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Abstract It is shown that for every Turing degree d there is an ω-categorical group G such that

the isomorphism type of G is of degree d. We also find an ω-categorical group G such that the

isomorphism type of G has no degree.
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0 Introduction

The following definition is taken from [7].

Definition 1 We say that a countable first-order structure M has the degree unsolvability d if M

is defined on ω and its atomic diagram is of Turing degree d. In this case we write deg(M) = d.

We say that the isomorphism class (=type) of M is of degree d if d is the least degree of structures

on ω isomorphic to M . In the case when such a degree does not exist we say that the isomorphism

class (type) of M has no degree.

These notions are quite important in computability theory, see [2], [4], [5]. Moreover, it is now

known that all Turing degrees can be realized as isomorphism type degrees in many common theories

of algebra: abelian groups, rings, lattices, some natural expansions of trees. The subject was also

studied in the case of metabelian groups and free products of torsion groups, [2].

The aim of our paper is the following theorem.

A. Ivanov

Institute of Mathematics, University of Wroclaw, pl.Grunwaldzki 2/4, 50-384 Wroclaw, Poland

Tel.: +48-71-3757405

Fax: +48-71-3757429

E-mail: ivanov@math.uni.wroc.pl



2

Theorem 2 (1) For every Turing degree d there is a 2-step nilpotent group G of exponent four so

that G has an ω-categorical theory with elimination of quantifiers and the isomorphism class of G is

of degree d.

(2) There is a 2-step nilpotent group G of exponent four so that G has an ω-categorical theory

with elimination of quantifiers and the isomorphism class of G has no degree.

We remind the reader that for a countable structure M the theory Th(M) is called ω-categorical

(countably categorical) if all countable models of Th(M) are isomorphic to M . The exponent of a

group G is the least number n > 0 such that G satisfies the sentence ∀x(xn = 1). It is well-known

that an ω-categorical group is of finite exponent. Since the groups in Theorem 2 are ω-categorical it

seems to the author that these examples are really new in the area.

Our theorem is based on the construction of ω-categorical groups from [1] and the combination

methods of Richter. The former one will be presented in Section 1. The algebraic material applied

there will be used in a very modest form, so the paper is available for computability theorists.

In the remaining part of this section we introduce the combination methods of Richter [7]. From

now one ”degree” always refers to ”Turing degree”.

Consider a family of finite models A of a theory T . The following statement is Theorem 2.1 of

[7].

Let A1, ..., An, ... be a computable antichain (with respect to embeddability) from A. Assume

that for each S ⊆ ω there exists a countable model AS |= T such that

(i) AS is computable with respect to S and

(ii) for all i ∈ ω the structure Ai is embeddable in AS if and only if i ∈ S.

Then for every degree d there is a countable model of T whose isomorphism class has degree

d.

In fact the proof of Theorem 2.1 in [7] shows that the appropriate model can be chosen as AD⊕(ω\D),

where D is any set representing d and ⊕ is defined by the rule: C⊕B = {2i : i ∈ C}∪{2i+1 : i ∈ B}.

This will be used in the proof of Theorem 2(1).

We now consider the case when the isomorphism class has no degree (see Theorem 2.3 of [7]).

Let A1, ..., An, ... be a computable antichain (with respect to embeddability) from A. Assume

that for each S ⊆ ω there exists a countable model AS |= T such that

(i) AS is enumeration reducible to S and

(ii) for all i ∈ ω the structure Ai is embeddable in AS if and only if i ∈ S.

Then there is a set S such that the isomorphism class of AS has no degree.
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1 Countably categorical groups

In this section we consider ω-categorical 2-step nilpotent groups with quantifier elimination (QE).

Using [1] we give a proof of Theorem 2. It is worth noting that the construction below is very useful. In

[6] the author together with K. Majcher applied it in order to find a group without AZ-enumerations.

We start with a description of a QE-group of nilpotency class 2 given in [1]. Since the group

is built as the Fräıssé limit of a class of finite groups, we give some standard preliminaries (see for

example [3]).

Let K be a non-empty class of finite structures of some finite language L. We assume that K

is closed under isomorphism and under taking substructures (satisfies HP, the hereditary property),

has the joint embedding property (JEP) and the amalgamation property (AP). The JEP is defined as

follows: for any B,C ∈ K there are embeddings g : B → D and h : C → D with D ∈ K. The AP is

a modification of the JEP which states that for every pair of embeddings e : A→ B and f : A→ C

with A,B,C ∈ K there are embeddings g : B → D and h : C → D with D ∈ K such that g ·e = h ·f .

Fräıssé has proved that under these assumptions there is a countable locally finite 1 L-structure M

(which is unique up to isomorphism) such that:

(a) K is the age of M , i.e. the class of all finite substructures which can be embedded into M

and

(b) M is finitely homogeneous (ultrahomogeneous), i.e. every isomorphism between finite

substructures of M extends to an automorphism of M .

The structure M is called the Fräıssé limit of K. It admits elemination of quantifiers.

To define 2-step nilpotent, ω-categorical homogeneous groups we assume that K is the class of

all finite groups of exponent four in which all involutions are central. By [1] K satisfies the HP, the

JEP and the AP. Let G be the Fräıssé limit of this class. Then G is nilpotent of class two.

We need the notions of free amalgamation and a-indecomposability in K. The description of free

amalgamation, which we give in the next three paragraphs, is not necessary for the main arguments

of the paper. We include it for completeness. The reader should only know that free amalgamation

is a special rule which assigns with a pair of embeddings A→ B and A→ C, another pair B → D

and C → D realizing AP in K.

Following [1] we define free amalgamation through the associated category of quadratic structures.

A quadratic structure is a structure (U, V ;Q) where U and V are vector spaces over the field F2

and Q is a nondegenerate quadratic map from U to V , i.e. Q(x) 6= 0 for all x 6= 0 and the function

γ(x, y) = Q(x) + Q(y) + Q(x + y) is an alternating bilinear map. By Q we denote the category of

all quadratic structures with morphisms (f, g) : (U1, V1;Q1) → (U2, V2;Q2) given by linear maps

f : U1 → U2, g : V1 → V2 respecting the quadratic map: gQ1 = Q2f .

1 i.e. every finitely generated substructure is finite
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For G ∈ K define V (G) := Ω(G), the subgroup of all involutions of G, and U(G) := G/V (G).

Let QG : U(G)→ V (G) be the map induced by squaring in G. Then QS(G) = (U(G), V (G);QG) is

a quadratic structure and the associated map γ(x, y) is the one induced by the commutation from

G/V (G) × G/V (G) to V (G). It is shown in Lemma 1 of [1] that this gives a 1-1-correspondence

between K and Q up to the equivalence of central extensions 1 → V (G) → G → U(G) → 1 with

G ∈ K.

We now consider the amalgamation process in K. To any amalgamation diagram in K, G0 →

G1, G2, we associate the diagram QS(G0)→ QS(G1), QS(G2) of the corresponding quadratic struc-

tures and (straightforward) morphisms. Let QS(Gi) = (Ui, Vi;Qi), i ≤ 2. Let U∗, V ∗ be the amal-

gamated direct sums U1

⊕
U0
U2, V1

⊕
V0
V2 in the category of vector spaces. We define the free

amalgam of QS(G1) and QS(G2) over QS(G0) as a quadratic structure (U, V ;Q) with U = U∗ and

V = V ∗
⊕

(U1/U0) ⊗ (U2/U0) (see [1]). The corresponding quadratic map Q : U → V is defined

by first choosing splittings of U1, U2 as U0

⊕
U ′1 and U0

⊕
U ′2, respectively, identifying U ′1, U ′2 with

U1/U0, U2/U0 and defining

Q(u0 + u′1 + u′2) = Q0(u0) +Q1(u′1) +Q2(u′2) + γ1(u0, u
′
1) + γ2(u0, u

′
2) + (u′1 ⊗ u′2).

Note that Q|Ui
= Qi and the corresponding γ(u′1, u

′
2) is u′1⊗u′2. Since u′1⊗u′2 = 0 only when one of

the factors is zero, the nondegeneracy is immediate. It is shown in [1] that (V,U ;Q) is a pushout of

the natural maps QS(G1), QS(G2)→ (V,U ;Q) agreeing on QS(G0). We call the quadratic structure

(V,U ;Q) the free amalgam of QS(G1), QS(G2) over QS(G0). Let G be the group associated with

(V,U ;Q) in K. By Lemma 3 of [1] there are embeddings G1, G2 → G with respect to which G

becomes an amalgam of G1, G2 over G0 in K. We call G the free amalgam of G0 → G1, G2.

We call a group H ∈ K a-indecomposable if whenever H embeds into the free amalgam of two

structures over a third, the image of the embedding is contained in one of the two factors. It is proved

in Section 3 of [1] that there is a sequence of a-indecomposable groups {Gd : d ∈ ω} ⊆ K such that

for any pair d 6= d′ the group Gd is not embeddable into Gd′ . The construction is as follows. For any

prime p let F̂p = (GF (22p), GF (2p);N) be the quadratic structure consisting of the finite fields of

orders 22p and 2p respectively and the corresponding norm N : GF (22p) → GF (2p). By Lemmas 9

and 12 of [1] the sequence of the 2-step nilpotent groups Gn, n ∈ ω, corresponding to the quadratic

structures F̂pn , n ∈ ω, gives an appropriate antichain.

It is easy to see that the construction is effective in the following sense. Since K consists of finite

structures, we find an effective enumeration of K by natural numbers. Then the set of all groups Gn

forms a computable subset of the class K.

Proof of Theorem 2.

(1) For every degree d there is an ω-categorical 2-step nilpotent QE-group G of exponent four such

that the isomorphism class of G is of degree d.
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We apply Theorem 2.1 (and its proof) from [7] to the effective antichain Gn, n ∈ ω. According to

this theorem for every subset S ⊂ ω we must find an ω-categorical 2-step nilpotent QE-group GS of

exponent four such that GS is computable in S, and Gd is embeddable into GS if and only if d ∈ S.

For this purpose take the class KS of all groups from K which do not embed any Gd with d 6∈ S. One

easily sees that KS is computable in S. On the other hand it is obvious that subgroups of groups

from KS belong to KS , and the free amalgamation defined for K guarantees the amalgamation (and

the joint embedding) property for KS . Let GS be the Fräıssé limit of the class KS . Consider axioms

of Th(GS). As we already know we must formalize the following properties:

(a) KS coincides with the class of all finite substructures which can be embedded into GS

and

(b) Every isomorphism between two finite substructures of GS extends to an automorphism

of GS .

The first one is obviously formalized by ∀- and ∃-formulas and the set of these formulas is computable

with respect to S. It is well-known that to formalize (b) we should express that for any two groups

H1 < H2 from KS any embedding of H1 into GS extends to an embedding of H2 into GS (in fact

we may additionally assume that H2 is 1-generated over H1). These sentences are ∀∃ and obviously

form a set computable in S. As a result the theory Th(GS) is decidable in S. Thus it has a model

computable in S. Since the theory is ω-categorical we may assume that GS is computable in S.

(2) There is an ω-categorical 2-step nilpotent QE-group G of exponent four such that the isomor-

phism class of G has no degree.

We apply Theorem 2.3 from [7] to the effective antichain Gn, n ∈ ω. According to this theorem

for every subset S ⊂ ω we must find an ω-categorical 2-step nilpotent QE-group GS of exponent

four such that GS is enumeration reducible to S, and Gd is embeddable into GS if and only if d ∈ S.

By the proof of Theorem 2.3 of [7] the group G from the formulation is taken as GA, where A is

a set constructed in Lemma 2.1 of [7], i.e. the mass problem of enumerating A has no Turing-least

element.

For our purpose take the class KS of all groups from K which do not embed any Gd with

d 6∈ S and repeat the construction of GS above. We now must additionally check that there is

an effective procedure whose outputs enumerate GS (together with its atomic diagram) when any

enumeration of S is supplied for the inputs. At the n-th step of an enumeration of S we have a

sequence Sn = {s0, ..., sn} ⊂ S. If Q ⊂ GS is the already enumerated part of GS let us consider all

1-types of Th(GS) over Q. By quantifier elimination they are quantifier free. It is well-known (for

example see [9]) that there is a computable function κ such that both the number of all (|Q| + 1)-

generated nilpotent groups of exponent four and the size of such a group are bounded by κ(|Q|+ 1).

Thus the number of 1-types as above is bounded by (κ(|Q| + 1))2. We can now choose (in turn)
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realizations of those types so that the subgroup generated by them together with Q can be embedded

into GSn
. This subgroup will play the role of Q at the next step. Since Sn is finite, Th(GSn

) is

decidable. Thus this step can be done effectively.

As a result we will obtain an enumeration of an elementary substructure of GS (because it satisfies

the corresponding axioms for (a) and (b) of the first part of the proof). By model completeness and

ω-categoricity we see that it can be treated as an enumeration of GS . 2
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