stabilizing D pointwise, i.e., VD = {f ∈ S∞ : f(k) = k for every k ∈ D}. Writing idn or Vn we treat n as the
set of all natural numbers less than n.

Let S<∞ denote the set of all bijections between finite substes of ω. We shall use small greek letters δ, σ, τ to
denote elements of S<∞. For any σ ∈ S<∞ let dom[σ], rng[σ] denote the domain and the range of σ respectively.
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2 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

For every σ ∈ S<∞ let Vσ = {f ∈ S∞ : f ⊇ σ}. Then for any f ∈ Vσ we have Vσ = fVdom[σ] = Vrng[σ]f .
Thus the family N = {Vσ : σ ∈ S<∞} consists of all left (right) cosets of all subgroups VD as above. This is a
basis of the topology of S∞.

Given σ ∈ S<∞ and D ⊆ dom[σ] for any f ∈ Vσ we have V fD = Vσ[D], where V fD denotes the conjugate
fVDf

−1.
In our paper we concentrate on Polish G-spaces, where G is a closed subgroup of S∞. For such a group we

shall use the relativized version of the above, i.e., V Gσ = {f ∈ G : f ⊇ σ}, SG<∞ = {f |D : f ∈ G and D is a
finite set of natural numbers } (observe that for any subgroup G and any finite set D of natural numbers we have
idD ∈ SG<∞) and V Gσ = Vσ ∩G. The family NG = {V Gσ : σ ∈ SG<∞} is a basis of the standard topology of G.

All basic facts concerning Polish G-spaces can be found in [4], [8] and [11].
Since we frequently use Vaught transforms, recall the corresponding definitions. The Vaught ∗-transform of

a set B ⊆ X with respect to an open H ⊆ G is the set B∗H = {x ∈ X : {g ∈ H : gx ∈ B} is comeagre in
H}. We will also use another Vaught transform B∆H = {x ∈ X : {g ∈ H : gx ∈ B} is not meagre in H}. It is
worth noting that for any open B ⊆ X and any open K < G we have B∆K = KB. Indeed, by continuity of the
action for any x ∈ KB and g ∈ K with gx ∈ B there are open neighbourhoods K1 ⊆ K and B1 ⊆ KB of g
and x respectively so that K1B1 ⊆ B; thus x ∈ B∆K . Other basic properties of Vaught transforms can be found
in [4].

It is also assumed in the paper that the reader is already acquainted with the most basic notions of admissible
sets. Any necessary background can be easily provided by [1] and [5].

We only remind the reader that an admissible set A is a transitive model of KPU, in the sense of [1]. Such
models are considered as two-sorted structures of some language L with symbols ∅,∈, where one of the sorts
corresponds to urelements and usually forms a relational first-order structure with respect to the symbols of L
distinct from ∅ and ∈. Here we assume that A satisfies KPU with respect to all formulas of L (A is admissible
with respect to L [17]).

Nice bases. We now define nice topologies. Let G be a closed subgroup of S∞ and let (〈X, τ〉, G) be a Polish
G-space with a countable basis A consisting of clopen sets. Along with the topology τ we shall consider another
topology on X . The following definition comes from [3].

Definition 1.1 A topology t onX is nice for the G-space (〈X, τ〉, G) if the following conditions are satisfied.
(a) t is a Polish topology, t is finer than τ and the G-action remains continuous with respect to t.
(b) There exists a basis B for t such that:

(i) B is countable;
(ii) for all B1, B2 ∈ B, B1 ∩B2 ∈ B;
(iii) for all B ∈ B, X \B ∈ B;
(iv) for all B ∈ B and u ∈ NG, B∗u ∈ B;
(v) for any B ∈ B there exists an open subgroup H < G such that B is invariant
under the corresponding H-action.

A basis satisfying condition (b) is called a nice basis.

In this definition B∗u denotes the Vaught ∗-transform of B. It is noticed in [3] that any nice basis also satisfies
property (b)(iv) of the definition above for ∆-transforms. As we have already mentioned above, for any B ∈ B
and any open K < G we have B∆K = K ·B.

From now on t will always stand for a nice topology on X and B will be its nice basis. Observe that any
nice basis is invariant in the sense that for every g ∈ G and B ∈ B we have gB ∈ B. Indeed, by (v),
there is u ∈ NG such that B is u-invariant. Using properties of Vaught transforms, we obtain the equalities
gB = gB∗u = B∗ug

−1
. Then we are done by (iv).

By Theorem 1.11 from [3] for any G-space (X, τ) as in Definition 1.1 a nice topology t always exists. As-
suming that a nice basis Bt of such a t is chosen, we can now analyse in HF(ω) appropriate versions of the
model-theoretic forcing relation (see Section 5 below). Here we assume that Bt is coded by a subset of HF(ω).

Nice bases naturally arise when we consider the situation described in the beginning of our introduction. Let
L be a countable relational language and XL be the corresponding S∞-space under the product topology τ and
the corresponding logic action of S∞. Let tF be the topology on XL corresponding to some countable fragment
of Lω1ω-formulas as it was described above. Theorem 1.10 of [3] states that if F is closed with respect to
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quantifiers, then tF is nice. As we already noted in this case the basis defining tF can be coded in HF(ω) and in
any HF(M), M ∈ XL.

Note that in this case the complexity of relations on Bt corresponds to the complexity of the formulas defining
them in HF(ω). To have this property in the case of nice topologies produced by some general methods (for
example by Theorem 1.11 of [3]), we must also arrange that Bt is coded in HF(ω) in some effective way. This
means that we need some ”effective constructions” of nice bases.

In our paper we show how this approach can be realized in the case of an arbitrary G-space with G <c S∞.
In Section 2 we associate to any x ∈ X a first-order structure Mx and the admissible set HF(Mx). The latter
will play the role of HF(M) as in the case of the logic action. In Section 3 we show how nice bases arise in this
situation and in Section 4 we show that these bases can be coded in HF(Mx) in an appropriate way. In Section
5 we describe how the questions involving Baire category can be formalized in the admissible sets which we
have just introduced. It will be shown there that for some class of Borel sets codable in appropriate HF(Mx),
the natural forcing relation corresponding to τ is also codable in HF(Mx). We pay special attention to the
question of complexity of this coding. Proposition 5.4 has become a useful tool in these respects. We illustrate
our approach by some model-theoretic examples. The most interesting one, the case of generic automorphisms
of (Q, <), is contained in Section 6. In order to analyse definability of forcing in HF(Mf ), f ∈ A(Q), we prove
decidability of Th(Q, <, f) for generic f . In Section 6 we also show some connections of our methods with
uniformization theorems in admissible sets.

2 First-order structures arising in Polish group actions

Let G be a closed subgroup of S∞ and (X, τ) be a Polish G-space. We now define a map from X to a class of
first-order structures such that the image is a G-space where the action of G is induced by the logic action of S∞.

LetA be a a countable basis of (X, τ) consisting of clopen sets and closed with respect to ∩ and complements.
We assume that each A of A is H-invariant with respect to some basic subgroup H ∈ NG.

To each x ∈ X we assign a structure Mx defined on the disjont union NG ∪ A. In the structure Mx the sorts
A and NG are considered as a partially ordered sets with respect to the relations of inclusion ⊆ together with the
corresponding operations ∩ and the greatest elements X and G. Moreover A also has the operations of union
and complement and forms a Boolean algebra. We add predicates VG and VGm for the set of all basic subgroups
from NG and for the set of all maximal basic subgroups respectively. We also consider the following relations:

(a) Inv(V,U) ⇔ (V ∈ VG) ∧ (U ∈ A) ∧ (U is V -invariant );
(b) Orbm,n(N,V1, ..., Vm, Vm+1, ..., V2m, U1, ..., Un, Un+1, ..., U2n) ⇔ (N ∈ NG) ∧

∧2m
i=1(Vi ∈ VG)∧∧2n

i=1(Ui ∈ A) ∧ ( the tuple (Vm+1, ..., V2m, Un+1, ..., U2n) is of the form (V g1 , ..., V
g
m, gU1, ..., gUn) for some

g ∈ N);
(c) Sat1(U) ⇔ (U ∈ A) ∧ (x ∈ U);
Thus each basic set A ∈ A consists of all x with Mx |= Sat1(A). The following relation definable in Mx,

will be helpful in several places below:

Sat2(V,U) ⇔ (∃U ′ ∈ A)(Orb0,1(V,U, U ′) ∧ (V ∈ VG) ∧ (x ∈ U ′)).

Let Q be a G-orbit of some A ∈ A or N ∈ NG (under the conjugation). Then we define the relation OQ
distinguishing Q in A (or in NG) as follows:

U ∈ OQ ↔ Orb0,1(G,A,U) (resp. V ∈ OQ ↔ Orb1,0(G,N, V ) ).

Let LNA be the language of Mx. It is easy to see that the map x→Mx is a continuous map to the space of all
LNA-structures. Moreover if x and x′ are in the same G-orbit then the structures Mx and Mx′ are isomorphic.

Remark 2.1 It can happen that Mx and Mx′ are isomorphic while x and x′ belong to distinct orbits. To see
this consider the subgroup Seven < S∞ of all permutations stabilizing the set of even numbers. Consider the
action of Seven on the space XL of all structures of one unary predicate P (i.e. L = 〈P 〉). Let x denote the
L-structure where P = {0, 2} and x′ denote the structure where P = {1, 3}. It is obvious that x and x′ belong
to distinct G-orbits, but the correspondence 2n↔ 2n+ 1 induces an isomorphism between Mx and Mx′ .
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4 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

Admissible sets HF(Mx), x ∈ X , are the main object of the paper. To explain how this is situated in the
general picture consider the case of the logic action. Let S∞ act on the space XL of all L-structures on ω by
the action defined as in Introduction. We will now show that for any x ∈ XL the structure Mx can be naturally
interpreted in the admissible set HF(x) (and vice versa). In view of the approach of [5] this suggests that for
arbitrary G-spaces the questions of computability and complexity can be viewed as ones concerning definability
in HF(Mx) 2 . This leads us to studying admissible sets HF(Mx) in general.

Proposition 2.2 Let x ∈ XL and M be the L-structure on ω corresponding to x. Then M is Σ-definable in
Mx (possibly with parameters) and Mx is Σ-definable in HF(M) without parameters.

P r o o f. Let us prove that M is Σ-definable in Mx. We interpret M by the set VGm of all maximal elements
of VG. They obviously consist of S∞-stabilizers of elements of M (i.e. of natural numbers). Let θ be the map
a ∈M → Stab(S∞/a).

Let us fix a sequence of pairwise distinct elements ai ∈ ω, i ≤ r, where r is the arity of L. For every m-ary
relation Q of the language of M we fix the basic set AQ = Mod(Q(a1, ..., am)) as a parameter from Mx. Let
Ki = Stab(S∞/ai), i ≤ r. By introducing new relations we may ensure that the structure M satisfies all axioms
of the form Q(x1, ..., xm) →

∧
i 6=j xi 6= xj

Now for V1, ..., Vm ∈ VGm(Mx) we define the Mx-version of Q as follows:

(V1, ..., Vm) ∈ Q if Mx |= (∃U)(Orbm,1(S∞,K1, ...,Kn, V1, ..., Vm, A, U) ∧ Sat1(U)).

It is worth noting that for every tuple (c1, ..., cm) of m distinct elements the basic set defined by the formula
Q(c1, ..., cm) is in the same S∞-orbit with A. Using this we see that the map θ preserves Q and ¬Q.

Let us define Mx in HF(M). Elements of VS∞ are interpreted by finite subsets of ω and elements of N S∞

are interpreted by 1-1-functions between finite subsets of ω. Both sets are definable in HF(M) by first-order
∆-formulas (see [1] or [5]). Note that VS∞m just corresponds to the set ω.

We often consider elements of VS∞ as the corresponding identity functions. The NA-relation of inclusion ⊂
on N S∞ is defined by f ⊆ g ⇔ ”g is a restriction of f”. Thus the definition is again in ∆.

We interpret elements of A by quantifier-free formulas with parameters from M and without free variables.
It is straightforward that A can be coded in HF(M) by a set ∆-definable without parameters (see [1]). The
operations ¬, ∧ and ∨ play the role of ′, ∩ and ∪. This also defines the (partial) ordering of A. The remained
basic relations are defined as follows.
Inv(V,U) ⇔ ”the set V contains the set of parameters of U”;
Orbm,n(N,V1, ..., Vm, Vm+1, ..., V2m, U1, ...Un, ..., U2n) ⇔ ”there is a bijection between the set of all pa-

rameters arising in V1, ..., Vm and the formulas U1, ..., Un and the set of all parameters arising in Vm+1, ..., V2m

and the formulas Un+1, ..., U2n which extends the map defining N and maps each Vi (the code of each Ui) to
Vi+m, i ≤ m (to the code of Un+i, i ≤ n)”;
Sat1(U) ⇔ ” the structure M satisfies U”.
Using some standard tricks (the second recursion theorem, Section 5.4 of [1]) we see that all these sentences

are formalized in HF(M) by Σ-formulas.

3 Nice topologies induced by HF

We preserve all the assumptions of the previous part of the section. Consider the map defined there which assigns
to each x ∈ X a structure Mx defined on the disjont union NG ∪ A. As above let LNA be the language of Mx.
The following fact is a version of a well-known theorem from logic.

Proposition 3.1 For any Lω1ω-formula φ(V̄ , W̄ , Ū , Z̄) of the language LNA and any tuples Ā ∈ A and
H̄ ∈ NG, the subset Mod(φ, H̄, Ā) = {(x, K̄, C̄) : Mx |= φ(K̄, H̄, C̄, Ā)} of the corresponding space
X × (NG)k × Al (where sets A and NG are considered as discrete spaces), is Borel. Moreover, every G-
invariant τ -Borel subset of X is defined in this way by an appropriate formula.

2 Since computability theory defined in HF(∅) coincides with computability defined in (ω, +,×) the book [5] considers Σ-sets defined
in HF(M) as ”computable with respect to M”.
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P r o o f. The proof of the first part of the statement is by induction on the complexity of φ. Assume that φ
is atomic. If, for example, φ is Orb0,1(V,U, U ′), then φ(V,A,U ′) (with free variables V,U ′) defines all triples
(x,K,C) where x is arbitrary and C belongs to the family of all gA, g ∈ K. If φ is Sat1(U) and A ∈ A, then
the corresponding sets for φ(U) and φ(A) are {(x,C) : C ∈ A, x ∈ C} and just A. In these cases (and in the
remaining ones) the sets obtained are obviously Borel.

If φ is of the form
∧
i≤κ ψi(V̄ , W̄ , Ū , Z̄), κ ≤ ω, thenMod(φ, H̄, Ā) is the intersection of the sets {(x, K̄, C̄) :

Mx |= ψi(K̄, H̄, C̄, Ā)}. The cases of other Boolean connectives are similar.
When φ = ∃Vk+1∃Ul+1ψ(V̄ , Vk+1, W̄ , Ū , Ul+1, Z̄), the corresponding subset is the (countable) union⋃

{{(x, K̄, C̄) : Mx |= ψ(K̄,Kk+1, H̄, C̄, Cl+1, Ā)} : Kk+1 ∈ NG and Cl+1 ∈ A}.

To prove the second statement of the proposition we will show that for any Borel set D ⊂ X and any G-orbit
Q ⊂ NG (under the conjugacy action) the set D∗Q := {(x,H) : H ∈ Q and x ∈ D∗H} is defined by an
appropriate formula. When D is G-invariant, this together with the equality D∗{G} = {(x,G) : x ∈ D} would
imply that D is definable.

Let A be a basic clopen subset of X . Assume that A is K-invariant, where K is a basic subgroup of G. Let
H0 ∈ Q. We now have

(x,H) ∈ A∗Q ↔ (H ∈ Q) ∧ (∀∗g ∈ H)(gx ∈ A).

We claim that in this condition the quantifier ∀∗ can be replaced by ∀ and therefore the required formula can be
written as follows (with additional parameters H0 and A):

Orb1,0(G,H0,H) ∧ (∀U ∈ A)(Orb0,1(H,U,X \A) → ¬Sat1(U)).

To see the former note that if H ⊆ K, then the condition (∀∗g ∈ H)(x ∈ g−1A) is equivalent to x ∈ A. In
general note that as the set X \A is open, the sets {g : gx ∈ (X \A)} and H ∩{g : gx ∈ (X \A)} are open too.
If the latter is meagre in H , then it is empty. As a result we see that (∀∗g ∈ H)(gx ∈ A) implies that all g ∈ H
satisfy gx ∈ A.

For the operation of taking the complement, consider the case when all D∗Q are defined by appropriate for-
mulas φQ(V ). We want to find the corresponding formulas for (X \D)∗Q. Notice that (x,H) ∈ (X \D)∗Q if
and only if H ∈ Q and (∀∗g ∈ H)(gx 6∈ D). The latter is equivalent to

(∀N ∈ NG)((N ⊆ H) → ¬(∀∗g ∈ N)(gx ∈ D)).

This can be written as follows.

(∀N ∈ NG)
∧
{((N ⊆ H) ∧ (N ∈ P ) → ¬φP (N)) : P is a G-orbit on NG}.

When D is a countable intersection
⋂
Di then (x,H) ∈ D∗Q if and only if H ∈ Q and x belongs to all D∗Hi .

This condition can be obviously written by an appropriate formula.

Let φ(V̄ , Ū) ∈ Lω1ω and let K̄ ∈ (NG)k and Ā ∈ Al be of the same length as V̄ and respectively Ū . Then
Mod(φ, K̄, Ā) := {x ∈ X : Mx |= φ(K̄, Ā)}. By Proposition 3.1 this is a Borel subset of X . The following
remark will be useful below.

Remark 3.2 If φ(V̄ , Ū) is a quantifier-free first-order formula, thenMod(φ, K̄, Ā) is a Boolean combination
of basic sets from Ā. Indeed, if φ is of the form Sat1(A), then Mod(φ, K̄, Ā) = A. In the remained cases
when φ is an atomic formula, the set Mod(φ, K̄, Ā) is X or ∅. For the rest of the proof it suffices to note that
Mod(¬φ, K̄, Ā) = X \Mod(φ, K̄, Ā) and

Mod(φ ∧ ψ, K̄, Ā) = Mod(φ, K̄, Ā) ∩Mod(ψ, K̄, Ā).

In the following theorem we arrive at a nice basis which will play the leading role in the rest of the paper. It is
defined by means of HF(Mx). The construction is connected with some material of [5].
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6 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

Theorem 3.3 (1) LetF be a countable fragment ofLω1ω closed under quantifying with respect to the language
LNA. Let BF be the family of all subsets of X of the form Mod(φ, K̄, Ā), where φ(V̄ , Ū) ∈ F , K̄ ∈ (NG)k

and Ā ∈ Al. Then BF is a nice basis for the τ -space X .
(2) For every first-order formula φ of the language of HF(Mx) with free variables only of the sorts ofMx and

possibly with parameters from HF(Mx), define Mod(φ, K̄, Ā) for appropriate tuples K̄ ∈ (NG)k and Ā ∈ Al
as {x ∈ X : HF(Mx) |= φ(K̄, Ā)}. Let BHF be the family of all sets of this form. Then BHF is a nice basis.

P r o o f. (1) The fact that BF defines a Polish topology such that the G-action is continuous follows from
some standard arguments, Proposition 3.1 and Lemma 4.2 of [18] (which in particular implies that an extension
of a Polish topology by a countable Borel family generates a Polish topology too). To see Condition (b)(iv) of
Definition 1.1 we show that for any F -sentence φ over a finite set of parameters there is an F -formula φ′(V )
with just one free variable (and with the same parameters), such that Mod(φ′(H)) = (Mod(φ))∗H . We apply
induction on complexity of φ and the proof of the second part of Proposition 3.1. The first step of the induction
(when φ is atomic) follows from the argument of Proposition 3.1 and Remark 3.2). For the case when φ = ¬ψ
and B = Mod(ψ) notice that x ∈ (X \B)∗H if and only if

(∀N ∈ NG)((N ⊆ H) → ¬(∀∗g ∈ N)(gx ∈ B)).

This can be written by (∀N ∈ NG)((N ⊆ H) → ¬ψ′(N)), where ψ′ corresponds to ψ as above.
The case when B ∈ BF is defined by φ =

∧
φi is as in the proof of Proposition 3.1, and the case when

φ = (∀V,U)ψ(V,U) is similar (since all Mx are defined over the same countable set we can replace appropriate
quantifiers ∀ and ∀∗).

Condition (b)(v) of Definition 1.1 follows from the fact that our formulas are defined over finite sets of pa-
rameters and each parameter is invariant with respect to a basic subgroup of G. The remaining conditions of nice
bases are obvious.

(2) In this part of the proof we show that the family BHF can be defined in some fragment of Lω1ω satisfying
the assumptions of the first part of the theorem. At this place we will follow pp.179-180 of [5]. Then the statement
can be obtained by an application of Theorem 3.3(1).

For any m,n ∈ ω, γ ∈ HF({0, ...,m − 1, ..., n + m − 1}) and a pair of tuples V̄ ∈ (NG)m and Ā ∈ An
we define an element γ(K̄, Ā) ∈ HF(Mx) as the image of γ with respect to the natural map HF(n + m) →
HF(Mx) which is induced by (0, ..., n + m − 1) → K̄Ā. There is a term tγ of functions {, }, ∪ and n + m
variables W̄ Ū such that for any (m,n)-tuple N̄C̄ ∈ Mx, HF(Mx) |= γ(N̄ , C̄) = tγ(N̄ , C̄). Note that neither
γ(N̄ , C̄) nor tγ(W̄ , Ū) depend on x.

Let φ(W̄ , Ū) be a fomula as in the formulation of the second part of the theorem (a formula over HF(Mx)
depending only on variables corresponding to urelements). We build an Lω1ω-formula φ∗(W̄ , Ū) of the language
of LNA which is equivalent with φ in the class {Mx : x ∈ X}. We start with a formula φ∗ defined as follows.

(i) If φ does not contain quantifiers, let φ∗ = φ;
(ii) If φ is a Boolean combination of formulasψ and θ, let φ∗ be the corresponding Boolean combination
of ψ∗ and θ∗;
(iii) If φ = Qzψ, where Q ∈ {∀,∃} corresponds to urelements, then let φ∗ = Qzψ∗;
(iv) If φ = ∃zψ, where z corresponds to elements of HF(Mx), then let

φ∗ =
∨
n,m

(
∨
{∃W1...∃Wm∃U1...∃Un(ψ∗)ztγ(W̄ ,Ū) : γ ∈ HF(m+ n)});

(v) If φ = ∀zψ, where z corresponds to elements of HF(Mx), then let

φ∗ =
∧
n,m

(
∧
{∀W1...∀Wm∀U1...∀Un(ψ∗)ztγ(W̄ ,Ū) : γ ∈ HF(m+ n)}).

It is clear that φ∗ is equivalent to φ and all variables of φ∗ correspond to urelements. It remains to transform
formulas of the form t1 = t2 and t1 ∈ t2, where t1 and t2 are are terms with symbols ∅, {, } and ∪. They can be
replaced by quantifier-free formulas without these symbols. As a result we obtain the required formula φ∗.

Our construction guarantees that all formulas of the form φ∗ form a countable fragment of Lω1ω. Applying
the first part of the theorem we obtain the second one.
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4 Bases coded in HF

Let G be a closed subgoup of S∞ and (X, τ) be a Polish G-space. We preserve the assumptions and the notation
above. In particular we assume that A is a Boolean algebra of τ -clopen sets. To each x ∈ X we have already
assigned a structure Mx defined on the disjont union NG ∪ A. Let F be a countable fragment of first-order
formulas of the language of HF(Mx) with free variables only of the sort of Mx (as in Theorem 3.3(2)). Assume
that

the family BF of all subsets of X of the form Mod(φ, K̄, Ā), φ ∈ F , is a nice basis extending A.

In this section we describe a family of bases BF which can be studied by our approach. We also show that
this family contains many natural examples. In particular BHF is one of them (see Lemma 4.2). Thus any Polish
G-space with G <c S∞ has a nice basis with a ”nice coding in all HF(Mx)”. In the next section we will
concentrate on questions how some natural properties of the topology induced by such BF can be described in
HF(Mx).

We take the following assumptions on BF .

(0) BF ⊆ BHF and
any set of the form Mod(φ, K̄, Ā) with quantifier-free φ ∈ F is clopen.

(1) There is a coding of the fragment F (as well as the set of all terms of F ) in HF(Mx) such that
the corresponding set of codes is ∆-definable in any HF(Mx) by a formula which does not depend
on x. By Frm(ẑ) (Term(ẑ) resp.) we denote the corresponding formula. Here we assume that there
are ∆-formulas formalizing the operations induced on codes by ∧, ∨, ¬, ∃ and ∀. We also assume that
there is a formula FrmV (ẑ, v̂) stating that ẑ is a code of an F -formula and v̂ is the code of the tuple
of its free variables.
(2) Let FrmΣ(ẑ) be the relation on HF(Mx) distinguishing the family FΣ ⊂ F of all (codes of)
existential formulas from F . We assume that FrmΣ is ∆ on HF(Mx) and the corresponding definition
does not depend on x.
(3) Let TrΣ(ẑ, û) be the relation defined by FrmΣ(ẑ)∧ (û is a code of a tuple from Mx satisfying ẑ).
We assume that TrΣ(ẑ, û) is defined in HF(Mx) by a Σ-formula which does not depend on x.

Remark 4.1 It is easy to see (using the proof of Proposition 3.1) that the family of τ -open members of BF
contains all sets of the form Mod(φ(C̄)), φ ∈ FΣ, C̄ ⊆ NG ∪ A.

We now give some examples of fragments F satisfying our assumptions. Let FHF be the set of all first-order
formulas of the language of HF(Mx) defining BHF as in Theorem 3.3(2).

Lemma 4.2 The fragment FHF satisfies the assumptions above. The same statement holds for the fragment
of all first-order formulas of the language LNA.

P r o o f. By Theorem 3.3(2) BHF is a nice basis. In this case (as well as in the case of the fragment of all first-
order LNA-formulas), Frm(ẑ), FrmV (ẑ, v̂) and Term(ẑ) can be ∆-defined in HF(∅) through an appropriate
Gödel numbering of all first-order formulas of the theory of HF(Mx) with only free variables for urelements
(for example see Section 2.6 of [5], p.112).

It is a standard fact that the fragment of all first-order LNA-formulas defines a nice basis extending A (see
[3]). By Remark 3.2, quantifier-free LNA-formulas (as well as quantifier-free formulas of HF(Mx) with only
variables for urelements) define clopen sets. In this case the relation FrmΣ is ∆ on HF(Mx) and the correspond-
ing definition does not depend on x. In the case of the fragment FHF the family FΣ consists of all existential
formulas of the theory of HF(Mx) having only free variables corresponding to urelements. The latter formulas
form a ∆-subset of the set of all first-order formulas of the language of HF(Mx).

The theorem of Σ-definability of the truth of Σ-formulas (for example see Theorem 2.6.1 of [5]) states that
the binary relation

{(ẑ, v̂) : ẑ codes a firts-order Σ-formula φ and v̂ codes a tuple C̄ ⊂ HF(Mx) such that HF(Mx) |= φ(C̄)}

is Σ-definable in HF(Mx). This together with the previous paragraph implies that the binary relation TrΣ(ẑ, û)
on codes of existential formulas of FHF (first-order existential formulas of the language of LNA resp.) and tuples
from Mx is Σ-definable in HF(Mx).
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8 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

Consider the case of the logic action of G = S∞ on the space XT of all L-structures on ω of some universal
theory T over a finite relational language L (XT is a closed subset of XL). We will assume that our axioms
imply that Q(x1, ..., xm) →

∧
i 6=j xi 6= xj for any relational symbol Q of L. As we already know the set Lωω

of all first-order formulas with parameters from ω defines a nice basis of XT . Every basic set is of the form
Mod(φ) = {M ∈ XT : M |= φ}, φ ∈ Lωω(ω). Let us show that this basis can be defined by some fragment FT
satisfying assumptions (0) - (3) above.

Consider the interpretaion of x inMx defined in the proof of Proposition 2.2. Let us fix a sequence of pairwise
distinct elements ai ∈ ω, i ≤ r, where r is the arity of L. For every m-ary Q ∈ L we fix the basic set
AQ = Mod(Q(a1, ..., am)) as a parameter from Mx. Let Ki = Stab(S∞/ai), i ≤ r. In Proposition 2.2 the
atomic L-formula Q(V1, ..., Vm) is replaced by

(∃U)(Orbm,1(S∞,K1, ...,Km, V1, ..., Vm, AQ, U) ∧ Sat1(U)).

This gives a procedure which transforms all formulas of the language L into a set of formulas of LNA. Let FT
be the set of all formulas obtained in this way. Note that formulas of FT do not have free variables of the sort A.
It is also clear that the fragment FT is closed under quantifying.

In any Mx the formula of FT corresponding to Q(V1, ..., Vm) is equivalent to

(∀U)(Orbm,1(S∞,K1, ...,Km, V1, ..., Vm, AQ, U) → Sat1(U)).

This means that after appropriate replacements a Σn-formula of the language L with n ≥ 1, is equivalent in all
Mx to a Σn-formula of the language LNA.

Lemma 4.3 The fragment FT satisfies the assumptions of the section.

P r o o f. All first-order L-formulas define a nice basis of XT (see [3]). Thus the same statement holds for
FT . Since FT is a subset of the set of all first-order LNA-formulas and existential L-formulas correspond to
existential formulas of FT , the rest follows from Lemma 4.2.

For an illustration of this lemma consider the language L = 〈R〉 of a single binary relation. Consider the logic
action of S∞ on the space XL of all irreflexive L-structures on ω. For natural numbers 0 and 1 let A1 be the
basic set defined by R(0, 1) and A2 be XL \ A1. Let K0 and K1 be the S∞-stabilizers of 0 and 1 respectively.
The following sentence axiomatizes elements of XL with symmetric R.

( for all maximal V1, V2 ∈ VG)(∃U1 ∈ A)((Sat1(U1) ∧Orb2,1(S∞,K0,K1, V1, V2, A1, U1)) →

(∃U2 ∈ A)(Sat1(U2) ∧Orb2,1(S∞,K1,K0, V1, V2, A1, U2))).

5 Forcing coded in HF

We now concentrate on questions how some natural properties of the topology induced by BF can be described
in HF(Mx). We will see that these questions are related to decidability and arithmetical complexity of first-order
theories. Theorem 5.3 together with Proposition 5.4 are the main results of the section. In the end of the section
we illustrate how they can be applied in concrete situations.

The properties which we study arise as follows. Let (X, τ) be a Polish G-space as above. Let X0 be an
invariant τ -Gδ-subset of X . For A ∈ A with A ∩X0 6= ∅ and a Borel set B we shall write A|̀ X0B in the case
(A \ B) ∩ X0 is meagre in A ∩ X0 (equivalently in X0) and A|`X0∼ B in the case (A ∩ B) ∩ X0 is meagre
in A ∩ X0. We say that A decides B if exactly one of these cases holds. The following definition has been
introduced in [15].

Definition 5.1 Let X0 be an invariant τ -Gδ-set. Let t be a nice topology corresponding to τ (we preserve the
notation of that definition) and B be its nice basis.

(1) We say that an element x ∈ X0 is B-generic in X0 if for every B ∈ B there is a neighbourhood A ∈ A of
x that decides B.

(2) We say that an element x is strictly B-generic if for every B ∈ B

(∃A ∈ A)(x ∈ A ∧A|̀ X0B) ⇔ x ∈ B.
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Since B is a Boolean algebra, every strictly generic element is generic. It is proved in [15] that the set of all
generic elements of X0 is a dense invariant Gδ-subset of X0. On the other hand the set of all strictly generic
elements is a comeagre invariant subset of X0.

Now assume that B = BF , where BF satisfies the assumptions of Section 4. Applying coding introduced in
that section we can analyse complexity of |̀ in appropriate HF(Mx).

We start with the following lemma.

Lemma 5.2 Let φ be a first-order sentence of the language of HF(Mx) (in particular a formula from the
fragment F ) possibly with parameters from HF(NG ∪ A) and let B = Mod(φ).

(1) If φ is a quantifier free formula, then the relation A|`X0 B with A ∈ A, is equivalent to ∅ 6= A ∩X0 ⊆
B ∩X0;

(2) Let φ be equivalent in all HF(Mx) to a conjunction
∧
i∈I φi for some φi with Borel Mod(φi), I ⊆ ω.

Then A|̀ X0 B if and only if for each i ∈ I , A|̀ Mod(φi).
(3) Let φ = ∀zψ(z), where z corresponds to elements γ ∈ HF(NG ∪ A), such that Mod(ψ(γ)) are Borel.

Then A|̀ X0 B if and only if for each γ ∈ HF(NG ∪ A), A|̀ X0 Mod(ψ(γ)).
(4) If φ = ¬ψ, then A| `X0 B if and only if there is no A′ ∈ A such that A′ ∩ X0 ⊆ A ∩ X0 and

A′ |̀ X0 Mod(ψ).

P r o o f. If φ is quantifier free then Mod(φ) is clopen. For example, if φ = (t1 = t2) or φ = (t1 ∈ t2), where
t1, t2 are terms with papameters (in fact ∅ or parameters), then Mod(φ) can be only X or ∅. The remaining cases
follow from Remark 3.2. Now (1) follows from the fact that A and B are clopen.

(2) follows from the fact that (X, τ) is Polish. Since Mx is countable, (3) follows from (2) and the argument
of Theorem 3.3(2). (4) follows from the definition and the fact that A consists of clopen sets.

We now need canonical partitions. Let (〈X, τ〉, G) be a Polish G-space with a countable basis A. By Propo-
sition 2.C.2 of [2] there exists a unique partition of X , X =

⋃
{Yt : t ∈ T}, into invariant Gδ-sets Yt such that

every G-orbit from Yt is dense in Yt. It is called the canonical partition of the G-space X . To construct this
partition take {Aj}, a countable basis of X , and for any t ∈ 2ω define

Yt = (
⋂
{GAj : t(j) = 1}) ∩ (

⋂
{X \GAj : t(j) = 0})

and take T = {t ∈ 2ω : Yt 6= ∅}. In the case of the logic action of S∞ on the space XL of countable L-
structures under the topology tF , each piece of the canonical partition is an equivalence class with respect to the
F -elementary equivalence ≡F [2].

We now assume that X0 as above is contained in a piece of the canonical partition of X into G-invariant
Gδ-subsets. This in particular implies that every G-orbit from X0 is dense in X0. The following theorem is a
counterpart of some well-known theorems from logic (for example see Theorem 7.7 from [7]).

Theorem 5.3 Let X0 be a an invariant τ -Gδ-subset of a piece of the canonical partition and x ∈ X0.
(1) For every formula ψ(W1, ...,Wk, U1, ..., Ul) ∈ F there is a first-order formula φψ(U0, W̄ , Ū) ∈ FHF such

that for any A0, A1, ..., Al ∈ A and K1, ...,Kk ∈ NG the condition HF(Mx) |= φψ(A0, K̄, Ā) is equivalent to
the statement A0 |̀ X0 Mod(ψ, K̄, Ā).

(2) For every formula ψ(W1, ...,Wk, U1, ..., Ul) ∈ F there is a first-order formula θψ(W̄ , Ū) ∈ FHF such that
for anyA1, ..., Al ∈ A andK1, ...,Kk ∈ NG the condition HF(Mx) |= θψ(K̄, Ā) is equivalent to the statement
that there is a neighbourhood A0 ∈ A of x which decides Mod(ψ, K̄, Ā). In particular x is BF -generic if and
only if all formulas of the form ∀W̄ Ūθψ(W̄ , Ū) hold in HF(Mx).

(3) There are first-order Σ-formulas φ̂(ẑ1, ẑ2) and θ̂(ẑ1, ẑ2) of the language of the model HF(Mx) such that

(i) HF(Mx) |= φ̂(ẑ1, ẑ2) if and only if HF(Mx) |= Frm(ẑ1) and ẑ2 is the Gödel code of the formula
φψ corresponding as in (1) to the formula ψ coded by ẑ1.
(ii) HF(Mx) |= θ̂(ẑ1, ẑ2) if and only if HF(Mx) |= Frm(ẑ1) and ẑ2 is the Gödel code of the formula
θψ corresponding as in (2) to the formula ψ coded by ẑ1.
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10 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

P r o o f. (1) Let us show that for any first-order formula ψ(z̄) of the language HF(Mx) there is a first-order
formula φψ(U0, z̄) such that for any A0 ∈ A and appropriate γ̄ ∈ HF(NG ∪ A) the condition HF(Mx) |=
φψ(A0, γ̄) is equivalent to the statement A0|`X0 Mod(ψ, γ̄). This would obviously imply the statement of this
part of the theorem.

Since every G-orbit from X0 is dense in X0, the condition HF(Mx) |= Sat2(G,A0) (see Section 2) is
equivalent to the statement A0 ∩ X0 6= ∅. This in particular implies that for any quantifier-free first-order
sentence ψ with parameters from HF(NG ∪ A), the condition A0|`X0 Mod(ψ) is equivalent to HF(Mx) |=
¬Sat2(G,A0 \Mod(ψ)). As in Remark 3.2 we see that ¬Sat2(G,A0 \Mod(ψ)) is a first-order sentence.

The rest of the proof is by induction on the complexity of ψ. Using Lemma 5.2 we see that in the case when
ψ is of the form ψ1 ∧ ψ2 or ψ1 ∨ ψ2, then φψ can be defined as φψ1 ∧ φψ2 or φψ1 ∨ φψ2 respectively. In the case
ψ = ∀z̄′ψ1(z̄, z̄′) define φψ as ∀z̄′φψ1(U0, z̄

′, z̄). When ψ = ¬ψ1 applying Lemma 5.2 again we see that the
corresponding formula φψ is defined as follows:

∀U ′(Sat2(G,U ′) ∧ ¬Sat2(G,U ′ \ U0) → ¬φψ1(U
′, z̄)).

Now (2) is easy.
Statement (3) is a further formalization of (1) and (2). Here we use some standard tricks of the general theory

of definability in admissible sets (see [1]). To find φ̂(ẑ1, ẑ2) as in the formulation it is enough to formalize 3

the property of (3)(i) by a binary Σ-formula Φ(ẑ1, ẑ2) such that the symbol Φ has only positive appearances in
Φ(ẑ1, ẑ2). By the second recursion theorem (see Section 5.2 of [1]) such Φ(ẑ1, ẑ2) would be a Σ-relation in
HF(Mx).

In fact the procedure of the proof of part (1) gives such a formula Φ(ẑ1, ẑ2). It should contain the description of
ẑ2 in the cases when ẑ1 codes an atomic formula and when ẑ1 codes a formula obtained from some subformulas
by ∧, ∨, ¬ or universal quantifying. It is worth mentioning that the possibility of the corresponding formalization
follows from the assumptions of Section 4, in particular the existence of formulas Frm(ẑ), FrmV (ẑ, v̂) and
formulas describing the codes of the results of operations ∧, ∨, ¬ and quantifying.

The case (3)(ii) is similar.

It is easy to see that there is an appropriate version of Theorem 5.3(2) for strictly generic elements.
The last statement of Theorem 5.3 claims that the complexity of the forcing relation A|̀ X0Mod(φ, K̄, Ā) for

φ ∈ F , is low modulo the problem of truth of some sentences in HF(Mx). We now give an observation, which
shows that assuming that x is ’particulary good’ in the sense of forcing, we obtain some simplifications of the
problem of satisfaction in HF(Mx). We will see later that this observation is very useful and can be applied for
some other questions (see Section 6).

It is proved in [15] that under our assumptions on X0 there is a τ -Gδ-subset X1 ⊆ X0 called a companion
of X0 such that X1 = X0 with respect to τ and any B from the nice basis B is τ -clopen on X1. The following
statement from [15] (which generalizes some facts from model theory) shows how the forcing above arises in this
situation.

Let X0 be a piece of the canonical τ -partition of X . Every companion of X0 is contained in the set of
all elements strictly generic in X0.

This motivates the proposition below.
Let X0 be a piece of the canonical equivalence relation with respect to A and X1 ⊆ X0 be a companion of

X0 with respect to BF . Some version of the following proposition in the case of the logic action has been already
appeared in [13].

Proposition 5.4 Let x ∈ X1 and the set of codes of all sentences θ ∈ F (without parameters) satisfying
HF(Mx) |= θ be ∆-definable in HF(Mx). Then the relation

Tr = {(ẑ, Ĉ) : ẑ codes a formula φ(Z̄) ∈ F and Ĉ codes a tuple C̄ ∈Mx

such that HF(Mx) |= φ(C̄)}
is also a ∆-relation in HF(Mx).

3 inductively
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P r o o f. Recall thatFrmΣ(ẑ) is a ∆-formula distinguishing codes of existential formulas ofF andFrmV (ẑ, v̂)
is a ∆-formula distinguishing codes ẑ of formulas of F together with codes of its free variables. It follows from
the assumptions that the relation

{(ẑ, ẑ′) : ẑ codes a formula φ(Ȳ ) ∈ F and ẑ′ codes a Σ-formula θ(Ȳ ) ∈ F

such that HF(Mx) |= ∀Ȳ (φ(Ȳ ) ↔ θ(Ȳ ))}

is ∆-definable in HF(Mx). Since x ∈ X1, the relation

{(ẑ, Ĉ) : ẑ codes a formula φ(Z̄) ∈ F and Ĉ codes a tuple C̄ ∈Mx

such that HF(Mx) |= φ(C̄)}

is definable in HF(Mx) by

(∃ẑ′)((Ĉ codes a tuple C̄ ∈Mx) ∧ (ẑ codes a formula φ(Z̄) ∈ F )

∧(ẑ′ codes a Σ-formula θ(Ȳ ) ∈ F ) ∧ TrΣ(ẑ′, Ĉ)∧

(HF(Mx) |= ∀Ȳ (φ(Ȳ ) ↔ θ(Ȳ ))).

On the other hand the relation corresponding to HF(Mx) 6|= φ(C̄) is definable by

(∃ẑ′)((Ĉ codes a tuple C̄ ∈Mx) ∧ (ẑ codes a formula φ(Z̄) ∈ F )

∧(ẑ′ codes a Σ-formula θ(Ȳ ) ∈ F ) ∧ TrΣ(ẑ′, Ĉ)∧

(HF(Mx) |= ∀Ȳ (¬φ(Ȳ ) ↔ θ(Ȳ ))).

Since both formulas are Σ we obtain the statement of the proposition.

The following example is a nice illustration of the material above.
Example 5.5 Consider the situation described in the end of Section 4. Let L = 〈R〉 be the language of a

single binary relation. Let T be the theory of all symmetric irreflexive L-structures. Consider the logic action
of S∞ on the space XT of all T -structures on ω. Let x0 be an element of this space defined by a random graph
on ω (i.e. by the axioms stating that for any two finite sets C and D ⊂ ω there is an element adjacent with all
elements from C and not adjacent with any element fom D). Since the theory of random graphs is ω-categorical
and ∀∃-axiomatizable, the S∞-orbit X1 = S∞x0 is a Gδ-subset of XT (apply Vaught’s description of invariant
Σ0
α-subsets of (XT , τ), see [20] and [18], Section 5). By Proposition 1.4 of [15] for any nice topology on XT ,

X1 is a companion of the τ -canonical piece X0 containing x0.
It is worth noting that X1 coincides with the canonical piece of x0 with respect to the nice basis defined by the

set of all first-order formulas (and the corresponding fragment FT , see Lemma 4.3). Indeed, let y belong to the
canonical piece of x0 defined by FT . For two natural numbers m 6= n let A1 be the basic set defined by R(n,m)
and A2 be X \ A1. Let K(m) and K(n) be the S∞-stabilizers of m and n respectively. Then My satisfies all
sentences of the following form:

for all maximal V1, ..., Vk, ..., Vk+l ∈ VG there exist a maximal V ∈ VG such that

(∃U1, ..., Uk, ..., Uk+l ∈ A)(
∧

1≤i≤k+l

Sat1(Ui) ∧
∧

1≤i≤k

Orb2,1(S∞,K(m),K(n), V, Vi, A1, Ui)∧

∧
k<i≤k+l

Orb2,1(S∞,K(m),K(n), V, Vi, A2, Ui)).

This implies that the structure y is a random graph. Thus, by ω-categoricity, y ∈ X1.
Claim. The relation induced on codes of formulas φ(V̄ ) ∈ FT and codes of tuples A0K̄ ∈ Mx0 by the

property A0 |̀ X0Mod(φ, K̄)), is Σ-definable in HF(Mx0).
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12 B. Majcher-Iwanow: Polish group actions, nice topologies and admissible sets

To prove this claim we start with the observation that the property HF(Mx0) |= θ induces on codes of sen-
tences θ ∈ FT a ∆-definable subset in HF(Mx0). We apply the standard procedure of elimination of quantifiers
in the theory of random graphs. According to this procedure we present a formula of the language 〈R〉 in the
prenex form and eliminate its quantifiers from the right to the left. If the rightest quantifier appears in the form
∃z′φ(z′, z̄), we replace this by a formula depending on z̄ which is a disjunction of conjunctions discribing R-
graphs on z̄ which are consistent with ∃z′φ(z′, z̄). 4 When this procedure is applied to a sentence there are only
two possibilities for the final result: 0 =false or 1 =truth.

When ψ(Ȳ ) ∈ FT we may assume that ψ is obtained from an L-formula of the prenex form by replacements
described in the definition of FT (see Lemma 4.3). Then the procedure above induces appropriate transformations
of ψ. By ψ∗(Ȳ ) we denote the ∆-formula which is finally obtained from ψ. By the second recursion theorem the
function ψ → ψ∗ is Σ-definable in HF(Mx0). This function maps the set of FT -sentences to {0,1}. This easily
implies that set of codes of all sentences θ ∈ FT (without parameters) satisfying HF(Mx0) |= θ is ∆-definable
in HF(Mx0). By Proposition 5.4 we see that the relation

Tr = {(ẑ, Ĉ) : ẑ codes a formula φ(Z̄) ∈ FT and Ĉ codes a tuple C̄ ∈Mx0

such that HF(Mx0) |= φ(C̄)}

is a ∆-relation in HF(Mx0).
Let θ̂ be as defined in Theorem 5.3(3). The relation induced on codes of formulas φ(V̄ ) ∈ FT and codes of

tuples A0K̄ ∈Mx0 by the property A0 |̀ X0Mod(φ, K̄) is definable by the following formula.

(ẑ codes a formula φ(V̄ ) ∈ FT and Ĉ codes a tuple of the form A0K̄)

∧(∃ẑ′)(θ̂(ẑ, ẑ′) ∧ Tr(ẑ′, Ĉ)).

6 Additional comments and examples

We start with some remarks concerning the uniformization theorem. We will show how this material is connected
with Proposition 5.4. Then we consider the conjugacy action of the group of all order-preserving permutations of
Q. We discuss the main questions of the paper in this particular situation.

Let M be a structure of a language L. Let F be a fragment of first-order formulas of the language of the
structure HF(M) such that free variables of F belong to the sorts of M . We say that M admits a non-dclF -
choice if there is a tuple of variables v̄ of the sorts of M such that for any tuple of elements c̄ of M there is a
formula φ(v̄, w̄) ∈ F and a tuple c̄′ such that c̄ is stabilized by Aut(M/c̄′), φ(v̄, c̄′) has realizations in M but no
b̄ satisfying HF(M) |= φ(b̄, c̄′) is stabilized by Aut(M/c̄′).

We apply this definition to the following notion (see [5], p.119). An admissible set A satisfies the uniformiza-
tion theorem if for any binary relation R, Σ-definable in A, there is a unary function f such that its graph is
a subset of R which is Σ-definable in A and Dom(f) = {w : ∃v((w, v) ∈ R)}. Since the question if the
uniformization theorem holds in an admissible set is of interest for some people, it makes sense to investigate it
in the case of HF(Mx).

Developing some arguments of Khisamiev from Section 3 of [12] we arrive at the following statement.

Proposition 6.1 Let M and F be as in the beginning of the section. Assume that the set (of codes of) F is
∆-definable in HF(M) and the relation

TrF (M) = {(ẑ, ĉ) : ẑ codes a formula φ(z̄) ∈ F and ĉ codes a tuple c̄ ∈M

such that HF(M) |= φ(c̄)}

is also ∆-definable in HF(M). Assume that M admits a non-dclF -choice.
Then HF(M) does not satisfy the uniformization theorem.

4 in the case ∀z′φ(z′, z̄) we consider ¬∃z′¬φ(z′, z̄)
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P r o o f. Assume that the set (of codes of) F is ∆-definable in HF(M) by a formula Frm(ẑ). Using Frm
we code up the set of all F -formulas with parameters from M as a set of pairs of the form (r̂, ĉ) where r̂ codes
a formula φ(ū) and ĉ codes a tuple c̄ from M of appropriate sorts. Substituting c̄ into the first |c̄| variables of ū
(if |ū| < |c̄| we substitute the corresponding beginning of c̄) we obtain the formula coded by (r̂, ĉ). It is obvious
that the set of codes of all F -formulas with parameters from M is ∆-definable in HF(M).

Assume that HF(M) satisfies the uniformization theorem. To obtain a contradiction consider the following
relation (where v̄ is taken from the definition of non-dclF -choice).

R = {(ā, b̂) : ā is a v̄-type tuple from M realizing in HF(M)

an F -formula with parameters from M which is coded by b̂}.

Since Frm and TrF (M) are ∆-definable, the relation R is a Σ-relation. Thus there is a Σ-formula ψ(ū, ẑ, c̄)
defining in HF(M) a function ẑ → ū uniformizing R. Let φ(v̄, c̄′) witness a non-dclF -choice for c̄. Then the
formula

(∃r̂)(ψ(ū, r̂, c̄) ∧ (r̂ is the code of φ(v̄, c̄′)))

has a unique realization in HF(M). Let d̄ be the corresponding tuple. Thus d̄ satisfies φ(v̄, c̄′).
Let α be an automorphism of M fixing c̄′ with α(d̄) 6= d̄. Since it extends to an automorphism of HF(M)

fixing c̄c̄′, the tuple α(d̄) also satisfies the formula above, a contradiction.

This proposition can be applied in the case of HF(Mx0) where x0 is a random graph on ω (see Example 5.5).

Corollary 6.2 Let x0 be a random graph (ω,R) and FT ⊆ LNA be the fragment as in Example 5.5. Then
Mx0 admits a non-dcl-choice with respect to FT . The admissible set HF(Mx0) does not satisfy the uniformiza-
tion theorem.

P r o o f. We start with the following claim.
Claim. The admissible set HF((ω,R)) admits a non-dcl-choice with respect to the first-order language of 〈R〉.
This set does not satisfy the uniformization theorem.

The first statement of the claim follows from the observation that any formula of the form
∧
i≤n(v 6= wi)

realizes a non-dcl-choice with respect to the variable v. This is a consequence of the well-known fact that for
any realization bc̄ ⊂ (ω,R) of this formula, the element b is not fixed by the Aut(ω,R)-stabilizer of c̄ (so we
may choose c̄′ = c̄ in the definition of non-dcl-choice). Now the second statement of the claim can be obtained
by Proposition 6.1 and an appropriate version of Proposition 5.4. It is worth noting that this also follows from
Theorem 4 of [12].

To finish the proof of the corollary, consider x0 together with the interpretation of Mx0 in HF((ω,R)) as in
Proposition 2.2. We also consider the interpretation of (ω,R) in Mx0 as in Proposition 2.2 with respect to the
parameters K0,K1 ∈ VS∞m and A1 ∈ A which were defined in the end of Section 4. It is clear that K0 ∩ K1

stabilisers A1.
Let φ(V0, W̄ ) be an FT -formula corresponding to

∧
i≤n(v 6= wi) from the claim above. So we assume that

for any H0,H1, ...,Hn ∈ VS∞m with Mx0 |= φ(H0, H̄), the elements H0H̄ are point-stabilizers (i.e. members
of the sort VS∞m ) and H0 does not belong to the tuple H̄ . Let us show that formulas of this form witness the
non-dcl-choice.

Take any tuple C̄ from N S∞ ∪ A. Since elements of N S∞ are interpreted by (finite) partial functions on
ω and elements of A are interpreted by quantifier-free sentences with parameters from ω we can find a tuple
H1, ...,Hn ∈ VS∞m such that

⋂
Hi fixes C̄. In fact H̄ consist of point-stabilizers of elements of ω appearing in

the interpretation above of C̄. Now the sentence φ(H0, H̄,K0,K1) really says that the point fixed by H0 differs
from 0, 1, the parameters appearing in formulas of C̄ and points from domains and ranges of functions defining
the corresponding elements of C̄. (So we take H̄K0K1 as c̄′ in the corresponding definition.)

As we already know there is an automorphism of the random graph x0 which belongs to (K0∩K1∩
⋂
i>0Hi)\

H0. Such an automorphism defines an automorphism of Mx0 : it defines a permutation on the set of finite subsets
of ω (interpreting VS∞ ) which in turn defines a permutation on the set A of quantifier-free sentences (by their
parameters). We now see that no H0 satisfying φ(H0, H̄,K0,K1) belongs to the Aut(Mx0/H̄K0K1)-stabilizer.
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Thus the formula φ witnesses that Mx0 admits a non-dcl-choice with respect to the fragment FT . The remaining
assumptions of Proposition 6.1 hold for Mx0 by the material of Section 4 and Example 5.5. We now see that
HF(Mx0) does not satisfy the uniformization theorem.

We now consider the case of the conjugacy action of A(Q), the group of all order-preserving permutations of
Q.

The group A(Q). Consider the action of the group of order-preserving permutations G := A(Q) on itself by
conjugation. In the terms of Section 2, the basis A is the Boolean algebra generated by NG. Thus in structures
Mf , elements of NG can be also considered as elements of the sort A.

Identifying each f ∈ A(Q) with the structure (Q, <, f) we obtain the G-space XQ of structures (Q, <, f)
(where f is considered as a binary relation) such that g = hfh−1 if and only if h is an isomorphism between
(Q, <, f) and (Q, <, g).

Let Tloa be the universal theory of all linear orders of the language 〈<, f〉 with the axioms

(∀u, v, w)((f(u, v) ∧ f(u,w) → v = w) ∧ (f(v, u) ∧ f(w, u) → v = w));

(∀u, v, u′, v′)((f(u, u′) ∧ f(v, v′) → (u < v → u′ < v′) ∧ (u′ < v′ → u < v)).

Then XQ can be considered as a Gδ-subset of XTloa
. We now apply the method of Section 2 to this situation.

Proposition 6.3 Let f ∈ A(Q) and M be the structure (Q, <, f) ∈ XQ. Then M is Σ-definable in the
corresponding LNA-structure Mf . The structure Mf is Σ-definable in HF(M) without parameters.

P r o o f. Let us prove that M is Σ-definable in Mf . We interpret M by the set VGm of all maximal elements of
VG. They consist of A(Q)-stabilizers of single elements of Q. Let θ be the map q ∈ Q → Stab(A(Q)/a).

To define the relations < and f we need some parameters. Fix a pair q1 < q2 and the corresponding Ki =
θ(qi). For V1 and V2 ∈ VGm we define

V1 < V2 ⇔Mf |= Orb2,0(G,K1,K2, V1, V2).

To define f inMf fix a tuple q1, q2, q3, q4, q5 ∈ Q having the property q1 < q2∧f(q1) = q2, q4 < q3∧f(q3) = q4
and f(q5) = q5. If some of these situations cannot be realized we restrict ourselves to the remaining cases. Fix
the tuple K1 = θ(q1), ...,K5 = θ(q5). Below K5 is also considered as an element of A, denoted by Afix. Let
A→ ⊆ A(Q) be the basic set which is equal to the coset of all elements of A(Q) mapping q1 to q2. Let A← be
the coset of automorphisms mapping q3 to q4. For V1, V2 ∈ VGm we define f(V1, V2) (i.e. f(V1) = V2) if one of
the following cases holds:

Mf |= (∃U)((Orb2,1(A(Q),K1,K2, V1, V2, A→, U)∨Orb2,1(A(Q),K3,K4, V1, V2, A←, U))∧ Sat1(U)) or

Mf |= (V1 = V2) ∧ (∃U)(Orb1,1(A(Q),K5, V1, Afix, U) ∧ Sat1(U)).

As in Section 2 we consider f as a pair of relations, one of which is a part of the diagonal. It is easy to see that
the map θ preserves < and f .

Let us define Mf in HF(M). As in the case of the logic action, elements of VA(Q) are interpreted by finite
subsets of Q and elements of NA(Q) are interpreted by order preserving 1-1-functions between finite subsets
of Q. Both sorts are definable in HF(M) by first-order ∆-formulas. We consider elements of VA(Q) as finite
identity functions. The relation of including ⊂ is defined by g1 ⊆ g2 ⇔ ”g2 is a restriction of g1”.

We interpret elements of A by quantifier-free formulas with parameters from M and without free variables
(identifying such a formula φ with the set of all automorphisms g with (Q, <, g) |= φ). It is obvious that A can
be coded in HF(M) by a set ∆-definable without parameters. The operations ¬, ∧ and ∨ play the role of ′, ∩
and ∪. This also defines the ordering of A. The remaining basic relations are defined as follows.
Inv(V,U) ⇔ ”the set V contains the set of parameters of U”;
Orbl,n(N,V1, ..., Vl, Vl+1, ..., V2l, U1, ...Un, Un+1, ..., U2n) ⇔ N ∈ NG∧

∧2m
i=1(Vi ∈ VG)∧

∧2m
i=1(Ui ∈

A)∧ ”there is an order-preserving bijection g between the set of all elements arising as stabilized points of
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V1, ..., Vm and/or as parameters of the formulas U1, ..., Un and the corresponding set arising in Vm+1, ..., V2m

and the formulas Un+1, ..., U2n such that g extends the map defining N and maps each Vi (the code of each Ui)
to Vi+m, i ≤ m (to the code of Un+i, i ≤ n)”;
Sat1(U) ⇔ ”the structure M satisfies U”.

Consider Tloa as above. Exactly as in the case of Lemma 4.3 we apply the formulas from the proof of Propo-
sition 6.3 (instead of Proposition 2.2) to the procedure of transformation of 〈<, f〉-formulas to the corresponding
fragment FTloa

for structures Mf . For example the formula (f(V1) = V2) ∧ (V1 6= V2) is replaced by

(∃U)(Orb2,1(A(Q),K1,K2, V1, V2, A→, U) ∨ (Orb2,1(A(Q),K3,K4, V1, V2, A←, U) ∧ Sat1(U)),

and the formula f(V1) = V1 is replaced by

(∃U)(Orb1,1(A(Q),K5, V1, Afix, U) ∧ Sat1(U)).

By Theorem 3.3(1) the fragment FTloa
defines a nice basis on A(Q). It is also clear that FTloa

satisfies the
corresponding version of Lemma 4.3. This will be used below in order to apply the method of Sections 4 and 5
to some special Gδ-subset of A(Q).

An automorphism f ∈ A(Q) is called generic if its conjugacy class is comeagre in A(Q). It follows from
Theorem 2.8 of [14] that the generic conjugacy class is a Gδ-set. Thus by Proposition 1.4 of [15] for any nice
topology on A(Q), this conjugacy class (denoted by X1) is a companion of the corresponding τ -canonical piece.
We will denote this piece by X0. Let us consider definability in HF(Mf ) where f is generic. We need some
preliminary material.

Let f ∈ A(Q) and q0 ∈ Q. Then the set {q ∈ Q : (∃m,n ∈ Z)(fn(q0) ≤ q ≤ fm(q0))} is called the orbital
of f containing q0. An orbital is a singleton or an open interval.

The parity function ℘f : Q → {−1, 0,+1} of f is defined as follows:

℘f (q) =

 −1 if f(q) < q
0 if f(q) = q

+1 if f(q) > q.

Since the parity function is constant on every orbital, we can assign to every orbital this constant value and call it
the parity of an orbital.

Let i ∈ {−1, 0,+1}. Then Of and Oif stand for the family of all orbitals of f and the family of all orbitals of
f having parity i respectively.

For any nonempty intervals I, J we write I � J if and only if I = J or for each a ∈ I and each b ∈ J we
have a < b. The relation � is a partial ordering on the family of all intervals. For given f ∈ A(Q) the relation
�f , that is � relativized to Of , is a natural ordering of Of . We shall write I ≺ J if I � J ∧ I 6= J .

A classical result of Schreier and Ulam (see [10]) says that

f,g are conjugate if and only if (Of ,�f ) and (Og,�g) are isomorphic by an isomorphism preserving
parity of the orbitals.

Recall the following fact from [19]: f ∈ A(Q) is generic if and only if for each i ∈ {−1, 0,+1}, Oif is without
endpoints and dense in Of .

It is folklore that the elementary theory Th((Q;<, f) : f is a generic automorphism) is neither model com-
plete nor ω-categorical. Let D(t, t′) = (t < t′) ∧ (∃t′′)(t < t′′ < t′ ∧ f(t′′) = t′′). The following proposition
may be interesting by itself. In this proposition we consider f as a functional symbol.

Proposition 6.4 (1) The elementary theory Tg = Th((Q, <, f,D) : f is a generic automorphism) admits
effective elimination of quantifiers.

(2) If f is generic, the structure (Q, <, f,D) is ω-homogeneous: any finite elementary map extends to an
automorphism.

P r o o f. (1) In order to axiomatize Tg we extend the axioms of an endless dense linearly ordered set (say
(M,<)) by the definition of D as above and the following sentences:
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(i) for every ε ∈ {−1, 0,+1} the set of points of the parity ε is cofinal in (M,<) and forms a dense
linearly ordered set;
(ii) for every ε ∈ {−1, 0,+1} the following property holds: between any two points of distinct parities
or of the same parity 0 there is a point of parity ε.

We now present a formula of the language 〈<, f,D〉 in the prenex form and eliminate its quantifiers from the
right to the left. By a standard argument we can reduce the situation to the case when the rightest quantifier
appears in the form

∃t(
∧
i∈I0

(fni(t) = fmi(sli)) ∧
∧
i∈I1

(fni(t) = fmi(t)) ∧
∧
i∈I2

(fni(t) < fmi(t))∧

∧
i∈I3

Dεi(fni(t), fmi(t)) ∧
∧
i∈I4

(fni(t) < fmi(sli)) ∧
∧
i∈I5

(fni(t) > fmi(sli))∧∧
i∈I6

Dεi(fni(t), fmi(sli)) ∧
∧
i∈I7

Dεi(fmi(sli), f
ni(t)) ∧ φ(s̄)),

where s̄ is a tuple of variables 6= t, the formula φ(s̄) is quantifier free, εi ∈ {0, 1} and D1 = D, D0 = ¬D.
We can easily arrange that all ni are equal to 1. If I0 6= ∅ the quantifier ∃t can be eliminated by an appropriate

substitution. Assume that I0 = ∅. The conjunction corresponding to the set I1 ∪ I2 ∪ I3 describes which parities
of t can appear. Now using the axioms of (Q, <, f,D) we can replace the conjunction of the set I4 ∪ I5 ∪ I6 ∪ I7
by a formula describing possible inequalities between fmi(sli) and possible relations D(fmi(sli), f

mj (slj )).
Note that D(fmi(sli), f

mj (slj )) means that between fmi(sli) and fmj (slj ) there are elements of any parity.
(2) The second statement of the proposition follows by the standard back-and-forth argument. At every step

of the proof we use Truss’ description of generic automorphisms [19].

The following proposition is the main result of the section.
Proposition 6.5 Let f ∈ A(Q) be generic and X0 be the canonical piece of f in A(Q).
Then the relation induced on codes of formulas φ(V̄ ) ∈ FTloa

and codes of tuples A0H̄ ∈Mf by the property
A0 |̀ X0Mod(φ, H̄), is Σ-definable in HF(Mf ).

Moreover Mf admits a non-dcl-choice with respect to the fragment FTloa
. The admissible set HF(Mf ) does

not satisfy the uniformization theorem.

P r o o f. We use the scheme applied in Example 5.5. Let us start with the observation that the property
HF(Mf ) |= θ induces on codes of sentences θ ∈ FTloa

a ∆-definable subset in HF(Mf ). We apply the
procedure of elimination of quantifiers from the proof of Proposition 6.4. A sentence in the language with three
binary relations<, f andD can be considred as a formula where f is a function. When the elimination procedure
is applied to such a sentence there are only two possibilities for the final result: 0 =false or 1 =truth.

When ψ(Ȳ ) ∈ FTloa
we may assume that ψ is obtained from a formula of the prenex form of the language

〈<, f〉 by replacements from the proof of Proposition 6.3. Then the procedure above induces appropriate trans-
formations of ψ (the appearances of D in the elimination procedure can be replaced by its 〈<, f〉-definition). By
ψ∗(Ȳ ) we denote the formula which is finally obtained from ψ. By the second recursion theorem the function
ψ → ψ∗ is Σ-definable in HF(Mf ). This function maps the set of FTloa

-sentences to {0,1}. This easily implies
that the set of codes of all sentences θ ∈ FTloa

(without parameters) satisfying HF(Mf ) |= θ is ∆-definable in
HF(Mf ). By Proposition 5.4 we see that the relation

Trloa = {(ẑ, Ĉ) : ẑ codes a formula φ(Z̄) ∈ FTloa
and Ĉ codes a tuple C̄ ∈Mf

such that HF(Mf ) |= φ(C̄)}
is a ∆-relation in HF(Mf ).

Let θ̂ be as defined in Theorem 5.3(3). The relation induced on codes of formulas φ(V̄ ) ∈ FTloa
and codes of

tuples A0H̄ ∈Mf by the property A0 |̀ X0Mod(φ, H̄)) is definable by the following formula.

(ẑ codes a formula φ(V̄ ) ∈ FTloa
and Ĉ codes a tuple of the form A0H̄)
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∧(∃ẑ′)(θ̂(ẑ, ẑ′) ∧ Tr(ẑ′, Ĉ)).

Let us prove the second part of the proposition. We start with the following claim 5 .
Claim. The admissible set HF((Q, <, f,D)) admits a non-dcl-choice with respect to the first-order language of
〈<, f,D〉. This set does not satisfy the uniformization theorem.

The first statement of the claim follows from the observation that formulas of the form f(v) = v ∧
∧
i≤n(v 6=

wi) realize a non-dcl-choice with respect to the variable v (so that c̄′ = c̄ in that definition). This is an easy
consequence of Proposition 6.4(2): for any realization bc̄ ⊂ (Q, <, f) of this formula, the element b is not fixed
by the Aut(Q, <, f)-stabilizer of c̄. Now the second statement of the claim can be obtained by Proposition 6.1
and an appropriate version of Proposition 5.4.

To finish the proof, consider f together with the interpretation of Mf in HF((Q, <, f)) as in Proposition 6.3.
It is clear that any automorphism of the structure (Q, <, f) defines an automorphism of Mf (with respect to that
interpretation). We also fix some parameters K1, ...,K5, A→, A←, Afix as in the proof of Proposition 6.3 and
consider the corresponding interpretation of (Q, <, f) in Mf . It is clear that

⋂5
i=1Ki stabilizers A→, A←, Afix.

Take any tuple C̄ from NA(Q) ∪ A. Since elements of NA(Q) are interpreted by (finite) partial functions on
Q and elements of A are interpreted by quantifier-free sentences with parameters from Q we can find a tuple
H1, ...,Hn ∈ VA(Q)

m such that
⋂
Hi fixes C̄. In fact H̄ consist of point-stabilizers of elements of Q appearing in

the interpretation above of C̄. (So we take H̄K1, ...,K5 as c̄′ in the corresponding definition.)
Let φ(V0, V1, ..., Vn,K1, ...,K5) be the FTloa

-formula stating that V0 ∈ VA(Q)
m \ {V1, ..., Vn,K1, ...,K5} and

f(V0) = V0. Then no H0 satisfying φ(H0, H̄,K1, ...,K5) is fixed by Aut(Mf/H̄K̄) (in fact H0 is not fixed
by A(Q)-stabilizer of fH̄K̄). Indeed the sentence φ(H0, H̄,K1, ...,K5) really says that the point fixed by H0

differs from q1,...,q5 and points stabilized by the corresponding elements of H̄ . As we already know there is an
automorphism of (Q, <, f) which belongs to (K1 ∩ ... ∩K5 ∩

⋂
i>0Hi) \H0. Such an automorphism defines

an automorphism of Mf : it defines a permutation on the set of finite subsets of Q (interpreting VA(Q)) which in
turn defines a permutation on the set A of quantifier-free sentences (by their parameters). We now conclude that
the formula φ witnesses that Mf admits a non-dcl-choice with respect to the fragment FTloa

. By Proposition 6.1
we see that HF(Mf ) does not satisfy the uniformization theorem.
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