
Let  T  be a locally finite rooted tree and 
Iso(T)  be the group of all isometries of T. 

Iso(T)  is profinite with respect to
canonical  πn: Iso(T) → Iso(Tn ) , n∈ω,
where  Tn  consists of the first  n  levels.  



Examples: 
1. Let G be a closed subgroup of GLd(Ζp ).

Then  D = (Ζp )d  is a continuous
GZp-module . 

Then  G  acts by isometries on the tree  Tad

of all cosets of   pk (Ζp )d . 

Edges of  Tad :  pair of the form 
      ( a+pk (Ζp )d,  a+pk+1 (Ζp )d) . 

2. The action of    PGL2 (Ζp )    on the tree
Tlat (Qp )  of lattices in   Qp x Qp .

Lattice = two-generated  Zp –submodule of
Qp x Qp      which generates the  
Qp –vector space     Qp x Qp .
  
   Tlat (Qp )     consists of  orbits of the
subgroup of scalar matrices of GL2 (Qp )
under the natural action on the set of
lattices.  



In the situation when  L’<  L  and 
L= <e1 ,e2 >,  L’=<e1 pa,e2 pb>   the
distance between  L  and  L’   is the
number  |a – b| .  
PGL2 (Ζp )  fixes the vertex  Ζp x Ζp .

3. Branch groups.  
A closed subgroup G<Iso(T) is a branch
(weakly branch resp.) group if 

(i) G acts transitively on each level of T 

(ii)  for all w of level n  consider the
corresponding   Tw   (= the tree hanging
from  w ); 
then the group generated by all     
Rs(w) = { g : g  fixes T\Tw  pointwise } of
level  n  is of finite index in  G  (is infinite
resp.) for all n .



Z.Chatzidakis:
Let  G  be a profinite group. 
To  G  we associate an  omega-sorted
structure    S(G)    of the language 
 (<, ~, C, P, 1)  where 
sorts   Sn   consist of cosets of open
subgroups of index n, 

gN < hM  means N is a subgroup of M ; 

gN ~ hM  means  N = M ; 

C(gN, hM ) means  hM  contains  gN ; 

P(gN, g’M, g’’L )  means  that N=M=L
and  gg’N = g’’N ; 

the constant  1  corresponds to G . 



Theorem [ZCh].  Assume that  G  has the
Iwasawa Property: 

Then  S(G)  is  omega-categorical and
omega-stable. 

Theorem.  Let   G<Iso(T)   be a weakly
branch profinite group such that for every
n  the corresponding restricted stabilizer is
level transitive on every subtree of level
number n. 

Then  S(G)  is omega-categorical if and
only if every sort  Sn is finite (and then S
(G) is omega-stable).     
This happens if    G    is branch and just
infinite.  



Isometry type =Iso(T)-conjugacy class. 

Let  G  be a closed subgroup of  Iso(T) . 
We say that  G  has a small number of
isometry types if  G  meets countably
many conjugacy classes of  Iso(T) . 

Example. 
Action of  Z2= 〈g〉*   on  {0,1}<ω  by adding
mashine  : the result of the application of
g  to a branch  (t1 ,t2 ,…) is the 2-adic sum
of  (t1 ,t2 ,…)  and  (1, 0 ,…) .



Basic Fact 
(Gawron, Nekrashevych, Suszczanski):  

For  g ∈ Iso(T)  consider  the orbit tree 
T/〈g〉  labelled  by sizes of the
corresponding orbits (considered as
vertices of the tree  T/〈g〉  ).    
Then  g  and  g’  are conjugated in  Iso(T)
iff  the corresponding orbit trees are
isomorphic by a label preserving
isomorphism.  

In the case the action of  Z2= 〈g〉*   on
{0,1}<ω  as above ,  two elements  g1  and
g2  have the same isometry type  iff  
there is a number  n  such that  g1 , g2 ∈
Ker πn \ Ker πn+1 . 



Let  G  be the inverse limit of a system of
finite groups  G1 ←G2 ← … ←Gi ←
with kernels  Ni  of the corresponding
canonical homomorphisms.  
By  Aut*(G)  we denote the group of all
‘profinite’ automorphisms of  G  (i.e.
stabilizing each  Ni  setwise ). 

Newelski:  The group  G  is small if for
every  n ,  Aut*(G)  has countably many
orbits on Gn . 

G  acts by left multiplication on the tree
TC(G)  of left cosets of all  Ni  and every
profinite automorphism is an isometry of
TC(G) . 

Thus a small group has a small number of
isometry types with respect to this action. 



Theorem.  The action of    PGL2 (Ζp )    on
the tree    Tlat (Qp )    of lattices in   Qp x Qp

has a small number of isometry types .

Each vertex of    Tlat (Qp )   is represented by a
unique lattice    L <   L0 = Zp x Zp  such that
L0 /L  is isomorphic to   Zp /pn Zp   where  n  is
the distance between  L0   and  L . 

    



Observations. 1. A weakly branch group
has continuum many isometry types and
cannot be small. 

2. Let  T  be a locally finite rooted tree and
G  be a closed subgroup of  Iso(T) with a
small number of isometry types. 
Then for every  m∈ω  and  h∈G  there is
some  n∈ω  and g∈G \ker πn such that  g
ker πn ⊆ h ker πn  and  g ker πn  consists of
isometries of the same type.

If the set of all non-diagonal pair of 
g ker πn  is contained in the same orbit of
Iso(T),  then  G  has an open subgroup
which is a locally finite 
pro-p-group for some prime  p. 
If the latter condition holds for  g = 1, then
the corresponding open subgroup can be
chosen as  (Z(p))ω . 



Proposition. 
Let  T  be a locally finite rooted tree and
G < Iso(T)  be a pronilpotent group with a
small number of isometry types.  

1. Then the number of primes dividing  |G|
is finite. 

2. If   G   is nilpotent then the periodic part
of   G   is of finite exponent. 

Observations.  
1. Let  H  be a finite group.  Then the
product  G = Hω  can be presented as a
closed subgroup of a rooted tree with
countably many isometry types 

(Let  T  be the restricted product  Hω.  
Then the action of  G  on  T  by left
multiplication is OK.  Apply  [GNS] .) 



Conjecture.  An abelian profinite group
G  has a faithful continuous representation
with a small number of isometry types iff  
G≅ Z(n1)ω⊕ ... ⊕ Z(nr)ω⊕Zp

k ⊕…⊕Zq
l .  

2. If  G < Iso(T)  has a small number of
isometry types of  G×G  then  G  does not
have an element of finite order.  

In this case if  G  is abelian then   
G≅ Z(n1)ω⊕ ... ⊕ Z(nr)ω . 



Theorem.  An abelian profinite group  G
has a small number of isometry types for
all faithful continuous representations of
G  in isometry groups of locally finite
rooted trees iff the set of primes dividing  
|G|  is finite and  G  is of finite rank. 

 

Theorem.  
Let  G  be a nilpotent profinite group. 
If all faithful continuous representations of
G  in isometry groups of locally finite trees
have small numbers of isometry types,
then  G  is a group of finite rank. 



Lemma. Let a profinite group  G  and a
sequence  gi ∈ G, i∈ω ,  satisfy the
condition that for every  i∈ω there is a
continuous epimorphism  ρi  from  G  to a
finite group  such that  ρi(gi ) ≠ 1, but all
gj  with  i ≠ j  belong to the kernel of ρi .
Then there is a locally finite rooted tree
such that  G  has a faithful continuous
representation in  Iso(T)  with continuum
many isometry types.  



Let  T  be a locally finite rooted tree and
G < Iso(T)  be a profinite group . 

For every natural  n  we introduce the
following equivalence relation on  G :  
g ∼n g’  if  the restrictions of  g  and  g’  to
Tn  are conjugated in  Iso(Tn ) . 

Let  cn  be the number  |G/ ∼n | . 

Is the zeta function  Σn≥0 cn tn   Q-rational  ? 



We consider the situation when  G  is a
closed subgroup of  GLd (Zp) . 
Thus   D = (Ζp )d  is a continuous  
G-module, and  G  acts by isometries on
the tree  Tad  of all cosets  of  pk (Ζp )d . 

We also fix a closed subgroup  Γ  of 
GLd (Ζp ) . 
Then Γ  is also considered as a subgroup of
Iso(Tad).

For every natural  n  consider  the
following equivalence relation on  G :  
g (∼Γ)n g’  if  the restrictions of  g  and  g’
to  (Tad )n  are conjugated in  Γ 
(≤ Iso((Tad)n ) ). 
Let  c’n  be the number  |G/ (∼Γ)n | . 

Is  Σn≥0 c’n tn       Q-rational ?   



Theorem.  
Let G  and  Γ   be closed subgroups of GLd

(Ζp ) .  
Consider the action of   G  on  Tad by left
multiplication.    
Then the zeta function  Σn≥0 c’n tn  is rational. 
(generalizing a theorem of M.du Sautoy) 

Another idea : 
Consider the field   Qp     in the language with
the standard valuation (and the value group),
the valuation ring      Zp ,       the maximal
ideal      Zp - Z x

p      and 
the corresponding resudue field.     
For each   d  we add the sort   GLd (Qp )  , 
the set of lattices  in the form                 GLd

(Qp )/ GLd (Ζp )  and the natural map from
GLd (Qp )    to   GLd (Qp )/ GLd (Ζp ).



Theorem.  
Let   Γ  and   G   be subgroups of GLd (Ζp )
definable in Qp  . 

 Let  c’n  be the number  |G/ (∼Γ)n | defined
with respect to  Tad  . 

Then   Σn≥0 c’n tn    is   Q-rational .    
(is based on a theorem of   E.Hrushovski
and B.Martin). 

Applications  :
1. Let  G  be a finitely generated, torsion
free, nilpotent pro-p-group. 
Then for some natural  d  there is an
embedding of  G   into  GL d  (Ζp )  such
that the corresponding  Tad –action is
definable in   Qp .   
Then   Σn≥0 c’n tn   defined with respect to  
Γ = GL d  (Ζp )  ,  is   Q-rational .    
  



2. Let  G =  PGL 2  (Ζp ) = Γ  . 
Then the zeta function   Σn≥0 c’n tn   defined
with respect to the tree of lattices  
Tlat (Qp )  ,  is   Q-rational .    
  

Isometry Γ -type =  Γ -orbit in  Iso(T) with
respect to the conjugacy action.  

Let  G  be a closed subgroup of  Iso(T) . 

We say that  G  has a small number of
isometry Γ -types if  G  meets countably
many Γ -orbits with respect to the conjugacy
action on  Iso(T) . 

Remark. 
When   G =  PGL 2  (Ζp ) = Γ  the group  G has
continuum  Γ -types .



Proposition. 
Let  G <c  GL d  (Ζp ) = Γ  .   
If   G  does not have a soluble subgroup of
finite index, then  G  meets continuum 
 Γ -types .

Other examples. 
1. Let  G = UT 2  (Ζp )  and Γ  =  SL 2  (Ζp ) . 
Then  G  has a small number of  Γ -types 
with respect to  Tad .   

2. Let  G =  SD 2  (Ζp )  and  Γ = GL 2  (Ζp ) . 
Then  G has continuum  Γ -types and has 
a small number of isometry types with respect
to  Tad .
 




