
GENERATING Sym(ω) BY PERMUTATIONS PRESERVING

DENSE ORDERS

A.IVANOV

Abstract We show how generic permutations of ω can be presented by products

of permutations preserving dense orders.

Keywords Permutations - Dense orders

Mathematics Subject Classification (2010) 03C64 - 03E15 - 20E08

0. Introduction

Consider the group Sym(ω) as a topological group with respect to the standard

topology generated by cosets of pointwise stabilisers of finite subsets of ω. Then

Sym(ω) becomes a Polish group i.e. a topological group which is a separable

completely metrizable topological space (Polish space) [8]. We remind the reader

that a subset of a Polish space is comeagre if it contains an intersection of a countable

family of dense open sets. It is proved in [11] that Sym(ω) has a comeagre conjugacy

class.

Definition 1. A permutation g of ω is called generic if it consists of finite cycles

(i.e. 〈g〉-orbits) so that for each natural number n ≥ 1, g has infinitely many cycles

of length n.

In fact it is shown in [11] that the comeagre conjugacy class of Sym(ω) is exactly

the set of all generic permutations of ω. We denote this class by Cgen. Since C−1gen

and any hCgen are also comeagre, we see that each permutation of ω is a product

of two generic permutations.
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Let us fix an enumeration of Q. Using this we identify Q with ω and consider the

group of all order-preserving permutations of Q as a closed subgroup of Sym(ω).

It is usually denoted by A(Q). We study the question of how generic permutations

of ω can be presented as the product of two elements conjugated in Sym(ω) to the

same representative of A(Q). We prove the following theorem.

Theorem 2. Let f be an order-preserving permutation of Q so that q < f(q) for

all q ∈ Q, and each orbit of f is cofinal in Q. Then for any generic g ∈ Sym(ω)

there are three elements f1, f2, f3 of the conjugacy class fSym(ω) so that g = f1f2

and f2 = f1f3.

The original motivation for this theorem came from actions of groups on CAT(0)-

spaces or generalised trees, for example pretrees (see [1], [2], [3] and see [5] for

protrees, an early version of pretrees). The following definition is taken from [7].

Basically it appears in [2].

Definition 3. A ternary structure (X,B) is a pretree if the following axioms are

satisfied:

* (∀x, y)¬B(y;x, x);

* (∀x, y, z)¬(B(y;x, z) ∧B(z;x, y));

* (∀x, y, z)(B(y;x, z)↔ B(y; z, x));

* (∀x, y, z, w)(B(z;x, y) ∧ z 6= w → (B(z;x,w) ∨B(z; y, w)));

Any simplicial or real tree can be considered as a pretree. To see this define

B(z;x, y) to be the natural betweenness relation “z belongs to the unique path

connecting x and y”.

Typically in the situation when a group G acts by automorphisms on a pretree

X, the following property holds.

Definition 4. The action (G,X) has the Common Fixed Point Property (or simply

the CFP-property) if for any f1, f2, f3 ∈ G with f1 = f2f3 so that each fi fixes a

point of X, there is a point of X fixed by all f1, f2 and f3.

Any isometric (even non-nesting) action of a group on a real tree has the CFP-

property [6]. In the case of pretrees this property arises in [7] in the definition of

classical actions (Definition 1.6, condition (C3)). It is also worth noting that G-

actions by homeomorphisms on CAT(0)-spaces studied in geometric group theory

usually involve isometric G-actions on real trees (thus with CFP-proprty) [4].

We have the following application of Theorem 2.
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Corollary 5. Assume that Sym(ω) acts by automorphisms on a pretree X or by

homeomorphisms on a metric space X so that the CFP-property holds. If each

element of A(Q) fixes a point of X, then any generic permutation of ω fixes a point

of X.

It is also worth noting that typically when a comeagre conjugacy class of a Polish

group consists of elements fixing points in X, then any element of G fixes a point.

For example this is proved in [6] in the case of non-nesting actions on real trees,

and moreover, the argument applied there (the final part of the proof of Theorem

2.1) works in a very general situation (at least when the action is classical in the

sense of [7]).

It is worth mentioning that actions of Polish groups with comeagre conjugacy

classes on trees were also studied in [9] and [10].

1. Proof of Theorem 2

We will use the following obvious characterisation of conjugacy in Sym(ω):

Permutations f1 and f2 are conjugate in Sym(ω) if and only if they

have the same number (which can be ω) of infinite cycles (=orbits)

and for any natural number n ≥ 1 they have the same number of

cycles of length n.

We identify Q with ω; we replace Sym(ω) by Sym(Q).

Let f ∈ A(Q) satisfy q < f(q) for all q ∈ Q. We also assume that each cycle of

f is cofinal in Q. For example such f can be realized by the isometry taking 0 to

1 (and thus taking each n to n + 1).

Let us define an expansion of the structure (Q, <, f) by relations (Pn : n ∈

ω \ {0}). Each Pn will be considered below as a relation distinguishing cycles

of length n (of some permutation h). The required expansion must satisfy the

following properties:

(1) ∀x1, ..., xn(Pn(x1, ..., xn)→ x1 < ... < xn);

(2) ∀x1, ..., xn, y1, ..., ym(({x1, ..., xn}∩{y1, ..., ym} 6= ∅)∧Pn(x1, ..., xn)∧Pm(y1, ..., ym)→

{x1, ..., xn} = {y1, ..., ym});

(3) ∀n > 1(∀y1, y2)(∃x1, ..., xn, z1, ..., zn)(y1 < y2 → (y1 < x1 < ... < xn < z1 < ... < zn < y2

∧(∀i ≤ 0)(Pn(f i(x1), ..., f i(xn)) ∧
∧
j≤n

P1(f i(zj)))∧

(∀i > 0)(Pn(f i(z1), ..., f i(zn)) ∧
∧
j≤n

P1(f i(xj))))).
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We build such an expansion using the fact that the rationals form a countable dense

linear ordering without ends. Thus at every step of our construction we choose n

and a pair q1 < q2 with q2 < f(q1), and fulfil condition (3) for them, finding the

sequence x1 < ... < xn < z1 < .... < zn between q1, q2 so that these elements do

not belong to f -cycles of elements chosen before. Then we define Pn and P1 for the

corresponding f i(xj) (and f i(zj)) according the rules of condition (3). It is clear

that at every step of this procedure the interval (q1, q2) does not have an infinite

intersection with the union of f -cycles of elements chosen before.

When we obtain an expansion satisfying (1)-(3) we extend P1 by the (remaining)

elements which did not appear in f -cycles of tuples x̄z̄ arising at steps of our

procedure.

It is easy to see that the final expansion (Q, <, f, {Pn : n ∈ ω\{0}}) also satisfies

the following conditions:

(4) ∀x(∃n)(∃x1, ..., xn)(Pn(x1, ..., xn) ∧ (x ∈ {x1, ..., xn}));

(5) ∀n(∀y1, y2)(∃x1, ..., xn)(y1 < y2 → Pn(x1, ..., xn) ∧ y1 < x1 < ... < xn < y2);

(6) ∀n > 1∀x1, ..., xn(Pn(x1, ..., xn)→ (∃k ∈ Z) ( for A = {i : k < i} or A = {i : i ≤ k}

we have

((∀i ∈ A)Pn(f i(x1), ..., f i(xn)) ∨ (∀i ∈ A)
∧
j≤n

P1(f i(xj)))∧

((∀i ∈ Z \A)Pn(f i(x1), ..., f i(xn)) ∨ (∀i ∈ Z \A)
∧
j≤n

P1(f i(xj)))).

Let h be the permutation of Q defined by: Pn(x1, ..., xn) → h(x1) = x2 ∧ ... ∧

h(xn) = x1. By condition (4), h does not have infinite cycles, and by condition

(5) (or (3)) for every n > 0, h has infinitely many cycles of length n. Consider the

permutation g = fh−1f−1h. If q ∈ Q appears in condition (3) as some f(xj) or

f(zj), then q belongs to an n-cycle of g. If q is not of this form, then by condition

(6) q is fixed by g. This implies that g has infinitely many cycles of each length,

i.e. g is generic.

Define a permutation h′ as follows. For each n > 1 and (x1, ..., xn) ∈ Pn with∧
P1(f(xj)) replace every h-cycle f−i(xj), j ≤ n, with odd i > 0 by n single cycles

and create n-element cycles f i(x1) → ... → f i(xn) → f i(x1) for all i > 0. For the

remaining powers f i(xj) the permutations h and h′ coincide.

If
∧
P1(f−1(xj)), j ≤ n, holds for (x1, ..., xn) ∈ Pn (by the definition of {Pn}

this is incompatible with the situation of the previous paragraph), then create n-

element cycles f−i(x1) → ... → f−i(xn) → f−i(x1) for even i > 0 and remove all

h-cycles f i(xj), j ≤ n, for i ≥ 0 (making them fixed h′-points).
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To see that h′f−2(h′)−1(x) = f−1h−1f−1h(x) note that both permutations in

this equality act as follows. If n > 1 and (x1, ..., xn) ∈ Pn with
∧
P1(f(xj)), then

f(xj) is taken by these permutations to f−1h−1(xj). On the other hand any f l(xj)

for l 6= 1 is taken by these permutations to f l−2(xj).

If
∧
P1(f−1(xj)), j ≤ n, holds for (x1, ..., xn) ∈ Pn, then both sides of the

equality above take xj to f−2h(xj) and take any f l(xj) with l 6= 0 to f l−2(xj).

Now note that f ∈ A(Q) is chosen as in the statement of the theorem. In

particular f , f−1 and f−2 are conjugate in Sym(ω) because of the cycle structure.

Thus f , h−1f−1h and (h′)f−2(h′)−1 are conjugates of f . Moreover the permutation

g is the product of f and h−1f−1h, and the permutation h−1f−1h is the product

of f and h′f−2(h′)−1 (= f−1h−1f−1h). So the statement of the theorem holds for

this choice of g. But all generic permutations are conjugate, so the theorem follows.

�
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