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Abstract

We extend some basic properties of hyperbolic isometries of R-trees

to the case of automorphisms of median pretrees.
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0. Introduction

According to [5] (1.5, 1.8, 1.11), if h1 and h2 are hyperbolic isometries of an

R-tree, then one of the following properties holds:

(a) the axis of h1 meets the axis of h2 and max(|h2h1|, |h−1
2 h1|) = |h1|+ |h2|;

(b) the axis of h1 does not meet the axis of h2 and |h2h1| = |h−1
2 h1| > |h1| + |h2|

(here |h| is the hyperbolic length of h).

When one considers spaces more general than trees (see Sections 2 and 7 of

[2],[6] and Remark 2 below) and actions more general than isometries (for example

non-nesting homeomorphisms of an R-tree [9]) properties of this kind (may be in

a different form) are very helpful. We prove a variant of this property in a very

general situation when h1 and h2 are automorphisms of a median pretree.

This result can be applied in a number of places. For example it can be aplied

in arguments like in Section 8 of the paper [10] of Rosendal where Λ-trees are

considered. Similar problems also arose in [2] (Sections 6 and 7), [3], [4], [7] and

[9]. Our motivation is partially based on these investigations.
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1. Median pretrees

In this section we give definitions, present some notions and recall two lemmas

needed for the proof of our Theorem.

The following definition is taken from [2], p.10. It is related to the definition of

a B-relation given in [1], p.55. The axioms below try to capture the notion of one

point z in a tree lying between two other points x and y.

Definition 1. A ternary structure (T, B) is a pretree if the following axioms are

satisfied:

* (∀x, y)¬B(y; x, x);

* (∀x, y, z)¬(B(y; x, z) ∧B(z; x, y));

* (∀x, y, z)(B(y; x, z)↔ B(y; z, x));

* (∀x, y, z, w)(B(z; x, y) ∧ z 6= w → (B(z; x, w) ∨B(z; y, w)));

Define the open and closed intervals with endpoints t, t′ as follows:

(t, t′) = {x ∈ T : B(x; t, t′)} and [t, t′] = {x ∈ T : B(x; t, t′) or x = t or x = t′}.

The intervals [t, t′) and (t, t′] are defined similarly. We also call endpoints extremities

(as in [12]) and closed intervals segments. A nonempty subset S ⊆ T is an arc, if S

is full (that is (∀x, y ∈ S)[x, y] ⊆ S) and linear (for all distinct x, y, z ∈ S we have

B(y; x, z) or B(z; x, y) or B(x; y, z)).

A point x ∈ T is terminal, if (∀y, z ∈ T )¬B(x; y, z). The pretree T can be

naturally decomposed T = T0 ∪P , where P is the set of all terminal points and T0

is the set of all non-terminal ones.

The pretree (T, B) is median if for any x, y, z ∈ T there is an element c ∈

[x, y]∩ [y, z]∩ [z, x] (see [2], p.14). In this case c is unique and is called the median

of x, y, z; we will write c = m(x, y, z).

It is clear that every simplicial ([11], Section I.2) or real tree ([5]) can be con-

sidered as a median pretree with respect to the natural betweenness relation. We

may also add ends as terminal points.

Remark 2. (1) A related notion, median metrics, is considered in Mathematical

Taxonomy and Combinatorics of Metric Spaces (see [6], Section 4.4). Given a metric
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space (X, D) define

[x, y] = {z ∈ X : D(x, y) = D(x, z) + D(z, y)}.

The metric D is called median if for any three points a, b, c the intersection [a, b] ∩

[a, c] ∩ [b, c] is non-empty.

(2) Notice that the relation BD on X defined by

BD(x; y, z)⇔ y 6= x 6= z and D(y, z) = D(y, x) + D(x, z),

is a pretree if for any four points a, b, c, d ∈ X the following ”4-point condition”

([6], p.322) holds:

D(a, b) + D(c, d) ≤ max(D(a, c) + D(b, d) , D(a, d) + D(b, c)).

Indeed to see the last axiom of Definition 1 note that assuming the contrary we

obtain

D(x, w)+D(z, y) < D(x, z)+D(z, w)+D(y, z) = D(x, y)+D(z, w) > D(x, z)+D(y, w).

(3) When BD is a pretree, it is median if and only if D is median. We now see that

median metrics satisfying 4-point condition provide natural examples of median

pretrees.

(4) It is also worth noting that

4-point condition always holds for metrics for which the structure (X,BD) is a

median pretree.

This is obvious when m(a, b, c) = m(a, b, d). To see the contrary case take the

medians m1 = m(a, b, c) and m2 = m(a, b, d) (say m2 = m(b, d,m1)). Then

D(a, b)+D(c, d) = D(a, m1)+D(c, m1)+2D(m1, m2)+D(m2, b)+D(m2, d) = D(a, d)+D(b, c)

and D(a, c)+D(b, d) = D(a, m1)+D(c, m1)+D(m2, b)+D(m2, d) < D(a, b)+D(c, d).

Assumption 3. From now on we consider only median pretrees.

Let x ∈ T0. A maximal arc of the form Lx =
⋃

[x, tγ ] where all tγ are not

terminal, is called a half-line starting at x. Half-lines Lx and Ly are equivalent

if there is a half-line Lz ⊆ Lx ∩ Ly. To see that this is an equivalence relation

note that when additionally Lw ⊆ Lv ∩Ly, then B(w; z, y) or B(z; w, y) holds (say

B(w; z, y)). In this case Lz ⊆ Lx ∩ Lv too.
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An end of T is an equivalence class of half-lines. A maximal arc of the form⋃
[tγ , t′γ ] where tγ , t

′
γ are not terminal, is called a line.

The following lemma is a weaker version of Lemma 1.5 in [8]. Very close state-

ments can be found in [12],[3] and Section 2 of [2] (for example see p.15).

Lemma 4. 1. The intersection of finitely many (distinct) segments or half-lines

with a common endpoint t ∈ T0 (=non-terminal points) is a segment having t as

an endpoint.

2. If t, q, r ∈ T0 satisfy [t, q] ∩ [q, r] = {q}, then [t, r] = [t, q] ∪ [q, r].

3. If t, q, r ∈ T0, the interval [t, q) is not closed and [t, q) = [t, r), then q = r.

4. Let each of A and C be a segment or a line, and |A ∩ C| ≤ 1. Then there

exist t ∈ A and q ∈ C so that the segment [t, q] is contained in every full set which

has a non-empty intersection with both A and C. The points t, q are determined

uniquely.

Let A, C ⊆ T0 with A ∩ C = ∅, satisfy the assumptions of Lemma 4 (4). Then

we call the segment [t, q] as in the formulation the bridge between A and C.

We just mention how the point t in this statement can be found. If |A∩C| = 1,

then {t} = A ∩ C. Let A ∩ C = ∅. If A = [w, v], take any c ∈ C and let

t := m(c, w, v). If A is a line take any c ∈ C and find w, v ∈ A so that {c, w, v}

is not linear. The existence of such a pair follows from the maximality condition

in the definition of a line. Now take t := m(c, w, v). The point q can be found

similarly.

Let g be an automorphism of a median pretree (T, B). Note that when B is

defined as the betweenness relation of an R-tree T , then any homeomorphism of

T is an automorphism of (T, B). It is clear that the set P of terminal points is

g-invariant. The set of g-fixed points is denoted by T g. The element g ∈ G is

loxodromic, if |g| =∞, g does not have fixed points in T0 and there exists a unique

g-invariant line Lg in T0 such that g preserves the natural linear orders on the line.

It is called the axis (characteristic line) of g. It is clear that then each gn does not

have fixed points in T0 (n ∈ ω) and Lg is infinite.

In the case of an isometric action on an R-tree a loxodromic element is hyper-

bolic [5] (Definition 1.4). It is worth noting that in this case (and for example in

the case of non-nesting actions on R-trees) loxodromic elements have some helpful
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properties, which do not exist in general. For example many standard arguments

from literature are based on the property that a non-nesting loxodromic element of

an R-line is a translation up to topological conjugacy. In our case we do not have

this property. This explains why we need really new tricks in the proof of our main

theorem.

The following lemma is Lemma 1.5 in [8].

Lemma 5. Let g be an automorphism of a median pretree T and T0 be the set of

all non-terminal points of T . If g is loxodromic, then

(a) for any p ∈ T0 the segment [p, g(p)] meets the characteristic line Lg and

[p, g(p)] ∩ Lg = [q, g(q)] for some q ∈ Lg.

(b) x ∈ Lg if and only if x is the median of x, g−1(x), g(x).

2. Products of loxodromic automorphisms

The following theorem can be considered as a metric-free version of statements

1.5, 1.8, 1.11 of [5].

Theorem 6. Let h1, h2, h3 be loxodromic automorphisms of a median pretree (T, B)

and h2 · h1 = h3. Then one of the following cases holds:

(1) there are d ∈ Lh1 , b ∈ Lh2 and c ∈ Lh3 such that one of the open intervals

(d, h1(d)), (b, h2(b)) and (c, h3(c)) contains the disjoint sum of the others;

(2) there is a non-linear triple d, b, c with m(d, b, c) ∈ Lh1 ∩ Lh2 ∩ Lh3 such that

c ∈ Lh2 ∩ Lh3 , d ∈ Lh1 ∩ Lh3 , [m(d, b, c), b] = Lh1 ∩ Lh2 and h1(d) = b, h2(b) = c,

h3(d) = c. In this case the element h4 = h−1
2 h1 has no fixed points and the set⋃

{[hj4(d), hj+1
4 (d)] : j ∈ Z} is an arc such that its segment [d, h4(d)] contains the

disjoint sum of [d, h1(d)) and [b, h−1
2 (b)].

If |Lh1 ∩ Lh2 | ≤ 1, then we can find d ∈ Lh1 , b ∈ Lh2 and c ∈ Lh3 so that

the open intervals (d, h1(d)), (b, h2(b)) do not have common points and [c, h3(c)]

properly contains them.

It is worth noting that we do not claim in the formulation that h4 is loxodromic.

For example it can happen that the arc
⋃
{[hj4(d), hj+1

4 (d)] : j ∈ Z} is not a line.

Then we do not know if h4 has an axis. On the other hand Theorem 6 guarantees,

that h4 is not elliptic.
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One of possible applications of this theorem appears when h1, h2 and h3 belong

to the same conjugacy class of some group G < Aut(T, B). In this case there are

d ∈ Lh1 , b ∈ Lh2 and c ∈ Lh3 such that (d, h1(d)) can be taken both onto (b, h2(b))

and onto (c, h3(c)) by appropriate elements of G. If these d, b and c satisfy the

condition of case (1), then G is nesting, i.e. some element of G can take an interval

properly into itself.

Proof. We denote by T0 the set of all non-terminal points of T .

(A) Consider Case (2) of the formulation. Let m := m(b, c, d). Let us prove that⋃
{[hj4(d), hj+1

4 (d)] : j ∈ Z} is an h4-invariant arc. It is easy to see that

[h−1
4 (d), d] = [h−1

1 (h2(d)), h−1
1 (h2(m))] ∪ [h−1

1 (h2(m), h−1
1 (m)] ∪ [h−1

1 (m), d],

where the segments of the right side meet each other at the corresponding endpoints.

Since h1 is loxodromic and m is between d and h1(d) = b, the point d is between

b and h−1
1 (m). On the other hand [d, h4(d)] is the dosjoint union of [d, b] and

(b, h−1
2 (b)]. Now it is easy to see that {d} is the intersection of [h−1

4 (d), d] and

[d, h4(d)]. Thus for all j ∈ Z, [hj−1
4 (d), hj4(d)] ∩ [hj4(d), hj+1

4 (d)] = {hj4(d)} and by

Lemma 4(2),
⋃
{[hj4(d), hj+1

4 (d)] : j ∈ Z} is an arc.

To see that h4 does not fix any point assume that h−1
2 (h1(v)) = v. Then the

segment [v, h1(v)] meets both Lh1 and Lh2 and thus [m, b]. Let [v, h1(v)] ∩ Lh1 =

[w, h1(w)] (see Lemma 5). The assumption h1(m) 6∈ [m, b] implies that one of

the extremities w or h1(w) is outside of [m, b]. If w 6∈ [m, b] the assumtion

[h−1
2 (b), h−1

2 (m)]∩ [m, b] = ∅ (see the formulation) now implies that [m, b] is a non-

trivial subsegment of [v, h−1
2 (h1(v))] (and of [w, h−1

2 (h1(w))]), a contradiction. If

h1(w) 6∈ [m, b] then similarly [h−1
2 (b), b] is a non-trivial subsegment of [v, h−1

2 (h1(v))]

(and of [w, h−1
2 (h1(w))]), a contradiction. The rest of this case is clear.

(B) Consider the case when |Lh1 ∩Lh2 | ≤ 1. Let a segment [a, b] satisfy Lemma

4(4) with respect to Lh1 and Lh2 (thus a ∈ Lh1 and b ∈ Lh2). Then applying

Lemma 4(2) three times,

[a, h2(h1(a))] = [a, b] ∪ [b, h2(b)] ∪ [h2(b), h2(a)] ∪ [h2(a), h2(h1(a))].



PRODUCTS OF LOXODROMIC AUTOMORPHISMS OF PRETREES 7

Moreover, by Lemma 5 the segment [a, h2(h1(a))] meets Lh3 . Similarly the segment

[h−1
1 (b), h2(b)] meets Lh3 and

[h−1
1 (b), h2(b)] = [h−1

1 (b), h−1
1 (a)] ∪ [h−1

1 (a), a] ∪ [a, b] ∪ [b, h2(b)].

Since [h−1
1 (b), h2(h1(a))] =

[h−1
1 (b), h−1

1 (a)] ∪ [h−1
1 (a), a] ∪ [a, b] ∪ [b, h2(b)] ∪ [h2(b), h2(a)] ∪ [h2(a), h2(h1(a))],

the line Lh3 must meet [a, b] ∪ [b, h2(b)].

If [b, h2(b)] ∩ Lh3 6= ∅, then [h−1
1 (h−1

2 (b)), h−1
1 (b)] ∩ Lh3 6= ∅ and the elements

between those intersections lie in Lh3 . Thus h−1
1 (b), h−1

1 (a), a, b ∈ Lh3 . This implies

h2(h1(a)) ∈ Lh3 and h2(b) ∈ Lh3 .

If [a, b]∩Lh3 6= ∅, then [h2(h1(a)), h2(h1(b))]∩Lh3 6= ∅ and the elements between

those intersections lie in Lh3 . Thus b, h2(b) ∈ Lh3 . This implies h−1
1 (b) ∈ Lh3 and

h−1
1 (a), a ∈ Lh3 .

Let d := h−1
1 (a) and c := h−1

1 (b). Then [b, h2(b)] and [d, h1(d)] are proper

subsegments of [c, h3(c)] = [h−1
1 (b), h2(b))]. This proves the last statement of the

theorem.

(C) From now on we assume that |Lh1 ∩ Lh2 | ≥ 1. Let e1, e
′
1 be the ends of

(half-lines of) Lh1 and e2, e
′
2 be the ends of Lh2 . For ease of notation we extend

the betweenness relation of T0 to T0 ∪ {e1, e
′
1, e2, e

′
2} in the obvious way (so that

Lh1 = [e1, e
′
1] ∩ T0 and Lh2 = [e2, e

′
2] ∩ T0).

If the lines Lh1 and Lh2 represent the same end e ∈ {e1, e
′
1} ∩ {e2, e

′
2}, then Lh3

represents e. Thus there exists d ∈ Lh1 ∩ Lh2 ∩ Lh3 with

h1(d), h−1
1 (d), h2(d), h−1

2 (d), h3(d), h−1
3 (d) ∈ Lh1 ∩ Lh2 ∩ Lh3 .

Now the lemma is obvious for b := h1(d) and c = d.

Assume (till the end of the proof) that {e1, e
′
1} ∩ {e2, e

′
2} = ∅. Find a′, a′′ ∈

Lh1 ∩ Lh2 such that [a′, a′′] = Lh1 ∩ Lh2 (notice that the points a′ and a′′ can be

found as medians of appropriate triples from Lh1 ∪ Lh2}). The remaining part of

the proof is divided into two cases (C1) and (C2).

(C1) Assume that there are q1 ∈ {e1, e
′
1} and q2 ∈ {e2, e

′
2}, such that a′ =

m(q2, a
′′, q1) and the following condition holds:

(h−1
1 (a′) ∈ [a′, q1]) or (h2(a′) ∈ [a′, q2]).
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Then a′ ∈ [h2(a′), h−1
1 (a′)]. When the conjunction of (h−1

1 (a′) ∈ [a′, q1]) and

(h2(a′) ∈ [a′, q2]) does not hold we put b = a := a′ and apply the argument of

the case |Lh1 ∩ Lh2 | ≤ 1 (with some simplifications) to an appropriate pair of the

segments [h−1
1 (h−1

2 (a)), a], [h−1
1 (b), h2(b)] and [h−1

1 (b), h2(b)], [a, h2(h1(a))]. This

argument shows that the segments [h−1
1 (a′), a′] and [a′, h2(a′)] lie on Lh3 as proper

subsegments of [c, h3(c)] where c = h−1
1 (a′).

The case of the conjunction (h−1
1 (a′) ∈ [a′, q1]) ∧ (h2(a′) ∈ [a′, q2]) is divided

into two subcases. The first one appears if h1(a′) ∈ [a′, a′′] or h−1
2 (a′) ∈ [a′, a′′].

Then applying arguments as above we obtain that a′ ∈ Lh3 and either [a′, h3(a′)]∪

[a′, h1(a′)] ⊆ [h1(a′), h2(h1(a′))] or

[h−1
1 (h−1

2 (a′)), a′] ∪ [h−1
2 (a′), a′] ⊆ [h−1

1 (h−1
2 (a′)), h−1

2 (a′)].

In the case of the conjunctions (h−1
1 (a′) ∈ [a′, q1])∧(h2(a′) ∈ [a′, q2]) and h1(a′) 6∈

[a′, a′′] ∧ h−1
2 (a′) 6∈ [a′, a′′] let b = a′′, d = h−1

1 (a′′) and c = h2(a′′). It is easy to

see that Condition (2) of the statement of the theorem is satisfied (where a′ =

m(d, b, c)). We can now apply part (A) of the proof of the theorem.

(C2) Now assume that {e1, e
′
1} ∩ {e2, e

′
2} = ∅, but none of the cases (h−1

1 (a′) ∈

[a′, q1]) and (h2(a′) ∈ [a′, q2]) (as in (C1)) holds. As above let [a′, a′′] = Lh1 ∩ Lh2 .

Now we have that if q1 ∈ {e1, e
′
1} and q2 ∈ {e2, e

′
2} satisfy a′ = m(q2, a

′′, q1),

then h1(a′) ∈ [a′, q1] and h−1
2 (a′) ∈ [a′, q2]. We may assume that q1 = e1 and

q2 = e2. Since {e1, e
′
1} ∩ {e2, e

′
2} = ∅, we have a′′ = m(e′2, a

′, e′1), h1(a′′) ∈ [a′′, e′1]

and h−1
2 (a′′) ∈ [a′′, e′2] (otherwise the arguments of paragraphs above work for a′′

instead of a′). Then h−1
1 (a′), h2(a′) ∈ [a′, a′′] and h−1

1 (a′′), h2(a′′) ∈ [a′, a′′] (because

h1 and h2 preserve the natural linear orderings of their axises). If h−1
1 (a′) ∈ Lh3

then taking d = c = h−1
1 (a′) and b = a′ we see that one of the segments [d, h1(d)]

or [b, h2(b)] properly contains the remaining ones (including [c, h3(c)]). The same

argument works for the case h−1
1 (a′′) ∈ Lh3 .

Let c′ = h−1
1 (a′) and c′′ = h−1

1 (a′′). We know that [c′, h3(c′)] ∪ [c′′, h3(c′′)] ⊆

[a′, a′′]. Since [c′, h3(c′)] and [c′′, h3(c′′)] meet Lh3 , in the case [c′, h3(c′)]∩[c′′, h3(c′′)] =

∅ we have c′, c′′ ∈ Lh3 and by the previous paragraph, this is enough for the theorem.

Assume [c′, h3(c′)] ∩ [c′′, h3(c′′)] 6= ∅. Since h1 and h2 preserve the natural linear

orders of their axises, c′ ∈ [c′, h3(c′)] ∩ [c′′, h3(c′′)] or c′′ ∈ [c′, h3(c′)] ∩ [c′′, h3(c′′)].

We may assume that c′ ∈ [c′, h3(c′)] ∩ [c′′, h3(c′′)] (then h3(c′′) ∈ [c′, h3(c′)]).



PRODUCTS OF LOXODROMIC AUTOMORPHISMS OF PRETREES 9

Since [c′, h3(c′)] and [c′′, h3(c′′)] meet Lh3 , there is u ∈ Lh3 ∩ [c′, h3(c′′)]. Then

h−1
2 (u) ∈ [e′2, a

′′] and [h−1
1 (h−1

2 (u)), c′′]∩[c′′, a′] = {c′′} (because [h−1
1 (h−1

2 (u)), c′′] =

h−1
1 ([h−1

2 (u)), a′′])). This implies c′, c′′ ∈ [h−1
3 (u), u]. By h−1

3 (u), u ∈ Lh3 we have

c′, c′′ ∈ Lh3 , which is enough for the theorem. �
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